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PREFACE. 



OO many questions which necessarily excite our interest and 
^-^ curiosity are discussed in the d^iiamics of a particle that 
this subject has always been a favourite one with students. How, 
for example, is it that by observing the motion of a pendulum we 
can tell the time of the rotation of the earth, or knowing this, 
how is it that we can deduce the latitude of the place ? Why does 
our earth travel round the sun in an ellipse and what would be 
the path if the law of gravitation were different ? Would any 
other law give a closed orbit so that our planet might (if 
undisturbed) repeat the same path continually ? Is there a 
resisting medium which is slowly but continually bringing our 
orbit nearer to the sun ? What would be the path of a particle 
in a system of two centres of force ? When a comet passes close 
to a planet does it carry with it in its new orbit some tokens 
to prove its identity ? 

Such problems as these (which are merely examples) excite 
our curiosity at the very beginning of the subject. When we 
study the replies we find new objects of interest. Beginning at 
the elementary resolutions of the forces we are led on from one 
genernlization to another. We presently arrive at Lagrange's 
general method, by which when a single function (worthily called 
after his great name) has been found we can write down, in 
any kind of coordinates, all the equations of motion cleared of 

aiown reactions, A little further on we find Jacobi's method 
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by which the whole solution of a dynamical problem can be made 
to depend on a single integral. 

The last word has not yet been said on these problems. The 
student finds as he proceeds much left to discover and many new 
questions to ask. 

When we extend our studies so as to include the planetary 
perturbations and to take account of the finite size of the 
bodies the mathematical difficulties are much increased. In the 
dynamics of a particle we confine ourselves to simpler problems 
and easier mathematics. 

As the subject of dynamics is usually read early in the 
mathematical course, the student cannot be expected to master 
all its difficulties at once. In this treatise the parts intended for 
a first reading are printed in large type and the student is advised 
to pass over the other parts until they are referred to later on. 

The same problem may be attacked on many sides and we 
therefore have several different ways of finding a solution. In 
what follows the most elementary method has in general been 
put first, other solutions being given later on. For the sake of 
simplicity they have also generally been treated first in two 
dimensions. In these ways the difficulties of dynamics are 
separated from those of pure geometry and it is hoped that 
both difficulties may thus be more easily overcome. 

Some of the examples have been fully worked out, on others 
hints have been given. Many of these have been selected from 
the Tripos and College papers in order that they may the better 
indicate the recent directions of dynamical thought. 

I cannot conclude without thanking Mr Dickson of Peterhouse. 
He has kindly assisted me in correcting most of the proofs and 
has given material aid by his verifications and suggestions. 



EDWARD J. ROUTH. 



Peterhouse, 
Julify 1898. 
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CHAPTER I. 

Velocity and Acceleration. 

1. The science of dynamics is divided into two parts. In one 
the geometrical circumstances of the motion are considered apart 
from the physical causes of that motion. In the other the mode 
in which the motion is produced by the action of forces is investi- 
gated. The first is usually called kinematics^ the second is called 
sometimes kinetics and sometimes dynamics. 

2. Let us consider the geometrical motion of a point on a 
given curve. Th^ motion is said to be uniform when equal spa/^es 
are described in any two equal times. The space described in any 
unit of time measures the velocity. 

The word "any" in this defiuition is important. If all the 
spaces described in successive units of time were equal, the motion 
need not be uniform. For example, the hands of a clock move 
over equal spaces in successive seconds, but in some clocks each 
space is described by a jump at the end of each second. 

In discussing the geometry of the motion, the time is regarded 
as the independent variable. It is merely some continually in- 
creasing quantity. So far as our present purpose is concerned, 
we may suppose that the time is measured by the space described 
by some standard point moving in a straight line always in the 
same direction. 

Let s be the distance at the time ^ of a point P moving 
uniformly on a curve mieasured along the arc ftt)m some fixed 
point on the curve. Let s^ be the arc-distance at the time ^. 
Since v is the space described in a unit of time, the arc s^s^ 

B. D. 1 



2 VELOCITY AND ACCELERATION. [CHAP. I. 

described int — U units of time is given by « — «o = v (^ — ^o)- This 
leads to the converse equation, in uniform motion the velocity is 
equal to the space described in any time divided by that time, 

3. When ^.11 the arcs described in equal times are not equal, 
the velocity is variable. By the principles of the. diflferential 
calculus we consider the arcs described in infinitely short times. 
The point being in any position P at the time ty let ts be the arc 
described in a following interval of time ht If this arc were 
described uniformly the velocity would be hsjht The limiting 

, ds , 
value when it is indefinitely small is t;=-i-. This may be de- 
fined to be the velocity in the position P. This equation is 
usually expressed in the following words. 

The velocity of a point when variable is measured by the space 
or arc which would be described in a v/nit of tims if the point were 
to mx>ve uniformly with the velocity it had at the m^oment under 
consideration. 

It is worth while to give a more formal proof of the important equation vsscb/de. 
Let, as before, d< be the arc described in the next interval 8t, Let v^ v^he the 
greatest and least velocities of the point in that interval. The space 8$ must lie 
between Vjdt and v^t, and therefore StlSt most lie between Vi and v^ , In the limit 
v^ and v, become eqnal to each other and therefore each is equal to dt/dt. This 
therefore most be the value of v, 

4. Paxallelogram of velbcitief . Velocities may be com- 
pounded by the parallelogram law. Let a point P move with a 

uniform velocity u along a finite 
straight line OA and arrive at A 
at the end of a given time, then 
OP = tit. Let the straight line 
OA move, always remaining 
parallel to itself, with a uniform 
velocity v and come into the position BC in the same time. It 
is evident, firom the properties of similar figures, that the point P 
has described the diagonal OC of the parallelogram, two adjacent 
sides of which are OA and OB, The two velocities u, v are 
proportional to the lengths of the straight lines OA and OB, and 
are evidently represented by those lines in direction and magni- 
tude. When therefore a particle moves with two simvitaneous 
velocities represented in direction and magnitude by the straight 
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THE PARALLELOGRAM LAW. 



ftltn«5 OA, OB, its motion is tfie same as if it were moved with a 

tingle velocity represented in direction and magnitude by the 

mdiagonal 00 of the parallelogram constructed on OA, OB os sides. 

6. This nile is the same as that given in Statics for coni- 

■jwundiiig forces which act at the same point. Hence all the rules 

f Statics, which are derived from the parallelogram of forces, will 

o applj to velocities. 

We may therefore infer the triangle of velocities, and all the 

rious rules for resolving and compounding velocities, both by 

octangular and oblique resolutions. 

6. Moment of a velocity. The moment of a velocity about a 
joint may be defined in the same way as the moment of a force, 
jet a point P be moving with a velocity v in a direction repre- 

l«entedby the straight line APB. "Let (7JV=pbethe perpendicular 
rawn from any point C on the straight line APB. The moment 
f the vdocity v about C is then defined to be equal to vp. 

Using the same proof as that adopted in Statics, we infer that 
! moment of the velocity of a point about any straight line is 
i to the Slim of the moments of its components. 

7. This theorem enables us to express the moment of the 
■Telocity about the origin in several different forms, all of which 

e in common use. 
Let a point P move along a curve. It is proved in Art. 12 
that the polar components of the velocity are rfr/di and rdff/dt; 
the moments of these about the origin are respectively zero and 

,de 



HlB/dt The moment of the velocity is therefore r^-jr . 
In the same way, the Cartesian components being a 



t and 



"dt "df 



Ird&i 
ayid 
Lastly let A be the polar area bounded by the path, the 
moving radius vector r and any fixed radius vector. It is clear 
that pds is twice the area dA traced out by the radius vector. 
dA 
The moment of the velocity about the origin is ^v = 2 -= - . 



a. The definition given kbove is itriotty the XDomen 
■tr&ight line dtftwn throngh C perpendicular to the plai 



of the velocity about a 
e containing C and the 
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straight line APB. When we require the moment of the velocity of a point moving 
along AB about any straight line CD whioh is inclined to the plane CAB, we use 
the same extended definition as in Statics. 

Let MN be the shortest distance between AB and CD ; resolve the velocity v 
along AB into two components, one along Nz parallel to CD and the other along Ny 

perpendicular to CD, The former is v cos 0, the 
latter v sin 0, where 6 is the angle contained by 
AB and CD. The moment of the former is 
defined to be zero, the moment of the latter is 
V sin .p where p=MN, 

If a point move along AB with a velocity v, 
the moment of that velocity about CD it rp sin 0» 
ujhere p is the shortest distance between AB and 
. CD and is the angle contained by those lines. 

The symmetry of this result shows that the 
moment about JB of a velocity along CD is 
the same as that about CD of an equal velocity along AB. 




9. Ex, Given the two straight lines 



x-f _y-g _z~h x-f_ 



/-=&c., where 



X, fi, y ; X', &Q. are the direction cosines of the two lines. A particle is moving 



along one of them; prove that the moment of the 
velocity about the other is vi, where i is the deter- 
minant in the margin. 



/-/'. 9-9\ h-h' 
\ fi p 

X' m' y' 



10. Relative velocity. Two points P, Q are moving along 
two straight lines AB, CD with velocities u, v. It is required to 
find their relative velocity. 

Let any number of bodies be situated within a space and 
let that space be moved carrying the bodies with it (as in a 
railway carriage); it is evident that the relative positions of 
the bodies are unchanged. If then we impress on both the 
points P, Q a velocity equal and opposite to that of one of them, 
say P, the relative positions and motions are imaltered. The 
point P is now at rest and the velocity of Q is the resultant of 
its own velocity, viz. v, and the reversed velocity, viz. — u, of P. 

To find the relative velocity of Q with regard to P, we compound 
the actval velocity of Q with the reversed velocity of P according to 
the parallelogram law. 

Ex. A drde is rotated in its own plane about a point in its circumference with 
an angular velocity w and a point P moves on the drde in the oppodte direction 
with angular vdocity 2w relative to the drde. Prove that P moves in a straight 
line and find its vdodty. [Ck>ll. Exam. 1896.] 



■. 13.] 



COORRISATE VELOCITIES. 






11. Coordinate velocltiefl. Let P, P" be the positions of a 
point mo\'iDg on a curve APP' at the times ( and ( + d( re- 
spectively. Let 

OM=j:, MP = y 

be the coonlinatea of P ; OM", 

M'P thoae of F. Let PL, 

^4Ia^vIl parallel to Ox, cut 
'M' in L, then 

By the triangle of veloci- 
ties the sides PL, LP' of the 

triangle PLF represent the oblique components of velocity on 
the same scale that PP' represents the resultant velocity. The 
components of velocity are therefore PLjdt and FLjdt. If then 
.g, point move on a curve, and its coordijiates are x, y, the Cartesian 







dt 



' dt ' 



12. Let PH be a perpendicular drawn from P on OP. The 
sides of the triangle PHF will ultimately represent on the same 
scale the component velocities perpendicular and parallel to the 
radius vector OP. These components are therefore PHjdt and 
UFIdt. If OP = r and the angle P0x = 6 we know by the 
elementary principles of the differential calculus that PH = rdB 
and HP' = dr ultimately. The components of velocity along and 
dr , d0 



- and T 



18. Let Q be another point whose coordinates are ai, y'. The 
iponentB of its velocity are dtc'ldi and df/ jdt. To find the 
component velocities of Q relative to P we follow the rule of 
Art, 10. Reversing the component velocities of P and adding 
results to those' of Q, it is clear that the component relative 
dx' dx ,dt/ dy 
'^~dt~di ^ di~di' 
e may pal the argameat in uiother form. Let {, n> ^ the coordiuatee of Q 
referred lo axes having their origin at the moving point P, theii directioBB remain, 
liig parallel to the original axes. The oampoaeat relative velocities are then dUdt 
\idtijdt. Bat eince f = y-j-, -i^y'-y, we arrive by differentiation at the Mme 
nit* B8 before. 



p erpenrfi 
^H 18. 

compo 
Art. 1 

^Klocit 
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14* Mx, 1. The eom p oDgni Ycloddai of a point in the directions of two azee 
MtTaiMDdtU't'fi. Prore that the peth is a pumbola wliooe axis is pumDd to 

ayszbx. 

We hare dx/di^Tau '. x*»afi+A. Similaily y may be foond. Elinrinatipg 
frit r* and then f, the path foOowt at onee. 

JCx, 2. The eomponent Telocitiee paraDel to the azee of x and y re^wetrrelj 
are ax and iy 4-^. Prore that the path it (fty +^= Jx*. 

/?x« S. The polar eomponents of velocitj parallel and pprpwidiftnlar to the 
radiof Teetor are 2a^ and &r. Proretbat thepathis&r=a^+if. 

Kx. 4. If a pertiele be moving in a hypoejeloid with velocitj a, and v, V 
repreeent the Telodtiai of the centre of carratoie and the centre of the generating 
eirde comeponding to the position of the partide, prore that 

(c-6)«'*"(c+6)«"(c-6)«' 

e being the diitance between the centres of the generating circles, and b the radios 
of the moring drde. [Math. Tripos.] 

16. Aooelaration. This word is used to express the rate at 
which the velocity is increasing. It may be either uniform or 
variable. 

If a point move in such a manner that the increments of velocity 
gained in any equal times are the same in direction and equal in 
magnitude, the acceleration is said to be uniform. The increment 
of velocity in each unit of tims measures the magnitude of the 
acceleration. 

16. First, let the point move in a straight line. Let Vo be the 
velocity at any time to ; after a unit of time has elapsed, let t;o +/ 
bo the velocity. After a second unit of time the velocity must 
bo Vo + 2/i because equal increments are gained in equal times. 
Honco after ^ — ^ units of time the velocity has increased by 
f{t — Q. If t; be the velocity at the time t, we have 

The ({uantity/is the acceleration. 

17. If the point does not move in a straight line the explanation 
is only slightly altered. Let Oy represent the direction in which 
the constant increments of velocity are given to the point, and 
lot Ooo bo the direction of motion at the time t^U* Let t^, Vo 
bo the components of the velocity in the directions of the axes 
Ox and Oy respectively at the time t^. After a unit of time has 
elapsed the component of velocity parallel to Oy is Vo+Z. but 
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that parallel to Ox is unchanged because no velocity has been 
idded in that direction. After t— U units of time, the component 

iiof velocity parallel to Oy is v„ +f(t — to), while that parallel to Ox 
i still M,. If u, V are the components of velocity at the time (, 

iFe have 

" = «.. V=t.o +/((-(,). 

"he magnitude of the acceleration Is/ and its direction is Oy. 

18. When the increments of velocity in equal times are 
^nequal in magnitude, or not the same in direction, the accelera- 

ton is said to be variable. To obtain a measure we follow the 
method adopted to measure variable velocity. 

Acceleration when uniform is meastired hy the velocity generated 
n any unit of time. When variable, the acceleratio'n at any instant 
ired by the velocity which would be generated in the next 
i of time if the acceleration had remained constant in magnitude 
luring that interval andfiaed in direction. 

19. To find the equations of motion of a point moving in a 
•aight line vntb a vai-iable acceleration f. 

Let V and y + rfu be the velocities at the times t and t + dt. 
ssuming the principles of the differential calculus, dv being 
the increment in the time dt, it follows by a simple proportion 
Ihat dvjdt is the velocity which would be added in a unit of time, 
if the acceleration had remained constant. Hence, by Art. 16, 
f=dvjdl. 

The aignment ii UHUnUf put into n moce elemeDtai? fana. Let ie be the 
ocitj generated in the time it. Let /, , /, be the greatest and least acoelerntiaiiB 
of the particle daring the interval il. Then since the actual rate at wbioh the 
Telooit; i% increiiHing ia ahvajs less than the one and greater than the other, the 
velocitj added is leus than f^St and greater than /jil. In the limit /, and /, coin' 
we have f=dvldl. 

Let the geometrical position of the point at the time t 
i determined by its distance s from a Rxed point in the path. 
<et V be the velocity, _/" the acceleration, then 

^~ dt' -^ ~ dt "d^'^di' 
J these expressions for the acceleration are of great importance. 

21. We notice that velocity and acceleration are dynamical 
I names for the first and second differential coefiBcients of a with 
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^ft^ad "Mi ^ibt intA^fieDdaiz. variable L If chie third cfifisaitud 
'Viesficxeiis ir<>fi^ r^^^iir^ wie ^hookl use ^oant sfxh itauEke as 
"iiR ayper-occeLoaksitja. bat thcs ext^eosp^a is ut^ nc c e gMT to 



I3 appears tfaac aeceleratioa b«ars the suae genend 
miAcii^a ^} TeLocxtT that TeLochr bears to space. Wben a point 

aiiW'>9 ixL a §traz^t line the TeLsatr c§ the rate »^ increftse of the 
aoace. ?he acceleiaszoiL b the race of increaae of the Telocxtr. 

SL Jnst as Telocrtj £s piofitiTe or negative acconfing as the 
apace measured in the p.^^tive direction c$ inicrea^zi^ or decreasmg, 
M ^jceelaacion 1:$ prntive or negative accordiog as the velocitj is 
incTfiaang or decreasing. A negative acceleration b sometimes 

^suled a retardation. 

M. To nnd the wiotion of a point P motriw it a ;ftniigkt line 
witk a wKi/orm, aeceiertxtion /. 

Let the position of the point ac the time ^ = ti be given by 
* =*,. and let p., be the veloeitv. Since r = cP» (^. we have 

Hence r4 =_/?;, -f A, 

and r=/\*~0-'-r,. 

Integrating again, since w^ds A, 

Etence «, = r,/, -h B, and therefore 

2SL The three fundamental ibrmal;ie of elementarr kine- 
matics foQow from this resolt. If the point start firum the position 
«:=Oat the time ^^0, 

r=/i + r,. 



£r. L A putide desoibc* a «iMkc« * in. tinw ( vith a aniloffm 

tun. the-^cioeitks ftt tbe bcginaiB^ and «iid v>f th» period b«n^ r^ and r. Pnrre 

dutf «=i(r4-r)(. Notice that the eoedkieat of ( U the bmub of the two 
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Ex. 2. A particle movoa from reaCvith ■ nnifonD acceleratiOD. Prove that tiie 

^i^ Kreta.ee veiocit; is half or two-thirdB of the final velocity, according as the time or 

^^k" tlM apace la divided into an infinite number of equal portiona and the average 

^1 Ikken vritb regard to these. [St John's Coll., 1895.] 

i Ei. 3. Two pointe F, Q move on a Btmiglit line AH. The point P alarta from 

A in the direction AB nith velocity u and acceleration /, and at the aame time Q 

BtartB Erom B in the direction BA with velocity u' and acceleration /'; if they paea 

one another at the middle point of AB Kod arrive at the other enda of AB with 

■ equal velocities, prove that (ii + ii') (/-/') = 8 (/"' -/'")■ [Coll. Eiam. 1890.] 

Er.. 4. A heavy particle, projected horizontally on a Bmooth table with 

velocity v, ie reduced to rest by the reaiataiice of the air after deacribing a apace i. 

SuppOHJng the reaiatance of the air to he a uniform force, prove that, when the 

particle ia projected vertically apwarda with any velocity, the aquaree of the times 

of aeoeni and desoent to the point of projection are in the ratio 2gi - v' to 2gt-t-v*. 

Ex. 0. A particle is projected vertically upwarde Erom a point A. II the 

reoatance of the air were constant and eqaal to 11,7. where n ii leaa than nuily, 

prove that the times of ascent and descent are as ^/(l ~ n) : ,/(l + n). 

Ex. G. A particle ia projected vertically upwarde in vacno from a given 

I point P. Prove that the product of the timea of p^iug through another given 
yoiiil Q is indepoodent of the velocity of projeatioD from P. 
Ex. 7. Two particlee P, P' starting simultaneously from the points A, A' with 
^tii^ TeloclUee ii. u'. move in the straight tine AA' with acceleratioOB /, /'. If 
KV are their velocities when the dietauoe Pi*' exceeds the initial distance AA' by 
EaKn 
PnArta 



m Aria. 10 and 39. 



37. Ki. A point P. at any given moment, is in the position moving in the 
direction Ox with a velocity u. A uniform acceleration / is given to it in the 
direction Oy. It is required to aihibit geometrically the posttiOD and direction of 
motion after C seconds. 

To find the direction of motion we measure lengths OA. OB along Ox. Oy to 
represent on any acale the velocities u and/t respectively. The direction of motion 
after ( seconds is parallel to the diagonal OD of the parallelogram AOB. 

To find the position of the point we measure lengths equal to the spaces, viz. 
OE = ui, OF-i/t". If Off ia the diagonal of EOF, the point is at G moving in a 
dileotion parallel to OD. 

To fijid the direction of molinn we compound tht rdocitiei, to Jiitd Iht posilioii 
d lk« ipacei. 



The parallelogram of acceleratlona. This theorem 

vfbllows at once from the pai-allelogram of velocities. Let a point 

[lie moving in any direction at the time t with any velocity. 

eferring to the figure of Art. 4, let OA, OB represent in 

lirectioD and magnitude two uniform accelerations given to the 

Mint. Then by definition OA, OB represent the two velocities 

■^f^ven to the point per unit of time. By the parallelogram of 
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velocities the diagonal OC of the parallelogram constructed on 
OA, OB represents the resultant increment of velocity per unit 
of time. The point is therefore uniformly accelerated, and the 
acceleration is represented in direction and magnitude by OC. 

The actual velocity at the time t + lf (if required) could be 
found. by compounding the velocity at the time t, either with 
both the components 0-4, 05, each multiplied by t, or with 
their resultant after multiplication by t". 

20. godograpii. Let a point moTe in a curve and let P be its position at any 
time U From the origin draw a straight line OH to represent in direction and 

magnitude the velodtj v at P. Then. OH 
ii parallel to the tangent at P and its 
length it equal to icv, where x is an arbitraiy 
constant introduced to show the scale on 
which OH represents the velocity. 

As the point travels from P along its 
path, the point H deterihe$ a second curve 
which is called the hodograph of the first. 

Let P, P' be two positions of the point at the times t^t-\-dt\ H, H' the corre- 
sponding points on the hodograph. Since OH, OH* represent the velocities at 
P, P' in direction and magnitude, the third side HH' of the triangle HOW must 
represent in direction and magnitude the velocity given to the particle in the time 
dt. It follows by a simple proportion that HH'Idt represents the velocity which 
would have been added to the velocity at P if the acceleration had remained 
constant for a unit of time. 

The tangent at H therefore represents the acceleration in direction and the ratio 
of an elementary arc HH' to the time dt of describing it measures the magnitude of 
the acceleration on the same scale that the radius vector OH represents the velocity. 

In this way the hodograph represents to the eye the motion of a point on a curve. 
In general language, the radius vector represents the velocity, the arc gives the 
acceleration. If r is thie radius vector and a the arc BH, then r=KV and deldt—Kfy 
where /is the acceleration. 

•O. To find the hodograph when both the curve described by P and the velocity 
of P are given. If ^ be the angle the tangent at P makes with some fixed straight 
line taken as the axis of as, we notice that kv and ^ are the polar coordinates of H. 
From the oonditionnB of the question we first find v and ^ in terms of some one 
quantity. Then eliminating that quantity we obtain the polar equation of the 
hodograph. Several examples wiU be given in the chapter on central forces. 

31. To find the equations of motion of a point moving in a 
curve with variable acceleration. 

We may deduce the components of acceleration parallel to 
the axes of coordinates from the acceleration of a point moving 
in a straight line. Referring to the figure of Art. 11, let OM^os, 
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ART. 35.] 

ON = y. The components of the velocity of P have been shown 
to be the actual velocities of M and N as they move along the 
axes of X and y respectively. This bebg true for all positions of 
P, the acceleration of P is the resultant of the accelerations of M 
and N. If then -Y, 1' are the component accelerations of P, we 
have y _ ^ V-^y 

de' df- 

sa. Ex. 1. When n point Q describes a cirolo with a uniform vDlodt}', its 
projeotioo P on aay diameter z'O^ OBcillatea on each side of the centre through a 
length equal to the radius. Prove that the accelerstion of P tends tovarda and 
variee aa the diatonce from O. 

Let the arc dsBoribed by Q per unit of time subtend an angle n at the oentre, 
let the angle <^0x be a when t = 0. Then St the tune t, the angle QOx = nt + a. 
If a be the radius, the length OP — a eos (n( + a), hence the acceleration 

ihldi'^ -a«>coa(n( + a}= -h'j:. 
The minus sign sLowb that the acceleration tends toiraidB 0. 

An oscillator; motion represented by x=iicos(nt4^a) Is nsoally called a timple 
harmonie (udllalian. 

Ex. 2. A point P mOTes touardi a Bied point O ao that its velocity varies as 
z", where x—OP. Prove that the acceleration varies as ^-'. It the acoeleration 

»loorfroni 0? 
as. The Catteeian oomponents of acceleration are not the only ones which are 
Hqoired in dynamics. The components in polar coordinates and those along the 
tAOgent and normal are continually used. Besides these there are the components 
for moving axes and the extension of all these formalie to three dimensions. In 
order to avoid raising unneceBsary difficolties at the beginning of the sabject w» 
■hall conllne our attention in the present chapter to the simpler oases. The otbsn 
^^^BM]] be taken np in the sections on resolved velocities and accelerations. 

H.' 

^^p ret 



3^ The general principle on which the component of velocity 
acceleration in any fixed direction has been defined may be 
immed up in the following manner. 

the component of acceleration is the rate at which the 
imponent of velocity in that direction is increasing, we have by 
le definition of a differential coefficient 

at time t + dt) — (res. vej. at time t) 



f resolved 1 _ r ■ -, (res. vel 
acceleration! dt 

In the same way if the fixed direction is called the axis of x. 



resolved'l _ 
velocity/ 



Limit 



(abscissa at time t + dt) — (absc. at time () 
di "' 



3S. To find the resolved accelerations of a point 
ordinates. 



polar co- 
Let OP = T, POx =0 he the polar coordinates of P. By 
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Art. 12 the components of velocity at P along and perpendicular 

to OP are u = dr/cU and v = rd0ldt. At 
the time t + dt let the particle be at P', 
the components of velocity along and per- 
pendicular to the radius vector of P', viz. 
OP", are Ui^u-^du and Vi = v -f civ. Since 
the angle POP'^dO, the component of 
velocity at the. time ^ + d^ in the direction 

OP is Ui cos d6 — Vi sin d6. 

This direction being fixed in space for the time dt, the acceleration 

along the radius vector OP is 

T. .^ (w + dw)cosdd — (v-f dt;)sindd— M du d0 
Lxmit j^ Tt-'-di' 

Similarly the acceleration perpendicular to the radius vector OP is 

T . .. (w-f dw)sindd4-(v + c?v)cosdd — v d0 dv 
Limit ^^ "d<- + d«- 

Substituting for u, v their values given above, the accelerations -B 
and S along and perpendicular to the radius vector at the time t 
are respectively 

dtdt '^dtVdtJ'rdA dtj' 

36. To find the resolved decelerations along ike tangent and 
normal. 

Let the arc AP = s. By Art. 3, the velocity v at P is along 

the tangent and v = ds/dt At the time 

t+dt the point is at P', its velocity Vi is 

in the direction of the tangent at P and 

Vi = v + dv. The components of Vj in the 

directions of the tangent and normal at P 

are therefore Vi cos dyjr and Vi sin d-^, where 

dy^ is the angle the tangents at P and P' 

make with each other. The acceleration along the tangent at P 

is therefore ^ ^ • -^ (^ + dv) cos dylr — t; dv 

r = Liniit '-^-^ _. 

Similarly that along the normal in the direction in which the 
radius of curvature p is measured positively, is 

XT T • -^ (v + dv) sin d^lr d^lr v* 
iv = Limit ^^ J- i- = v-j7- = — . 
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87. We have now obtained three different sets of components for the accelera- 
tions of a moTing point. These are the components X, Y along the axes, the 
components JS, 8 along and transverse to the radius vector, and the components 
T, N along the tangent and normal. Any one tet can be deduced from any other set 
by a simple resolution. 

The components B^ S are evidently connected with X, Y by the equations 

R=Xoo8e+YBm0, S= -XBinO+YcoBe, 

Writing X=d*xldt^, Y=d^yldt^ and substituting x=roos^, ^=r8in^ we arrive by 
a simple but rather long di£Ferentiation at the values of R and S given in Art. 85. 
In the same way we have 

r=Zcos^+rsin^, 2^= -JTsin^+rcosf. 

The process of deducing the polar and the tangential-normal components of 
acceleration from the Cartesian components may be shortened by the foUowing 
artifice. It x=r cos ^ we have by differentiation 



^ d^x idh fdey) ^ L^rd^ 






Since the axis of x is arbitrary in position, let it be so taken that the radius vector 
r as it turns round the origin is passing through x at the time t. We then have 

6=0, and X becomes R ; hence '^ = j-2~^(^)* -^^ ^^^ ^^^ acceleration S per- 
pendicular to the radius vector, we take the positive side of the axis of x parallel 
to the direction in which jS is to be measured ; that is, the axis of x must be one 
right angle in advance of the radius vector. Putting therefore 0= -^ir, we find 



^'imy 



88. The three elementary sets of components may be summed up in the follow- 
ing table. They are to be measured positively in the direction in which the length 
named in the fourth column is measured positively. 





Telocity 

dx 
dt 


aoceleration 


pocftiTeljr 


axis of X 


d^x 
dt^ 


X 


axis of y 


dy 

dt 


<Py 


y 


along ) 
rad. vect. 


dr 
dt 


dt^ \dtj 


r 


perpendic.l 
rad. vect. ) 


de 

'dt 


r dt \ dtJ 







ds 


d»s 




tangent 


dt 


dt* 


» 


normal 





P 


P 
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39. Relattve accelerationi. Two points P, Q are moving 
along two curves, it is required to find the acceleration of Q relative 
to P. By the same reasoning as in Art. 10, it follows that if we 
impress on both points an acceleration equal and opposite to that 
of one of them, say P, their relative motions and accelerations 
are unaltered. This leads at once to the following rule ; the ac- 
celeration of Q in space is the resultant of its acceleration relative 
to P and of tiie accelera4iion of P, As we generally require the 
components of acceleration, we say that the component of the 
acceleration of Q in any direction is equal to its component relative 
to P plus the component of the acceleration of P, 

40. Ex, 1. The position of a point P is given by its polar coordinates r, 6, 
referred to a fixed origin and the axis of x. The position of Q is given by its 

polar coordinates r^ ^^ referred to P as origin with 
the axis of x^ parallel to a;. It is required to find 
the component accelerations of Q in space. 

The polar accelerations of P are 




-S-'©'' -'i(-S)- 



If Rij Sif represent similar quantities when 
f], 0if are written for r, 0, these are the accelerations of Q relatively to P. If 
^=01-$, we see by a simple resolntion, that the resolved part of the space accele- 
ration of Q in the direction PQ is 

« 

=i2i + JS cos + 5 sin 0. 

The resolved part perpendionlar to PQ is 

= £fi - JS sin + S cos 0. 

In the same way the resolved parts along and perpendicnlar to OP are 

JS + JSi COB - 5i pin 0, 
S + Ri sin + S|COS0. 

Ex. 2. The point P describes a circle of radius a with a uniform velocity u. 
The point Q describes a circle of radius b relatively to P with a uniform velocity v. 
Prove that the components of the space acceleration of Q along and perpendicular 
to PQ are respectively v>/& + C08 . u^ja and sin . u^ja, where 0=:(v/6 - uja) t. 

Ex. 8. A point P describes a circle of 1 foot radius in 1 hour, and a point Q 
describes a concentric circle of 4 feet radius in 14 hours, both points move in the 
counter-clockwise direction ; show that the line joining them rotates in the counter- 
clockwise direction for a period of 43^^ minutes followed by a period of 21^ minutes 
in the clockwise direction. [Coll. Exam. 1896.] 

Ex. 4. A circular wire of radius a moves in its own plane without rotation so 
that its centre has a simple harmonic motion of amplitude a (Art. 82): a bead 
moves on the wire uniformly, completing a circuit in the period of the simple 
harmonic motion, and being in the line of the motion of the centre when the centre 
is in its mean position and is moving in the direction towards the bead ; prove that 
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the BcoeleratiOD of the bead is towards the centre of the aimple harmaDJG motion 
and that its pftth is an ellipse of eocentricity (}J5-|)1. [CoU. Exam. 1S97.] 

£;t. 5. A raitnay passtn^ier aeated in one comer of the carriage looks ont of tbe 
windows at tbe further ectl and observea that a star near the hocizon is traversing 
these windova in the directioa of tbe train's tnotioii and that it is obticured by the 
partition between the coroer windows on hia own aide of the carriage and the middle 
window while the train is moving tbtongh the seventh part of a mile. Prove that 
the train ia on a curve the concavity of which ia directed tuwariU tbe star and 
whioh, if it be oitcolar, has a radius of nearly three miles, tbe breadth of the carriage 
bting seven feet and the breadth of the partition foor inohes. 

[Math. Tripos, I860.] 

41. jUa pilar valootty and aD«eI«mtl«it. A rigid bod; is said lo be toming 
round an axis OA when each point in describing a circle whose place is perpen- 
dicalBT to 0,1 and whose centre lies in OA. Let ^ be the angle wliioh the plane 
containing an; point P of the bod; and tbe axis O.i matiee with some piano fixed in 
■pace and paaeing through OA. The rate at which the angle 9 is increseing is 
called the angnlar velocity of the body, Following the same Lne of argument aa in 
the ease of linear velocitiea, the angular velocit; ia measured by d^Jdi and the 
angular acoeleration by tP^ldV. 

We notice that if P, be any other point in the bod; and ^ the angle (he plane 
PfiA makes with the plane of reference, the angle ^-^ is independent of tbe time, 
aDth».tdipldi=d^ldt. 

If Q be any point of the body, r its distance from the axia OA and u = d^leU be 
Ihe angnlar velocit;. tbe point Q is moving perpendicularly to the plane QOA with 
A velocity equal to air. 

It the rotation conlinoe only for a time di the axis OA (by rotation about which 
Ihe motion in that time can be oonstmoted) is called the imtaataneoui axii and u is 
Ibe iiulantan/ma angular vtU/cili/. 

43, An angular velocity at about an axis ia geometrically represented by a 
length UA proportional to ui measured along the aiiu. The direction of the rotation 
ia determined by the convention used in Statics to indicate the direction of rotation 
of a couple. If OA be the direction in which the length is measured the rotation 
when positive, should appear to be in some standard direction to a spectalor placed 
with his feet at A and head at II. This standard direction is often taken to be the 
direction of rotation of the bande ol a clock. 

4S. Varalldocrkm of ansnlar Taloeltlaa. 7/ fvo inifinfanraui angular 
vtUeititt of a body are rtprtttntfd in mairnitvde and dtrfctioii by two lengtht OA, 
OB, the diagonal OC 0/ tht parallelogram coiutniclfd on OA, OB at tidet ii the 
reruUant inilaioaneoiu ufii of rotation, and iti length repreientt the mognitude of the 
rauUant angular velocity. 

Let Q be an; point which at the time t lies in the plane AOB; r,, r„ the 
dietanoea of Q from OA, OB, p its diatsQce from OC. Let h,-0,4, u^^OB, 
Q = OC. The velocity of due to the two rotations u,, u, is U|r, + u^,, while that 
dae lo the single rotation fl la Qp. To prove that these are equal it is sufficient to 
notiM that if OA, OB represented forces and OC tbe resultant, the equality merely 
■Merti that the sum of the moments of OA, OB about Q is equal to that of the 
retnltant OC. 
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Let V be the velocity of Q, then 

t; = wjFi + w^fj = Op. 

If Q lie on OC, p=0, and therefore every point of OC is at rest. Hence OC is 
the resultant axis of rotation. Also since 0=v/p the angolar velocity about the 
axis is O. 

44. The theorem of the parallelogram of angular acceleration* follows from 
that of angular velocities, just as the parallelogram of linear accelerations follows 
from that of linear velocities. 

45. The rule for compounding angular velocities being the same as that used 
in Statics to compound forces, we may interpret the limiting case when the inter- 
section is at infinity as we do the corresponding case in Statics. It is however 
simpler to deduce the result independently. 

Let the body have instantaneoxu angular velocitiet w, w\ about two parallel axes 
OA, O'B diitant a from each other. The resultant velocity of any point Q in the 
plane of OA^ O'B and distant y and y + a from them respectively iBuy + c/ (y-\-a). 

Fintlyt let ta-^ut' not be zero. Equating the velocity of Q to zero, we see that 

every point on a straight line 0"G determined by t/ = — , is at rest. The 

w + w 

resultant axis of rotation is therefore parallel to OA, O'B and at a distance y from 
the former. To find the resultant angular velocity O we notice that the velocity of 
a point Q situated on OA is represented both by O ( - y) and u'a. Hence substi- 
tuting for y , = (tf + u. 

Secondly, let w + w'=0. The resultant velocity of Q is independent of y and is 
equal to u'a. Hence every point in the plane of the axes (and therefore every point 
of the rigid body) is moving with the same velocity in the same direction. We 
infer, that two equal and opposite instantaneous angular velocities about parallel axes 
are together equivalent to a translation in a direction perpendicular to the plane 
containing the axes. 

46. Units of space and time. The ordinary unit of time 
is the second of mean solar time. Space is measured either in 
feet or centimetres. The metre is 39*37 inches nearly, while the 
centimetre is the hundredth part of the metre. The unit velocity is 
then either one foot or one centimetre per second, and the unit of 
acceleration is a gain of one unit of velocity per second. 

47. We are not however restricted to use these units. Let 
the unit of space be a feet and the unit of time r seconds. The 
unit of velocity is then <r feet per t seconds, i.e. ct/t of the feet- 
seconds units of velocity. The unit of acceleration is a gain of 
(t/t feet per second, to be added on every t seconds, i.e. ct/t* feet 
per second added on every second. The unit of acceleration is 
therefore ct/t* feet-seconds units of acceleration. 

Let F be the measure of an acceleration when the units are 
(T, r ; and / the measure of the same acceleration when feet and 
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secoudfi are used. Then since the measure of the same thing 
varies inversely as the length of the units employed, we have 
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Ex. 3. A point moving with uniform acoeleiation desoribes 20 feet in the half 
Be«ond which elapaea aflei tbe firet twcnnd of its motion. Prove that the accelera- 
tion ie to that of gravity ae i)2 to 32't8. FroTe also that if a mioate be the unit 
of time BUd b mile that of epace the acceleration will be measored b; 240/11. 

[Math. Tripos. 1880.1 

Ex. B. If the area of a field of ten acres ia represented by 100 and tbe aeeelen- 
tion of a hear; fatliii|{ body by 5Sj. find the anit of time. [ColL Ei.l 

Since an acre is 4840 square yards, 100 new square units is equal to 
4840x9x10 square feet. The new measure of length is therefore 66 feet. Let 



rbe the required onit of time, then SS3 = „^' 3^- This gives r 
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^^ Laws of Motion. 

49. If one portion of matter, say A. act on another, B, the 
mutual action is in dynamics called force. If we are examining 
the motion of A only, disregarding B, this force is said to be 
external to A, but if we are taking both portions into consideration, 
the action is an internal force. An external force is usually called 
an ivipressed force. The mutual actions and reactions between 
the molecules or parts of a body are internal forces. These forces 
have dififerent names according to the circumstances of the case. 
When the bodies are appai-ently in contact, their mutual action is 
called pressure, when at a distance, the action is called attraction. 

Nothing has been tiaid of the size of the body, but it is 
convenient to divide bodies into small portions. A body so small 
that its position in space when free is determined by the co- 
ordinates of one point may be called a particle. This division 
into indefinitely small particles is not necessary for our present 
purpose. All that we require is that there shall be no rotation. 
A particle may be said to have no rotation ; the rotation of finite 
dies is usually regarded as a part of Eigid Dynamics. 

, 60. Our object in dynamics is to investigate the motion of a 
We have then to consider (1) how a body A moves when 
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iiHfe to itneU: (t) bow the modoo i:^ aflkctcd by the action erf' 
«k ezt«fDal forcep aa j, cbie to the presenoe of another body B ; 
iZ) bow the action of £ on ^ is related to the reaction iA A o^B. 
TIk amrwers to these questions are giren in Newton's Laws of 
Motion* 

The strict definition of the meaning of the word force as nsed 
in dynamics is determined by these laws. We do not consider 
all the actions which one bodv can exert on anoth^- bat those 

m 

f^\j which tend to alter the instantaneous motion of the body. 
The following definition or explanation is commonly given. The 
ward fcfrce is used to express any cause which produces or tends 
to produce a change in the existing state of rest or motion of the 
body. 

The velocity of a body has both direction and magnitude, we 
miist therefore suppose that the cause of this motion also has 
both direction and magnitude. To determine a force we require 
to know (1) its point of application, (2) its direction, and (3) its 
magnitude. The unit of magnitude will be considered presently. 

6L Nekton's Laws of Motion are as follows* : 

Law 1 • Every body continues in its state of rest or of uniform 
motion in a straight line, except in so far as it may be compelled to 
change that state by impressed forces. 

Law 2. Change of motion is proportional to the impressed 
fcn'ce, and takes place in the direction of the straight line in which 
the force acts. 

Law 3. To every action there is always an equal and contrary 
reaction; or, the mutual actions of any two bodies are always equal 
and oppositely directed. 

62. The first law of motion asserts that the internal forces of 
a body do not alter the uniform motion. This law is not a 
repetition of the explanation of the word force given in Art. 50. 
The law asserts that the causes of motion must be external. 

* The reader who desires something more than the slight sketch here given of 
the laws of motion may refer to Newton*s Principia, to a treatise on Matter and 
ICotion by the late J. Clerk MaxweU and to the ElemenU of Natural Philo9opky by 
Thomson and Tait. There are also Maxwell's two reviews of the latter book in 
Nature, vol. vii. and vol. xx. Several points of controversy are discussed in an 
essay by R. F. Moirhead to which a Smith's Prize was awarded in 1S86, see the 
Phil Mag, 1887. 
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The law ia soiiietimea expressed by saying that the body has 
inertia. The body has no power of itself to change its state of 
rest or motion, but goes on moving in the same direction with the 
same velocity when not acted on by an impressed force. 
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AS. To define a UDifom] state of motion n 
tLDd timt^. If ne aanume tbe truth of the first law for some particular body. i 
meHBore time b; tbe apace paaeed over hy tbat body. The firat law then aaserts 
that the Bpaees dcBcribed by any other body (not ftoted on by any eitemal foroe) 
are equal nhea tbe spaces Bimultaneoaely desoribed by the clock-body are eqoftl. 
There rematna tbe practical difficulty of obtsiaiDg a body free from external 
forctiB, which could be used aa a clock. For this purpose we have recourse Co some 
other ilynamical result. 

Applying the prinoiples of dynunica, ae developed from the laws of motion, to 
■ rotating body, it can be proved that the motion of rotation about a certain aiiti 
^ uniform if the external (oroea have no moment about that aiia. The rotation of 

h a body nay be used very conveniently as a clock. 

The rotating body actually choaen is tbe earth. The forces wbioh tend to alter 
tbe period of rotation are so amall aa to be only soientifically perceptible. This 
period. Bcientifioally amended where neceasary, ia used an a unit of time. The 
practical methods of adapting our clocks to tbe rotation of the earth are described 
in treatiaea on astronomy. 

We have apeeially mentioned the rotation of the earth because that aupplieti the 
meUDre of time in common use. Other phenomena may also be aaed, for 
«iample, tbe velocitiea of the different kinds of tight and their wave lengths in 
Tacno are constanta. Their Dnmerieal valneBihave been oaJeulated. and from these 
«e conid dedace unalterable unita of apace and time. The numerical valuea 
connected with auy perpetual phenomenon would enable future obaervora to dia- 
oovei our pieaent units from their determinations of the same periods and lengths. 

V 64. The words " change of motion " in the second law mean 
pchange of momentum." 

The quantity of matter in a body is called its mass. This 
may be mea-iured by taking any given lump of matter aa the 
unit of mass. ConfiDing oar attention, for the moment, to any 
the same kind of matter, the mass of any other lump may be 
deduced by taking the ratio of the volumes. 

The momentum of a body, all the points of which are vioving 
parallel straight lines with equal velocities, is the product of the 

by the velocity. 
We notice that the momentum of a body has direction and 
magnitude. It may be compounded and resolved by the parallelo- 
gram taw. Let VI be the mass, v the velocity, and let d be the 
igle the direction of motion makes with some 6xed straight 
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line; then rcos^ ia the component of velocity, aud mucos^ the 
component of momentum in the direction of that straight line. 

55. The force spoken of in the second law ia an external 
force. It includes the ideas of the magnitude of the force and 
the time during which its action is considered. During this 
time the direction and magnitude of the force continue un- 
changed. We may also regard it as an impulse by which the 
whole momentum is instantaneously communicated to the body. 

Consider the case in which a uniform force F acts on a moving 
particle in the direction of its motion, and in the time (' — ( let 
the velocity be increased from v to v'. The second law asserts 
that the change of momentum produced in a unit of time, viz. 
m (»' — v), divided by the time C — i, is proportional to the 
magnitude of F. 

If the force F ia not uniform, the time t' — t must be replaced 
by dt and the velocity v' — « by dv, Art. 19. The law then asserts 
that the product of the mass and the acceleration is proportional 
to the instantaneous magnitude of the force F. We then have, 
F varies as inf. 

56. The arguments for the truth of Newton's laws may \ 
classed under three heads. 

First, we can make an appeal to common experience; thi 
is considered to suggest the laws in a general way. We thei 
try some simple experiments so arranged that they can be con- 
ducted with considerable accuracy. These test the laws only! 
within the limits of error of the experiments, bnt, by taking c 
these can be reduced to a small amount. 

Secondly, we can show that having granted some portions < 
the laws as being tnily founded on an experimental basis others 
portions follow by pure reasoning. 

Laatly, we can assume the laws as a working hypothesis and 
deduce from thera the proper motions of a variety of bodies. 
If these are found to agree with the observed motions, the laws 
are tested within the limits of error of the observations. Let lis 
consider these latter tests a little more fully. 

87. The position of a planet, the times of the beginning and 
end of an eclipse and some other phenomena can be observed 
with gi-eat accuracy and are therefore severe tests of the truth 
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by which these 



iults of dynamics. The calculatio 

predictions are obtained are very complicated, depending on the 

combination of many forces acting diveraely. There are therefore 

many causes of error. The predictions in the Nautical Almanac 

. are made some years beforehand, so that any small error, say 

I in a velocity, might be expected by accumulation to produce a 

sensible effect. Yet notwithstanding both these opportunities of 

detecting errors, the predicted places agree with the observations. 

In many of the astronomical calculations the truth of the law 

of gravitation is assumed. The comparison of the predictions 

with observations is a test of the truth of that law, as well as 

r the principles of dynamics. 

The solutions of the equations of motion have also in some 

} led to unexpected results, which had never been discovered 

ntil they were suggested by theory. For example, no one had 

noticed the slow rotation of the plane of vibration of a pendulum 

due to the rotation of the earth until Foucault deduced it from 

dynamical p^inciplel^, 

Our belief in the truth of the laws of motion may be made 

) rest on these latter cousideratioDs. We may regard these laws 

B the axioms on which the science of dynamics is founded. All its 

predictions have as yet been verified. It is only when we arrive 

at a result contradicted by experience, after due allowance has 

^^^been made for the necessary errors of observation, that we can 

^Hjl>e called on to amend so much of the laws as has led to the 

^^■nor. 

^^M Still such a course would be felt to leave something wanting, 

^^HRTe require to know how the laws were discovered, or at least 

^Hbrbat considerations would make them probable. Foi' this reason 

a very brief summary of the arguments has been given in the 

following articles. 

<a. Fimt Iiirr. Let s bod; be set In motioii b; an; caoae. uij it is projeeled 
ftlong a borizontal plane. We ootloe that when tbe cause ceasee to aot. the bod; 
oonlinuei in motion. It has therefore some poirer of retaining the motion given 
to it. There it oniy s qoestion of degree; does it retain Che whole or only some 
portion of the velocitj given to it? Tbe body i^Adually comes to lest, but ve alio 
obaerre that there are torcea tending to elup the body, atich as friction and the 
e of the air. We observe that when these resifltanoes are small the body 
a motion for a long time. This suggosta that the diminution of the 
I entirely doe to the reeiHtancee, though i' 
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Moimte Ui bUov meMorementfi lo be made. Any ot the ordiiuiy problem* givM 1 
in traatises on elemeQtary dTniimiaB may b« utilized [or this pnrpoM, but the dim 
most commonly used ia Atwood's machioe. 

5>. Before proceeding to that eiperimeDt let ua oonnder some pointe oonnBotod 
with the second law. Hav in the action of a force affected b; the prerioiiily 
eiiiting motion of the body? We must ibow that both iu direction and in magni- 
tude the aclion !« iodepeadttnl of the velocity. Let ua lake gravity as the toree to 
be eiperimenled on. We lind that a stone dropped from a moving support, say, 
the ceiling of a railway carriage in rapid uniform motion, hita the same point of 
the floor that it woold have hit had the carriage been at reat. Since, by the first 
law, the stone retaine the horizontal velooity of the carriage, gravity must have 
acted vertically on the moving particle, that is in l)ie taiae ilirtelion at if tht 
partieU leere at ml. 

If a namber of balls ore tiimaltaoeoualy projected horiEontally from a plaltbnn 
with diSeient velocities, they leaoh the ground at the same time ; uoly one knock 
is beard. Gravity has therefore pulled all the balls through equal vertical spaoaa 
in the same time. This experiment suggests that tht mii-jnilade oj gravity ia not 
altered by the eiistin^ motion of the particle attraoted. 

These experiments cannot be made witb great accuracy. They are lirsC attempt* 
to answer the qnestion placed at the beginning of this article. 

50. In Atwood's maohius two heavy particles are attached together by a string 
which posses over a pnlley. If tc, re' are the weights of the particlee, the moviijg 
force is ID - Iff' while the weight of the mass moved ia w + ir'. By choosing nearly 
eqnal values of m and tc' the motions produced by gravity can be made as slow as 
tre please. The spaces described and the velocities generated can therefore be 
measured with some degree of accuracy, and the reaults compared with the laws of 
falling bodies. The machine being carefully constnioted, some allowance may be 
made for the inertia of the pulley, the friction, itc. Even the resistance of the air, 
owing to simplicity of the motion, oould be allowed for; but it ia almost imper- 
oeptible in such slow motions. By an arrangement of platforms small weights can 
be added or subtracted bo that the moving force can be suddenly increased or 
decreased at pleasure. By making this force balance the resistances we can test 
the first law. By other changes we can determine whether the eSect of a tores is 
modified by a previously existing velocity. 

51. Thf equation F = mf. Let F be the force which will just support a body 
when attiBoted by the earth. Then reversing this foroe we can imagine the body 
to be acted on in the same direction by two forces each eqnal to gravity. Each of 
these forces can act only by producing motion in the body and we have just seen 
that this action is not modified by any eiisting motion. Assuming this, each 
force will generate the same velocity in the body in the same time. Thus twice the 
velocity is produced by twice the force, and generally the velocity produced varies as 
the force when the mass is eonsCont. 

Again, if we suppose that two eqnal volumes of the tame, mattrial are placed aide 
by side, and eaoh acted on by equal forces, equal velocities are generated in the 
same time. If the initial velocities are equal, the bodies will continue to move 
side by side, without pressing on eaoh other, and we may suppose them to be united 
into one mass. Thus twice the force will produce in twice the mass the same 
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roe v&riea as the laaiui when the velocit; produced ie 
'elooity and the mass, we eonclade that the magmtude 
IS multiplied by the velucitj' generated. This product 



,nd generally the 
Varying both th 
of the force varies ae the n: 
ii eiJled momentum. Art. a 

89. Laatl; let ui consider how Far the equality of action sod reactioQ is 
suggested by elementary ooDeideratiaus. If ve press a etone with the finger, the 
finger is pressed back by the etone. IT a horse pull a body by a rope, the tension 
dI the rope Impedee the progress of the horee. To deteimine if these notioiu are 
equal, we shall eiamiue separately the couditiona when the bodies are in contact 
and when they aot at a, diaCanoa. 

We have to prove that when two bodies in contact presE< on each other, the 
momentum lost by one is eqoal to that acquired by the other. In oui teat experi- 
ment, we arrange the circumstances bo that these changes of momenta can be 
readily observed. Let us suepend two spherical balls by strings and allow them to 
impinge on each other. The ioitial positions beiug given we can find the velocities 
joat hotore impact. By observing their aabsequent motion we oan dednoe the 
velocities juet after the impulse is ooncluded. In this way Mewton showed that 
the changes of velocity were euoli that the momentum lost by one was equal to 
that gained by the other. 

Iiet us next compare the forces exerted by two mutually attracting bodies. It 
wae a well-known fact that a magnet attracts iron, but Newton showed experi- 
mentally that the iron attracts the magnet with an equal force. This he effected 
by floating both in separate vessels in standing water. The vessels being placed 
in contact, neither was able to propel the other. The resultant force on each 
body was therefore zero. Admitting that the mutual action and reaction of the 
vessels in contact are eqnal and opposite, it follows that the attraction of each of 
^ the distant bodies on the other was eqnal to the pressure between the vessels and 
■e equal to each other. 

Units of mass. The second law of motion enables U3 
■to extend our measurement of mass to bodies of different materials. 
We 6r3t select some quantity of a standard substance and define 
that to be the unit of mass. Such a quantity of the same or 
another substance is then said to be of the same mass when two 
forces, known to be equal, acting on the two masses generate 
equal velocities in equal times. The second law then asserts 
that, with this definition of mass, the momentum generated by 
every force is proportional to that force. Art. 55. 

The British unit of mass is defined by Act of Parliament. 
It is a quantity of platinum preserved in the ofiice of the Ex- 
chequer and called the Imperial standard pound Avotrdupoia. 
One seven -thousandth part of it is declared to be a grain, and 5760 
};rains to be a pound Troy. The French standard of mass is called 
the grammt;. Thi» is the oue-thousandth part of a certain mass 
of platinum preserved in the Archives and called a kilogramme. 
!lie English pound is very nearly equal tu 453'59 granimea, and a 
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Idlogramoie to 22 pounds. The sjBtem of aoits derired from the 
centimetre, gramme and second is asually called the c.G.s. system. 
That founded on the foot, pound and secoad may be called the 
P.Pit. syBtem. It should be noticed that the pound and the gramme 
are measures of mass, not weight. 

A TCTj tnU aoeoiiiit ol the hiEtoiy <if ibc Englisfa stuidaTds of vei^ kud of 
Amt CDVp«n«on villi the French sUodAids ma giien b; the Ute Prof. W. H. UiUer 
in the Phil. Traiu. (or lfl56. 

64 Units of Force. The unit o/ force u Oiat farce whidi, 
acting on t/ie unit of mass for a unit of time, generates a unit of 
tdoeity. This is usualty called Gauss' absolute unit of force. 

When the unit of mass is the Imperial pound and the units 
of space and time are a foot and a mean imlar second, the unit 
of force is called a poundal. When the unit of i 
gramme, and the units of space and time are a centimetre and 
second, the unit of force is called a dyne. 

Since the pound is 4-53'59 grammes and a metre is 39-37 inches, 
it iH clear that the poundal generates a velocity of 1200/39'37 
centimetres in 45359 grammes. By the second law the magni- 
tade of a force is proportional to the product of the mass by 
velocity generated ; the poundal is therefore equal to 



mit ^^ 
tb^H 

>d|^H 



39-37 
This makes the poundal equal to 13825 dynes nearly. 

When a force F, constant in magnitude and fixed in directi<M 
generates Ju a mass m a velocity t> in a unit of time, we know: 
by the second law thitt F=Xmv where X is some constant do" 
pending on the units of m, v and F. Since F ia a. unit when t 
and a are units, X.= 1. Hence F=mv. 

When the force F is not constant in magnitude for any finite * 
time, we have recourse to the principles of the diflferential 
calculus. Let /"be the acceleration, then /"is equal to the velocity 
which would be generated in a unit of time if the force F 
continued constant in magnitude for that time. Hence /* = »i/", 
see Art. 55. 

66. The determination of the magnitude of a force by ex- 
periments on the velocity generated is an inconvenient method 
of proceeding, We have recourse to the attraction of the earth 
on them. The law of gravitation asserts that the forces of 
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attraction of the earth on different bodies at the same place are 

I proportional to the masses of those bodies. This is true whatever 
he the materials of which the body is made, provided only they 
may be regarded as particles when compared with the size of the 
earth. 
This is an experimental fact which is independent of the 
laws of motion, and is referred to here as a practical method 
of comparing forces. Forces therefore may be compared by 
Ueasunng the weights which they would support at any the same 
^lace on the sm-face of the earth. 
Let W be the force of attraction of the earth on a mass m 
M any given place, let ff be the acceleration, then the equation 
f = jn^ becomes W = vig. 

The law of gravitation asserts that g is a constant at the same 
place on the surface of the earth. It is sometimes called the 

Ieonstant of gravitation. 
The average value of g for the area of Great Britain is about 
tt'IS when the units of space and time are a foot and a second, 
when the unit of space is changed to centimetres, the numerical 
palue oft; becomes 981. 
The equation ir = «ijr shows that the weight of a unit of mass 
iBff. The poundal, or unit of force, is therefore Ijgth part of the 
weight of the unit piece of platinum, Art. 63. Since 16 oz. make 
the pound, the poundal is roughly equal to the weight of half an 
ounce. The dyne is consequently equal to l/13800th part of half 
aa ounce, Art. 64, roughly a 64th part of a grain. 

^^^V ••, There ue (wo elementaty oxperitnentB b; whiob it may be shown that g 
^^^pp a eonituit at the same place and from whiah tha nomerioal value may be 

In Alwood'a maohine. let ni,. ni, be the tnaasea aaepended by a string over the 
pulley, Art. 60. If the law ot gravitation in trn?. the weights itie ni,<f and ta^g, 
Tha maaa moved beioK ">]-*-'"„ and the moving force {ni,~mJig, the equation 
ir=mf diowB that 

where / ia the acceleration. By meaBuring the initial and terminal veloaities we 
cu) find the value of /and therefore oS g for any aaanmed musea ni„ m,. Repeat, 
ing the eiperiment with other masses, we find that the conBtanoy of g is verified as 
tat aa the impeifectione of the machine allow. 
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kinds. Whatever the matter placed iaaide might be, the lime of oscillation (noder 
■imilar cironmBtanceB) vne foand to be the same. The foroes of attraotion, 
mMEured dynamically by the motion commtinicated. must therefore have been 
proportional to the maBBes moved. 

The theory of the oacillution of a particle suBpended by n string is given in the 
chapter on conBtrnioed motion. Many e;i per imenta have been made since Neviton'a 
time for the puipose of determining the nmncrical value of g. In these the 
oscillations of bodies of finite aixe h&ve been observed. An aocooiit of Bome of 
these eiperimenta is given in the author's Sigid Di/iuimiea, vol. i. 

68. Accelerating Force. The quantity / in the equation 

F= vif is the acceleration measured, as already explained, by the 
velocity generated per unit of time. The qxwtient Fjm is called 
the accelerating force. It is equal to the acceleration and the 
word " force " appears to have bet-n added merely to show from 
which side of the equation the quantity is derived. It is a 
convenient phrase to use when we wish to call attention to the 
feet that the impressed forces under discussion arc proportional to 
the masses acted on. 

The product of Vie mass and the acceleration is called the 
effective force. Thus md-mldt' and md^yjdt^ are the Cartesian 
component.s of the effective force on the particle m. The utility 
of this name will be better understood when we come to the dis- 
cussion of the motion of several connected particles. 

69. The vii Tlva of a particle whose mass is m and velocity 
is mv^. The half of this quantity has also been called the via vi' 
but in England it is more usual to call this latter quantity 
Jmn-, ike kinetic energy. 

70. The work of a force. The theory of work is so much 
used in statics that only a very brief account is necessary here. 

Let the point of application ^d of a force F be moved to a point 
B, where AB=ds. Let 6 be the angle made by the direction of 
motion of 4 with the direction of the force. Then FcosOds is 
ike work of F for the indefinitely small displacement ds. It is 
also called the virtual movient of F. The work may also be defined 
to be the product of the force by the resolved displacement of the 
point of application in the direction of the foree. 

If the point continue to move and describe any curve, 
integral fFcoB $ds is defined to be the work. 

If a weight W descend a space dz, the work done is Wdz. 
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If the space is fimte and equal to h, the work is I Wd£. The 
voA is therefore Wk. 

71. The theoretical unit of work is the work done by a 
dynamical unit of force acting through a unit of space. As ex- 
plained in Art. 64, this unit of force might be the poundal and the 
unit of space the foot. 

The work required to raise a given weight a given height 

is taken as a practical unit of work. The unit adopted by English 

engineers is that required to overcome a force equal to the gravity 

of a pound through a space of a foot. This unit is called a./oot- 

pound. 

^^^ Id the c.0.8. system the theoretical unit is the work done by a 

^^H^e in acting through one centimetre. This unit is called 

^Ke erg. 

^^^V The work done when iv kilogramme (Art. 63) is raised one 
^^HbiBtre is the practical imit and is written kilogram me -metre. A 
^^^rilogranime-metre is 7'23 foot-pounda very nearly. 

72. The rate of doing ^rork is measured by the work done 
per unit of time. Thus, if the particle describe a space ds in the 
time dt, the rate of doing work is F cos 6 ds/dt. The rate is 
therefore Fv cos 6. 

The term horae-power is used to express the work done per 
Dit of time in practical measure. The unit of horse-power is 
mally taken to be 550 foot-pounds per second. 
The terra force de cheval corresponds to horse-power, but with 
rent units. The unit of force de cheval is 75 kilogramme- 
Metres per second. A force de cheval is therefore 541 foot-pounds 
Oriecood; i.e. '98 of one horse-power. 

^IS& %. If tbe nnit of apace is i- feet, the uoit of time r secondB, Bod the unit of 
la, prove that the unit ot force is ^tfr/r', tlie unit of energj is /Aa^lr', the 
it of horBS'power ii^jr' ; see Art. i7. 

U F, A', H represent tbe force, energy tind horse-powei vith these unite, lind 
ir meanii«e inhere feet, aecoudB and pounds are the units. 

Prove that a foot-ponnd is '13B, and an inch-ton ia 25-S kilogratmne- 
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The Equations of Motion. 

73. Equatlotu of Motion. When the re.solved part F of 
the impressed force in any direction and the mass vt are given, 
the corresponding equation of motion is found by equating F/m to 
the resolved acceleration in that direction. For example in 
Cartesian coordinates, if J,, F,, be the componenta of the im- 
pressed force, we unite XJni, YJm for X, Y in Art 31. Wi^ 
thus have ^H 

df m ' dp m ' ^B 

The polar and other resolutions may be treated in the same way. 

74. To make the meaning of these equations clear, let us 
consider the case of a particle moving in a straight hne under 
the action of several forces, F,, F„ &c. The corresponding 
theorems when there are no restrictions on the motion of the 
particle will be considered later on. 

If 7n be the mass in motion, the equation of motion takes the 



form 



-~F, + F,+.. 






where « is the space described, and v the velocity at the time t. 

This equation may be integrated in two ways. Taking 
time ( as the independent variable, we have 

mv-mv^ = JF,dt-\-JF4t+ (2>, 

where ro is the velocity at the time t,, and the limits of integration 
are („ to t. The forces ^i, fj, &c, may not act during the whole 
time, thus f, might act from (, to (, + a. f, might act from t. to 
U + & and so on. In such cases the limits of each integral should 
be from the time of beginning to the time of ending of the force. 
For the sake of conveniently using the equation we notice {what 
really follows at once from the second kw) that tach force F adds 
to tJie moving mass a momentam equal to fFdt, where tlie iniegration 
extends over Oie time of action of the force. This is called th« 
time-integral of the force. The equation (2) is called the equation 
of momentum. 

76. Taking the space s as the independent variable, we 



iwir' - JniV =fF,ds + iF4s +. 
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It follows that the increase of the kinetic energy of the mass 
moved is equal to the sum of the works of the several forces. 
Each force F communicates to the moving mass an amount of 
kinetic energy espial to fFds where the integration extends over Vie 
space described while F acts on Hie mass. This is called the space- 
integral of the force. The equation (3) is called sometimes the 
equation of vis viva and sometimes tfie equation of energy. 

If the velocity of the mass is the same at any two times, the 
lentum added on by some of the forces must be equal to that 
loved by other forces. 

If again the velocity is the same in any two posititms, the 
■k added on by some of the forces must be equal to that sub- 
ted by other forces. 
In this way we obtain two equations to find the one quantity v. 
If the forces /*,, f,, &C. arc constant both the space and time- 
integrals can be at once found. We therefore use either or both 
the equations (2) and (3). If the forces are functions of either t 
or 8, only one of the integrations can be immediately effected. We 
the equations (2) or (3) according as the force.s depend on the 
3 or on the position of the particle. 

76. When the system 
contains more than one par- 
ticle, their mutual actions 
may have to be taken into 
consideration. Suppose, for 
example, that two particles 
PfP", whose masses are m,m', 

are constrained to slide on the straight lines Ox, Ox, and are 
acted on by the forces F. F' in these directions. Let these bo 
tected by s string of given length which passes over a smooth 
ley C. The two equations of energy are 

im (\f -v,-') = fFds -}T cos 0ds, 
Jm' (tp'' - 1','=) = fF'd^' -/r cos ff'ds' 
are the angles the two portions of the string make 
nth Ox, Ox. To use these equations we must eliminate the 
lown tension T. 

We notice that the string is in equilibrium under the action 
the tensions at its extremities P, P' ; hence, by the principles of 



or 8, 

r. 
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statics, their total virtual moment or work is zero. We ha 
therefore 

T cos eda + T cos e'da'=0. 
Adding therefore the two equations of enei^y together 
im (If - fo") + Jm' («'• - O) =/f rfs +JPW. 
The tendon there/ore may be omitted informiiig the equation 
energy, when both the particles are brought into the equation. 

TT. 



I 



Consider next the tno equations of momenta 

m {V - V,) = JFdt-fT cos 0dt. 

m [V - v/) = fF'dt - }T cos 0'dt. 
The tension T measures the whole momentum transferred per 
unit of time from one particle to the other along the string. 
The components transferred are respectively TcosS, rcosi*', and 
these are not equal. The transverse components Tsinfl, Tsmd" 
are destroyed by the reactions of the rods Oa-, Ox'. If however 
the pulley C is situated at the intersection of the rods, and ff" 
are always zero, and the coDnponent momentum added to one 
particle is equal to that taken from the other. 

Since the particles must now move with equal velocities, we 
have v' = — v. Eliminating T from the equations of momenta, we., 
have 

{„i + m) (v - V,) = fFdt - fF'dt. 

We can thus eliminate the reaction T by combining the 
equations of momentum when the reaction makes equal anglt 
with the directions of resolution. 

78. Bzunplaa*. Ei.l. Two heavy riogB P. P", of unequal maes, slide oq two 
amooth rods Ox, Oar' at rigbt anglen end equally inclined to the horizon at an angle 
o = }t. The rings are oonneeted by a strugbt Btriug of given length ' and atart bttm 
real at distances a, a' from O. Find the motioo. 

Let (, x' be tbe dietanceH of P, P" &om O at the time 1. Since the partifl 
atari from rest the equation of vis viva becomes 

J(mti' + Hri'"') = Jm3Binoi(« + jin'38inod»' = gBina{in(i-aH-r»'(/- 
the limits of integrution being t-n\a * and t' = a' to *'. The length of tbe r 
being given we have the geometrical equation 



ve 

1 



, we 

, W6^_ 

4 



Differentiating Ifi) wo have 



* Most of these eiai 
minor scholarships 



pies are taken trota the exammation papara for the entn 
n the several colleges. 
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The equstiona (1) asd (3) i^ve i' aud r'. When ttie putiolea ftgain como to rest, 
11 = 0, v'=^0. Sabstitiiting in (I) and DBiag (3) ws find, beridei the initial Mlation 




fc°J 



□r gravity at the particle* belon' the 
The equation (1) then giTea 

fOlff-i/g) (4). 

above the horizontal line Alt drnim 
throuRh the iuitial position H. for it it oonlii, the right-hand aide of (4) would be 
while the left-hand aide is eBseotially positive. Since the dietancea of the 
lire of gravity from 0:c, Ox' are reapeotivelj ji=t'm'IM and {=tni/M', whore 
Bee fiom (3) that the path of the centre ot gravity is the ellipse 

TblB conic cats the stiaight line AB in two poiola II, K, It Loth these points lie 
between the rods the centre of gravity continually DseillateB in the eUiplio aro having 
if, K for the eitrems points. H either H or K Ilea outnide the rods, one particle 
pata through the intersection O. 
It the string instead of being straight were bent by passing through a small 
^olley at the intersection of the rods, we oonld eliminate T from the two equations 
We then have 
(m -^ ni') i' = |iB3 sin adt ~ fm'fl eio adt=g sin o (m - m') I. 
The equation of vis viva ia the same as before, bat since v'= ~v ejiii'^a' = a~t, 
it takes the simpler form 

These equations give i and r in terms of the time I. We nolioe that if n s- in', the 
particle P descends along tlie rod O^ and Qublty draws f ap to 0. 

£j. 3. Two small rings of masses «i, m' are moving on a smooth oiroular wire 
which is filed with its plane vertical. They are connected by a Btraiifht weightless 
ineiteuHibie string. Prove that, as long as Che string remains tight, its tension is 

■ , where 2a is the angle irhicli the string when tight subtends at the 

centre and 9 is the inclination ot the string to the horizon. [Pemb. Coil. 1807.] 

Eqnate the tangential accelerations of the two particles. 



■•■A 



n foot-poundnlB per second ia .. j^ ^ "■. - ^-.. . The nusi of the wheel may be 
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Ex. 3. A backet of mass M lbs. is raised from the bottom of a shaft of depth 
k fe«t by meuiE of a light cord which is wonod on a wheel of mow m !be. The 
wheel is driven bj a constant force which is applied tangential!; at its rim for a, 
certain time and then ceases. Prove that if the bucket jast comes to rest at the top 
ol the shaft, f seconds after the beginning of the motion , the greatest rate of working 
2U'gVU 
' JVfft'^2fi(rn + J/|' 
considered Co be condensed in its rim. [Coll. Ex. 1696.] 

Let the force F act on the rim for a time ''. This force commanicates a 
momentDm Ft' to the system, which (since the system comes to rest after a time t) is 
equal to that removed by gravity in the whole ascent, therefore Ft'-Hgl. If i' is 
the space aBoended in the time (', the force F communicates a work Fi'. which ia 
eqnal to that removed by gravity in the whole ascent h, therefore Fn'-Mgh. Since 
the mass moved is JU^-m and F~Mg is the acting force we have also the two 
equations [JW+m)c' = (i'-jUy) I'. (,U + ni)*' = J (;■"- -V3) f where «■ is the velocity at 
the time t' (Art. 35). These four equations determine F, f, r', 1'. The rate of 
adding work to the system is Fv (Art. 72), and this is greatest when 1- is greatest, 
i.e. when v = v'. Theresnlt follows without difficnity. 

Ex. i. A train of mass iii rune from rest at one station to stop at the next at a 
distance I. The full speed is I' and the average speed is r. The resistance at the 
roils when the brake is not applied is uVjIg ol the weight of the train and when the 
brake is applied it is u'Vllg of the weight of the train. The pull of the engine has 
one constant value when the train is starting and another when it runs at full speed. 
Prove that the average rate at which the engine works in starting the train is 

imVlii+r)/!, where i = ^- j.-^,- [Coll. Ei. 1895.] 

There are three stages of the journey. During the first the engine pulls with 
force F, the acceleration ia Ffm - uVjl, and the velocity increases from zero to V. 
During the second stage the velocity is anlfonn and equal to I', the pull F' of the 
engine just balancing the resistance. Daring the third the engine stops working, 
the brake is applied and the acceleration is - iiT//. Using the formnls! of Art. 2S, 
and remembering that the sum of the spaces in the three stages is /. while the 
average velocity is I divided by the sum of the times, we deduce F. The average 
rate of working is the quotient "work by time," Art. Ti; during the first stage 
thiBisi'.,/(, = lFr. 

Ex. 5. The cage of a coal-pit is lowered for the first third of the shaft with a 
constant acceleration, for the neit third it descends with uniform velocity, and then 
a oonstont retarding force just brings it to rest as it reaches the bottom of the shaft. 
If the time of descent is equal to that taken by a particle in falling four times the 
whole depth, prove that the pressure of the man inside on the bottom of the cage 
was at the beginning 33/48lhs of bis weight. [Coll. Ex. 1897.] 

The initial acceleration / is found to be 25g/48. It H be the pressure required 
the equation of motion of the man is mf- mg-R. This leads to the value of E. 

f.'x. G. One engine A starting from rest generates in two minutes in a train a 
velocity of 46 miles per hour while it passes over a distance of 1 mile on the leveL 
Another engine It of equal weight can pull the same train up an incline of sin^' 1/80 
at a full speed of 20 miles per hour. Assuming that the resistance due to friction, ifto. 
lud equal to the weight of 12 lbs. per ton, prove that the time average ill 



ART. 78.1 



EXAMPLES. 






the horse-povet at nhich .J works [or tlie two minutea is 1-62,., times tlie batBe- 
poner of B. [Math. Tripos, 1893.] 

Ei. 7. A window ia BupporCed by two corda passing over pulleys in tbe &anie- 
vork of the window (wbich it loosely fits) and is aonneoted with coonterpoises eaob 
eqaal to bait the weight of tbe window. One cord breaks, and the window descends 
ftcoeleration /. FroTC that the coefficient of friction between the window tind 



(jrj^V) 1 



(ff+J)6 



where (1 is the height and b the breadth of the window. 
[Coll. Ei. 1896.] 

Let the pieasnres of the window aga.iu8t tbe framework on one side at tbe bottom, 
OD tbe otber at tbe top, be H, R'. Since the window does cot move sideways or 
turn round, we have tbe ataticol cooditjona R = R'. Tb^2Ila, Considering the 
Tertioal motion for the weight atone And tor both bodies respective!;, we have 

These determine /i, 

I. A two-wheeled vehicle is being drawn along a level road with velocity p : 

wheels (radios c) are connected by an aile (radius r) Gied to them and the weight 

the vehicle exclusive of the wheels and sxlc is W, and its centre of gravity is 

ically Above the middle point of the axle. Prove that if the shafts are in a 

■nial plane with tbe tops of tbe wheels, the horse is working at the rate 



^Brthe 

horizoi 



Wirra 



V(C- 



a'X)' 



, where X is the angle of ftiotton between tbe axle and its bearings. 
[Coll. Ex. 1896.] 

The vehicle, being in uniform motion, ia in equilibrium under the action of tbe 
poll F of the horse, tbe reaction R of the aile acting at some angle 8 to the vertiul 
and the friction it tan X. The equations of Statics give F. R, and e, and the 
required rate of working is I^i. 

Ei. y. A particle of mass '« is suspended from a Hied point O by a string ot 
length a. and from m is suspended another particle of masa m' by a string of length 
b. If a horiiiontal velocity be suddenly communicated to m. show that the tensions 
af the strings are immediately increased by amounts which are in the ratio 



■.'(.. + fi)- 



[Coli. Ex. 1896.] 



Let T, r' be the t( 
circle whose centre ia 



IS of tbe strings above and below m. Since m describes a 
ts vertical acceleration is u'/a, hence — — T~ T' - nip. 



»Ihe vertical acceleration of in' is equal to that of nt plus that due to tbe relative 
luotion. Relatively to m it begins to describe a circle of radius b with a velocity r, 
tbe relative vertical acceleration is therefore f^jli, see Art. 39. Bence 
■blvmg tbeae equations the result follows at once. 
Ex. 10. In the system of pulleys in which tbe string, passing round each pulley, 
has one end attached to a fixed beam and the otber to the pulley next above, there 
is no "power" and no "weight." The n.maveable pulleys are all of equal weight, 
they are smooth, and can all be treated as particles in calculating their motions. 
The string is without mass. Prove that the acceleration of the lowest pulley is 
^/(»'+l}. [CoU. Ex. 1896.] 



Hie equation ot 
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for the rtb pQlle; conntiiig donnwardB is 
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miPyJdt'' = mg ~ 27^+ r„, 



where T, Bad T,^,, being the power and weight, are zero. Also the velocity ot eAoh 
patte; is half that of the one JDst above. Multiplying these eqoatioDB by 1, 3, 
2° ... 2""' beginning at the lowest and adding the lesnlts the Cenaiona disappear. 

Ex. II. In the system of pulleys in whidi eaoh string is attached to the weight. 
there are two pulleys, the weight of tLe moveable pulley being w. the power P and 



the weight Jl'. Prove that the ac<:eleratiaa of II' ii 



■'w+ 



i. . [Coll. E«. 1897.] 



Ex. 13. A prism with axis hDiizontiil and whose section by a plane petpen. 
dicnlar to it is a regular polygon ABCD... of in Hidee ia fiied with the uppermost 
face AB hDrizontal, and n equal particles arc placed st the middle points of AB, 
BC, dfc. These are connected by a cflntinuous string which passes over smooth 
pulleys at the corners B. C. <ta. Asanming that the fscea are smooth, prove that 



the initial acceleration 



'.£(•»• ;l-')' 



[Coll, Ei. 1897.1 

Ex. 13. Two equal particles are eonnected by a string one point of which is Gied 
and the particles are describing circles of ladii a and \> about this point with the 
same angular velocity so that the string is always straight. The string is aoddenly 
released, prove that the tensions of the two portions are altered in the ratios 
(a + j>) :3a and(u + b) : 36. [CoU. Ex. 1896.] 

Before the release the tensions are va>^\a and mfg'/t, where v,/ii — r^/b^w. 
After the release the relative space velocity is D = i', + r,. The acceleration of each 
particle being T/m, the relative acceleration is 3r/m. Since the relative path of 
either is a circle of radius r^u + li. the relative acceleration is v'/r. Equating 
these, the tension is mii'/2r. The result follows, 

Ex. 14. A cubical box slides down a rough inclined plane, whoae coefficient of 
(riotion is ^, two sides of the base being horizontal. If the box Dootoio sufficient 
water jast to cover the base of the vessel, prove that the volume of the water IB 
\^ times the internal volume of the vessel. [Coll. Ex. 1897.] 

The relative acceleration of a particle of w-ater and the box must be perpendicular 
to the surface. 



t the 



particle P of a system be represented in direction and magnituc 
straight line py. Since velocities obey the parallelograni law, wc 
in Statics and replace the momentum FB' by three Unear moments 
origin in the directions of the axes, and three coople momenta. 

Let the coordinates of the particle "be x, y, i and the direction c 
The three linear momenta being the resolved parts of me are 
respectively. Theae are often called linear momenta. The three 
are the moments of the momentum mv about the axes. Wo know by thi 
■ponding theorem in Statics that these 



mv of any 
I (Art. 54) by a 
may proceed as 
at any assumed 



be\, fi 



These are called the angular momentn about the 

The linear momentum of a particle in any directi 
momentum in that direction. The artgalaT momc, 
monunl a/ the mamenluia about that itraight lini 



t the rtiolved part ef tin 
ttraight Une U tJu 




r. 81J IMPULSIVE FORCES. S! 

Impulsive Forces, 

ZmpulslTe forces. In some cases the forces act on)}- 
I for a very short time, yet, being of great magoitude, produce 
I ' perceptible effects. Let a force F act on a particle of mass vt 
\ for a time T. Let v be the velocity at any time ( less than T, 

tnd let V, K' be the velocities at the beginning and end of the 

interval T. We have 

™| = f, .-. „.iV'-r)=j'Fdt (1). 

I'liet the force F increase without limit while the duration T 
^decreases without limit. The integral may have a iinite limit, 
B»y P. The equation then becomes 

„(V-V) = P <2). 

, are the greatest and least velocities during the impact, 
; space described lies between i\T and v^T. and both these are 
BTo in the limit. The particle tliere/ore has vot had time to move, 
but it8 velocity has been changed from V to V. This sudden 
change of velocity is the distinguishing characteristie of an 
impulse. 

We may cunsider that a proper measure has been found for a 
j^rce when from that measure we can deduce all the effects of 
Ihe foree. Since in the case of the limiting force the change of 
elocity is the only element to be determined we may measure 
p.Rich a force by the quantity P. When P is known, the change 
I velocity is given by (2). 

81. An impulse or blow is the limit of a foree whose magnitude 
infinitely great and time of action infinitely small. A finite 
force Fib measured by the momentum generated per unit of time. 
An impulse P is measured by the whole momentum generated 
[aring the whole time of action, that is, P=fFdt. 

When the direction of the force F remains fixed in space 

\g its time of action, the resolved part of P in any direction 

is also the limit of the resolved part of F. When the direction 

of ^is not fixed in space, we resolve F into its components X, J". 

The integrals of these, viz. X,=fXdt, }\ = JYdt, are defined to be 

le components of the limiting impulse. 
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I period of impact may therefore be divided into two parts. Firstly, 
the period of compression, during which the distance between the 
centres of gravity of the two bodies is dimiDishing and secondly, 
the period of restitution in which the distance is increasing. The 
first period terminates when the two centres of gravity have the 
same instantaneous velocity, the second when the bodies separate. 

The ratio of the magnitude of the action between the bodies 
during the period of restitution to that during compression is 
found to be different for bodies of different materials. If the 
bodies regain their original shapes very slowly the separation 
may take place before this occurs and then the action during 
restitution is less than that during compression. 

In some cases the force of restitution may be neglected, and 
8)e bodies are then said to be iitelasHc. In this case we have just 
ter the impact u' = v. This gives 



R = 



':-(«-"). 



..(2). 






If the force of restitution cannot be neglected, let R be the 

rhole action between the balls, ij, the action up to the moment 

greatest compression. The magnitude of R can be found by 

riment. This may be done by observing the values of «' 

v' and thus determining R by means of the equations (1). 

'Bnch experiments were made in the first instance by Newton 

and led to the result that RIR„ is a constant ratio which depends 

on the materials of which the balls are made. Let this constant 

Itio be called I +e. The quantity e is never greater than unity; 
the limiting case when e=l the bodies are said to be perfectly 



The Newtonian law R/R, = 1 + e gives only a first appraei- 
maiion to the motion, and is not to be regarded as strictly true 
_imder all circumstances. 

The value of e being supposed to be known the velocities after 
Ripact may be easily found. The action R^ must be firet calcu- 
ted as if the bodies were inelastic, the value of R may then be 
duced by multiplying by 1 + e. This gives 



fl= ^'"' 



.(" 



"XU 



e).. 



.-(3). 



Vi DfpnjsnrB fobcbl [chap, l 

The tlvee eqiiatioiis eompriscd in (1) and (3) gnre the wlude 
OMiiflo. Sabsthating froin (3) in (IX we ha^e 

J mn + m'v me . \ 

tf= , >(« — p)' 

y^y 

J mtf + mv me , . 

r = 7-+ ?(m — r) I 

m-^m m-^m | 

84; We notice as a useful corollaiy that 

^_tt' = -e(iF-ii) (4). 

The rdoHve vdocUy afler impact bears to the relative tdodiy before 
impact the ratio of —e to I. 

Bj the third law of motion the momentum gained by one ball 
is equal to that lost by the othef ; the whole momentum being un- 
altered by the impact Hence 

mu' + wiV = Witt + mV (5). * 

This result follows also by eliminating R between the equations (1). 

The equations (4) and (5) may be used to determine u\ v', 
when the impulse R is not required. 

86. When two perfectly elastic spheres of equal mass impinge 
en each other the bodies exchange velocities. In this case, by (3), 

ii = m (tt — v) 
and the equations (1) then show that u'^v, v=u. Conversely 
we may show in the same way that if the spheres exchange 
velocities their masses are equal and the elasticity is perfect. 

86. When a sphere impinges on a fixed plane, we regard the 
plane as an infinitely large mass. Putting m' infinite, we find 

R = mu (1 + e), w' = — «t, v^ = 0, 

the velocity of the sphere is therefore reversed in direction and its 
magnitude is multiplied by e, 

Ex. If the pUne be in motion with a velooity V, prove that the velocity of the 
fphere after the rebonnd is - ^u + r (1 + e), 

87. If one sphere of mass m impinge directly on another of 
mass m' which is at rest and if m^^m'e, the equation (3) gives 
R^mu. The impinging sphere therefore loses its whole mo- 
mentum and is reduced to rest. 

In the same way, let n spheres be placed in a row at rest 
and let their masses form a geometrical progression of ratio 1/e. 
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If any velocity is given to the first, it will strike the next in order 
and be reduced to rest. The second will strike the third and 
remain at rest and so on. Finally the last sphere will proceed 
onwards with the whole momentum communicated to the first. 

If the spheres are perfectly elastic, e = l and the same things 
iBppen when the masses are equal. 

If the spheres are placed close together, they are only in 

^parent contact ; and each impact will still be concluded before 

ihe next begins. Each ball transfers the momentum to the next 

order and remains in apparent rest, the last ball moving 

nwards with the whole momentum communicated to the first. 

This may partly explain why, in some cases when blows have 
sen given by the wind or sea to masses of masonry, the stones 
I leeward have been more disturbed than those exposed to the 



E. A geriea or perfecCl; elastic bnlls are arranged in Ihe same straight 

', one ol tliem inipiogee directly on the next and so OQ ; prove that if thdr 

en (orm a geometrical progrensioD of wliioli tLie uomiaon ratio is 2, their 

[ties attei impact vfill form a geometrical progresBion of which the common 

is 2/3. [Math. Tripos, 1S60.] 

Two smooth komogeneoiis spheres A and B impinge 
iHqwly on each other. To find the avbse- 
t motion. 

Let the common tangent plane at the 

^int of contact be the plane of (cy, and 

: the common normal be the asia of z. 

lie spheres being smooth the mutual im- 

ailse acts along the axis of z. 

Let K,, Vi be the velocities of the two 
toheres, before impact, Vi , Vi the velocities after. 

; the components of the velocities F, , F,, and let the same 
letters, when accented, represent the components of F,', Y^. Let 
ml be the masses. 

Since the impulse has do components parallel to the axes of 
B and y, we have 




Let 
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CoDsidering next the normal impulse, we find as before 

^ = ^ -I- ^^ (^^ ~ '^«) ( ^ + ^)' ^1"'^! = ";:;' '^^"'^^^z:*- 

These equations determine the components of the velocities after 
the impact. 

When the bodies are rough, the mutual impulse does not 
necessarily act along the common normal. The problem then 
becomes more complicated. The reader will find this case discusded 
in the author's Rigid Dynamics, 

90. When two imperfectly elastic spheres impinge on each 
other, vis viva is always lost. 

First, let the spheres impinge directly on each other. We 
have, as in Art. 83, 

^ mm' , \ /t . \ f R t R 

it = >(w— t;)(l + e), u=^u^ — , v=v+— ,. 



/. miA'« + mV" = 77m'+mV+ ]2(v-w) + -R 



m -f m'^ 



mm 



\R 



= mu^ + mV - -^^?^^ (u - v)H\ - c»). 

The last term being essentially negative, the vis viva is decreased 
by the impact. 

Next, let the spheres impinge obliquely. Let 2T be the 
vis viva before, 22" that after the impulse. Then, as in Art. 69 

2T = m (ifi» + Vi' + Wi») + m' {u^ + v^ + w^), 

while 22" is expressed by the same formula after the letters u, v, w 
have been accented. Hence 

2r-2T = - ^^^,(w,'W,y(l^^). 

m-^-m ^ ^ ' 

It follows that vis viva is always lost. 

If F is the relative normal velocity before impact, the vis viva 

The vis viva after impact is equal to the vis viva before only 
when e s= 1, that is, when the bodies are perfectly ekuttic. It is 
evident that Wi cannot be equal to Wj or e = — 1. 
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MOTION OF A FREE SYSTEM. 
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01. Ex. 1. PorCiclea are projected from a given point A Id all diiectioua and 
obliquely impinge on a fixed plsae o[ elasticity e. Prove tliat after reflexion the 
diiectiona of motion diverge from a point B, where AB inteisecta the fixed plane at 
right angles in some point M, aiid Dli=c . AM. 

I Let AP be tbe path of a. partiole before iropaot, PQ that after. Let (JF 
fcodaced inleruct the perpendicular AM produced in some point B. The com- 
||raent of velooity, u, along MP ie unchanged by tbe impact, while that perpendicular. 
lb. v, beoomeB ci< and is reversed in direction, 
.-, UinQPx^n-ln = etnn APM. 
tt immedislel; follows that iIB = e . AM. xo that every reflected path interseotB the 
perpendicular from A in the same point. 

Bj uBing this theorem we oan trace the couru of a particle after suoceBBive 
reflexions from any number of lixed planee. To take a simple case, let it be 
reqaired to lind bow a particle ehonld be hoTiEonlally projected from a given point 
A on the floor, that after reflexion at two vertical walls Ox, Oij. it may pa»8 
through another given point A', We draw a perpend ic alar AB to the firat wall 
«nd take MB = fAM. A perpendicular is drawn from B to the second wall, and 
taken so that CN = e .UN. Then, since all the paths after tbe Hist and second 
pass throngb B and C respectively, the required path A QPA' is fonnd by 
ig A' to C. e to B and /' to A. 
Ex. 2. A particle of elaaticitj « ia projected along a horizontal plane from the 
middle point of one of the sides of an isosceles rigbt-anglnl triangle so as after 
reflexion at the hypothenuae and remaining side to return Co tbe same point i 
that the cotangents of the angles of reflexion are i + X and f + 3 respecCirely. 
[Math. Tripos, IS61.J 

02. A free nystem oftnvtmdly attracling particles is in viotion. 
9(1) that the centre of gravity moves in a straight line witii 
mifonn velocity, and (2) that the motion of the centre of gravity 
s not affected by any impacts between the particles. 

The mutual attraction between any two particles is measuied 
' the momentum transferred from one to the other per unit 
' time; the mutual impulse is measured by the whole mo- 
mentum transferred, lu either case it follows by the third law 
of motion that the whole momentum of the two particles and the 
components in any directions, are unaltered by their mutual 
action. 
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Let (jBi, Vi). (ii'a. y,\ &c. be the Cartesian coordinates and (: 
(m,, v,), &:c. the components of velocity at any time t. Since 

we have by differentiation uSm = %mu, v%m. = Xmv. It has just 
been shown that the components Xmu, Iviv are unaltered by 
the mutual attraction or impact of any two pai-ticles. Hence 
the components of the velocity of the centre of gravity, viz. u, v, 
are constant throughout the motion. The path of the centre of 
gravity is therefore the straight line S = u( + A, y=vt + B, and 
the velocity is the resultant of «, «. 

If all the particles were suddenly collected together at the 
centre of gravity, each particle having its momentum unaltered 
in direction and magnitude, the momentum of the collected 
mass would be the resultant of the transferred momenta. The 
equations uSn( = Shim, v%m='S,mv assert that the centre of 
gravity of the particles before collection moves exactly as the 
collected mass does. 

93. The effect of the mutual action of two particles (whether 
attracting or impinging on each other) Is to transfer a momentum 
from one to the other whose direction is the straight line joining 
the particles. Hence the moment of the momentum about any 
straight line is unaltered by the transference. The moment of 
the momentum of the whole system (that is, its angular mo- 
mentum, Art. 79), about any straight line is unaltered by the 
mutual actions of the particles. 

In a system of mutually attracting or impinging particles, the 
components of its linear momentum along, and the angular momenta 
about, any fixed straight lines are constant, eaxept so far as they may 
be altered by the action of external forces. This is only the third 
law of motion more fully explained. 

94. BzMinpUa*. Ex. 1. If a afEtem of mutuall; attracting partiolea were 
soddeniy to beoome rigidly connected together, determine the conditions that Ihe 
rigid body should be at rest. 

Tfaa rigid body will poBxess the F<umo momenta as Che efsteni bat difFerently 
distribnted. If the momenta of all the particles are in equilibrium, the rigid body 
h*H no oompooent ot momentum in. any direction and no moment of momentum 



>l 



* Many of thew examples are tolcen from the examination papers for the 
entrance and minor BchoIarBhipa in the acveraj colleges. 
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kbont an; Htraigbt tine. It ia therefore at rest. B; the rules of Statice the 
neoesMr; and auCBdent conditionB for the equilibrium are (1) the whole linear 
momeDtun] nloDg each aiis of coordtnateB is zero, (2) the angolar momentum 
about eaoh axis ia zero. 

Ex, 2. Particle* of equal mass travel round the sides of a closed skew polygon 

in the same direction, one starting from each comer and the velocilf of each is 

proportional to the side along which it moves. Prove that their centre of gravity 

ia at rest and that it coinoidea vith the centre of gravity of the sidee of the polygon 

■Bppoung the mssBeB of the sidea to be eqoal. Prove also that if one particle be 

Vtmoved. the centre of gravity of the remaiDing particles'describeB a polygon whose 

« parallel and proportional to those of the original polygon. 

Since tbe sidea exert no preaeurea on the particles the centre of gravity moves 

t h a straight line with imifonn velocity whatever the momenta of the particles 

FsMy be. When, as in the problem, the momenta are parallel and proportional to 

e aides of a closed li({are, the components Zmu and Smv of Art. 92 are zero, and 

e centre of gravity is therefore at reat. The other parte at the question then 



E. 3. An explosion ooonrs in a ligid body at rest, and the particles fly off in 
>nt directions. If in any subsequent positions they were suddenly connected 
gether, prove that the rigid body thus formed would be at rest. 

number of particles originally in a straight line fall from reat, and 

a partially elastic horizontal plane. Prove that, at any time, the 

rtioles which have rebounded once lie in a parabola. [Coll. Ei. 1897.] 

Ex. 6. Two small spheres of equal mass can move inside a rough endlesa 
uontal tube of length I. One sphere impinges with velocity v on the other at 
If the friction of the tube produce a retardation / in either sphere and it 
impact the spheres just meet again, prove that 2/I = o'f. [Coll. Ei. 1896.] 

;, 6. Pour equal balls of the same material are projected simultaneooBly 
■ witb equal velocities from tbe eorners of a square towards its centre, and meet in 
> neighbourhood of the centre. Show that they return to the comera with 
■B reduced in the ratio of the coeSicieot of restitution to unity. 

[Coll. Ex. 1693.] 

7. Two equal spheres each of mass m are in contact on a smooth hori- 

■■■Mllal table, a third equal sphere of mass m' impinges symmetrically on them. 

I^Fnive that this sphere is reduced to rest by the impact if 2m'-3me, and find the 

MS of kinetic energy by the impact. [Coll. Ex. 1897.] 

Ex. B. Two equal balls lie in contact on a table. A third equal ball impinges 

B them, ita centre moving along atine nearly coinciding with a horizontal common 

Bjtugent. Aasuming that the periods of tbe two imponta do not overlap, prove that 

e ratio of the velocities which either ball will receive according as it is struck 

K (nt or second ia 4 : 3 - i^, where r ia the coefficient of reatitotion. 

[Math. Tripos, 1893,] 
A heavy particle tied to a siring of length I is projected horizontally 
P irith a velocity r from the point to which it is attached. Show that the energy 
n bj tbe impalM is a minim nm when V'=lgi^8: see Arts. 37, 90. 

[CoU. Ex. 1896.] 
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F.i. 10. A particle oC miiEa m lies at the middle poiiiC C of a straight tube AB 
of masR J/nnd leugtb 3ii,bot)iof whose ends are oloBed. It iti shot along the tube 
with velocity V, Prove that it vill pass [he middle point of the tube in the same 

direction after a time =; ( 1 + - I , c being the coefficii 



)f restitutioD between the 
: time the tube will have 
[CoU. Ex. 1695.] 



I 



B f (l + ^) -tiding 
particle and either end of the tube ; and tbat in thi 
moved forward a distance -rj j 1 + - ) . 

The particle traverses the length CJ^ain a time □/I'' and after impact has a 
relative velocity cV. It therefore trareraex the length AB-2a in n time 2ri/«l', 
and after impact at B has a relative velocity e^V. It traverses the remaining 
length ]lC=a in the time aje'V. Tbe whole time T is the sum of these three 
times. The particle ia now at the same point C of the tube as before, the diatanoe 
travetaed by the tube is therefore eqaal to that traversed by the centre of gravity 
of the system. Since tbe initial velocities of tlie particle and tube are )' and zero. 
(be velocity of the eeotre of gravity ia B = mri[M + m). The distanoe traveraed is 
therefore i-T, 

Ex. 11. A particle ia projected inside a straight tube of length 2'i, closed at 
each end, which lies on a smooth horizontal table and whose mass is eciual to that 
of the particle. Prove that, at the moment jast before the fourth impact the tube has 
described a distance 15ci,if the coefficient of restitution ii J, and find the proportion 
of kinetic energy which has disappeared. [Coll. Ex. 1895.) 

Ex. 12. A smooth particle of mass m ia at rest in a rectangular box of mass 
ilf which is free to move down a smooth plane inclined at an angle a to the 
horiion, the lowest edge of tbe box being horizontal, and the particle at its middle 
point. Suddenly the box is started down the plane with velocity r. Prove that 
if tbe coetBcicut of restitution be unity, the particle will strike tbe (op and 
bottom of the box after equal successive intervala of time; and that Che spaces 
travelled by the box in the lirst and second of these intervals are as 

F= + sJsina: J^'j" + 3fllsina. 
where 2f is the length of the box. [Coll. Ex. 1896.] 

Kx. 13. A perfectly elastic ball Ib projected vertically with velocity t',. from a 
point in a rigid horizontal plane, and when its velocity ia t', an equal ball is 
projected vertically from the same point also with velocity v,; show, (1) that the 
time that elapses between succesaive impacts of the two balls is i\ls, (3) that the 
heights at which they take place are alternately 

(3i-,-r,)(e, + r.,)/Hi/ and (Sfl. + fJ (l>,-P,)/8g, 
(B) that the velocities of the balls at the impacts are equal and opposite and 
alternately i(«,-P,) and Hf, + r,). [Math. Tripos, 1898.] 

Since the balls exchange vclocitieB at each impact, we may sappose that they 
pass tbroitgh each other, one ball following tbe other at an interval t = ( r>j - pj/j. 

Ez. 14. A weight of mass ni and a bucket of mass m' are connected by a light 
inelastic atiing which passes over a smooth pulley. These bodies are released from 
rest when a particle whose mass is p and coefficient of elasticity e falls with 
vertical velocity Fupon the bucket. Prove that a second colliaion will occur between 
the particle and bucket after a time t \m + m'} Vfmij and find the condition that tbe 
bodies should Chen be in their initial positiona. [Coll. Ex. 1893.] 
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Ei. 16. A pflrtiole ie projected from a point on the inner ciroumference o[ a 
circoUr hoop, free to move on a horizontal plane. Frore that if the portiole 
return to the poeition of projection after two impaote, its original direction muBt 
malie with the radias through the point an angle tan"' {•^Hl + e + e^!'. 

[Coll. Ex. 1897.] 

£.r. 16. Two balls of masBea JU. m (centres A and 11). are tied together by e. 

■tring, and lie on a smooth table with the string straight. A hall of mass m' 

(centre C) moving on the table with velocity I' parallel to the string strikes the 

nt mass m, so thut Che angle A£C is acnte and eqnal to a. Prove that il starts 



I'm 



■ ^fm■i 



B dn B afteotB m only, 



-V 



— ' being the coefficient of reeCiti 

[Coll. Ei. 1 

after impact in the dirootion CB, r,' the con 
the veloeity of m perpendicular to 



e R cos a has t 



= y(coSB. miV^ilain 
it Ot greatest compression, the velocities of 



« equations give R. Multiplying the result by 1 -f 



; both M and n 

m', m along CIS are equal 
the seoond equation then 



Ex. IT- Three particles A, 1), C whose masses are m, «', nt", connected bj 
. atrings, are placed at rest on a smooth table, and the obtuse angle ABC in 
If A receive a blow f parallel to CB prove that C will begin to move with a 



Let T, r be the impnUiTi 
Mitiei along BA 



tennoDfl ol AB, BC. Since A 



it have eqnal 



..-r)/».(r-rra.)/»-. 

Knee B, C have equal velocities along BC 

le equations determine T aud T', and the result required is Tjm". 
Ex. IS. Two smooth spheres whose coeOicient of restitntion is t ore attached 
J inextensible strings to fixed points. One of them, whose mass ia m, describing 
seinle with velocity v, impingeB upon the other whosu mass is m' and which is at 
n>t. If the line of centres makes an angle 6 with the string attached to tr and 
the strings at that instant crons each other at right angles. Chen m' begins to 
|4Moribe a circle with velocity ?'^a!''lS5i^(!.+j'. [Cotl. Ex. 1B96.] 



Let .d, fi be the centrei 
\I>A intersect EB in C. The force R 
|.«rUh AD. Let c', id' be the velocities o 
0= - T + n cos fl| 






et the strings be attached to D, K. Let 
nt acts along BA and makes an angle B 
I. m' along EC and CD. Then 



mlv'-,') = 



At the in 
|'j((l + () 



it of greatest compression, the velocities of ui, ni' along AB are equal. 
' cos e. This determines the valoe of B, and the required velocity is 
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Ex. 19, A amootli ineloHtio sphere of rftdiuB r and mass ni U aaapended by a 
Btiing above a bomoutal table, iind another Hmootb inelastic sphere of radina r' and 
tnau m' is moving on the table; prove that the cotangent of the angle through 
which the direction of motion of the lecond aphere is deflected by a collision is 



"■jr + /)'■* 



- where o and b are the vertical and horizontal distances of 



the oentre of the first sphere from the path ol the second before impact. 

[CoU. Ex. ■1893. J 
of one sphere is stopped by the reaction of 
: stopped b; the tension of the string. 
Ex. 20. Four equal particles are connected by three equal Blringa AB. BC, CD 
and lie on a horizontal plane with the strings taut in the form of half a regular 
heiagoD. An impulse is applied at .4 in the direction DA, Prove that the initial 
tension of HC is one -fourteenth of the impulse. [Coll. Ex. 1897,] 

Ex. 31. If three inelaetic particles, in,, ni,, m,. moving with velocities c,,r'„,i'j 
making angles a, p, -y, with each other, impinge and coalesce, piore that the loss of 

Rnnmv ■■ — ^ ' - ' .. ■* — -ii — _ — . ' ^ ' 



El. 



asm 

A shot whose mass i 
ilf, prove that, if M is free tc 



[CoU. Es. 1896.) 
if a fixed plate of 
le thickness penetrated ias /( I + ™ J . 



« penetrates a thickness ( 



[Coll, Ex. 1896.] 
11 F he the resistance regarded aa 



The mass m strikes M with a velocity 
and M have the same velocity !T, = ?n?j(/(,V + in). 
coDHtant, X and x + e the spaces described by il 
m{v,'-v„')=-2F(xi-<r), 
Eliminating r, we find 2F<r = T„'il/in/(J/ + m). 
The ratio 0-/1 follows. This problem may all 
the relative motion. 

Ex. 23. A smooth uniform hemisphere of mass M is alidin^^ with velocit; V 
on an inelastic horizontal plane with which its base is in contact; a sphere of 
smaller mass m is dropped vertically so as to strike the first on the side towards 
which it is moving, at an inclination of 13°; prove that if the hemiaphere be 
V {2M - 
2g{U~ 
is the coefficient of restitution between them. [Math. Tripos, 1887.] 



stopped dead, the sphere 



When M ia infinite, 3Fi = v,*m. 
) be easily solved by considering 



e fallen through a height ' - ^ where e 
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EECrrUNEAR MOTION. 



Solution of t!ie Equation of Motion. 

06. Let us suppose that a particle of mass m is constrained 
I to move in a straight line, which we may call the axis of x, under 
I the action of forces whose component along x is F. Let F=mX. 
f We have seen in the previous chapter that the eijuation of motion 
d^x F „ 

■Properly this equation gives X when a; is a known function of t, 
■and therefore answers the question, given the motion, what ia the 
lyorcef Usually we require the solution of the converse problem, 
given the accelerating force X (Art. 68),_/ind tke motion. To deter- 
mine this, we must regard the equation of motion as a differential 
Eeqtiation and seek for its solution. 

96, in the general case X may be a function of x and t and 
■slso of the velocity v of the particle. But the equation can only 
e solved in limited cases. We shall examine these solutions in 
im. 

Let ua suppose that X is a function of t only, say X =f(t). 
y integration we have 



"'dt'-"^''^ • 

ic=f„(t) + At + B. 
where suffixes have been used to represent integratio 
regard to t. 
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In this way x has been expressed as a function of t, leaving 

the constants A and B undetermined. As this value of x satisfies 

the differential equation, whatever values A and B may have, 

there is nothing in that equation to help us in finding these two 

constants. We must have recourse to some other data. These 

are the initial conditions of the motion. Let us suppose that 

the particle was projected at a time ^ = a, from a point determined 

hy x = h with a velocity v = c. Then remembering that v = dxjdt, 

we have 

c =/ (a) + il, h =/, (a) + 4a + J5. 

Solving these, we find A and B. The motion is therefore given by 
^ =// (0 + [c -// iP)] e + {6 - ac + a/ (a) -// («)}• 
97. Let X he a function of x only, say X=f(x). 

^, ,, . , , cte dx d?x /., .dx 

Multiply by ^ . ^ ^ =fia>) ^ . 

Integrate (^J = 2/,(x) + A (2), 

To determine the value of A and the sign of the radical we use 

the initial conditions. Let us suppose that when t==a,x — b, and 

v = c. We then have 

c'-2/,{b) = A (4). 

c=±{2/,(b) + A}i (5). 

If is not zero, the radical must have the same sign as c, i.e. the 
radical is positive or negative according as the direction of the 
initial velocity makes x increase or decrease. If however c = 0, 
we notice that the particle will begin to move in the direction 
in which the force acts; the radical therefore follows the sign 
of the initial value of X, Since X is a function of x only, it is 
obvious that if the initial value of X is also zero, the particle is 
at rest in a position of equilibrium and that there will be no 
motion. 

We now have 

, — v=e + 5 (6). 



/: 
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Representing the left-hand side of this equation, after the in- 
tegration has been effected, by (^ (x), we have 

*(»)-< + •» (7). 

To find B we recur again to the given initial conditions, viz. that 
j: = 6 when t = a. henee B = ^(b) — a. 

98. The equation (1) determines t when x is known, i.e. it 
givea the time at which the particle passes over any given point 
of the straight line along which it moves. If we require the 
position of the particle at any given time, we must solve the 
equation and express 

' = + (') (8). 

The solution of this algebraical equation may lead to different 
values of x, thus we may have x = %f', {(), x^^t {t). &c. We have 
yet to determine which of these represents the actual motion. 
We notice that since the equation (7) is satisfied by x=b, t = a, 
line at least of these values of ic must satisfy this condition. All 
the others must then be excluded as not agreeing with the given 
initial conditions. If more than one of these solutions could 
satisfy this condition, the equation obtained by putting i = o in 
(7), viz. ^{x)^a+B. 

must have equal roots. Hence i^'(x} = Q when x=b. Since 0{a') 
represents the left-hand side of (6) it immediately follows that 
yi{b) + A is infinite. But by (5) this cannot happen if the 
initial velocity c is finite. 

09. Sui^ect of integration infinite. Other pointfl reqairing Attention ariee 
when the integisln which occur are such that the Bobject of integration in infinite 
at aome point B of the path. Since the ToioeB in nature are aeceaaarilj finite this 
cannot happen tn the integral (2), for U /, {x) were infinite its differential coefficient, 
_f{i) for nay finite value of i. would alno be inlinite. In the integral |6| the subject 
of integration ia infinite when the velocity is zero. 

We can use the integral (<!) to find the time o( traoBil Trom any point .J to a point 
P aa near as we please to h on the wine side of Ji as A. It the result ia infinite 
the particle never reaches B. It the tinie of arrival at B is finite we have to find 
the Bubscquenl motion. 

As the particle approaohcs B the velocity is numerically decreasing and there- 
fore the accelerating force X has the opposite sign to the velocity. Supposing A' 
not also to vanish at B, the parlicU after arriving at B naut begin lo retrace tli 
ttept. Considering A as a new initial positton, the snbscquent motion may be 
deduced froni (3) by putting c=0. If .V=0 also at B, the putiale, as explained 
above, will remain there in equilibrium. 
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lOO. Ex. 1. A particle moveE in a atnught line DDdec s oeotnl tore« tending 
to the origiD and equal to r'/x'. Inveetigate the motion. ^^_ 

«■■'■•" j^'-i m- H 

The minuB sign Ib introdnoed bec&aw the left-hand side repreaaita the ^^ 

acceleTBtion in the positive direction of x and the force acts toiranlB the origin. 
We then Bnd 

s-*!?*"!' ""■ 

Iiet ns BOppoBo that the particle Btarts from rest at a very great or inOnite 
diBtanoe from the origin; then when z ia infinite, dxldt = 0. Hence .1=0, and the 
eqaation becomes ^h 

<»i- ■ 

Since the particle b^ins to more towards the centre of force the velociQ' f>^^^| 
initially negative. We therefore take the negative sign. ^^^M 

Moltiplfing by i and int«grating, we find ^^^| 

r' = «-2B( (4). ^^1 

Initially when (=0, the particle is infinitely distant from the origin, i.e. x "^^^1 
infinite and therefore B is infinite. It follows that the particle does not get witbUI^^H 
a finite distance of the origin until after the lapse of an inlinile time. ^^^| 

If the initial conditions are slightly altered we may obtain a finite resolt. Let 
lU gnppoee the particle to be initially projected at a distance x=b {b being poaitive) 
with a velocity n/6 towards the centre of force. Proceeding as before we find J=0, 
and as it is given that the initial velocity of the particle ia n^ative, the radiofel 
has atill the negative sign. We thus again arrive at the equation [4). SIdm xb 
when ( = 0. we find B = 6', and 

i= i(i>-an(}* (6) 

Since x is initially positive we must give the radical the positive aJKn. 

As t increases we see that j: continnnUy diminishes and when l — b'l^ii 
pBiticle arrives at the origin. Its velocity at that moment ia found by putting I 
1 = in (3) and ie easily seen to be inSmte. 

Coses in which cither the velocity or the toroe is infinite do not occnr ii 
If we construct a central force by placing some attracting matter at U 
there would be an impact before the particle reached the origin and the whole J 
motion would be changed. But ae a matter of curiosity we ntay euqiure what, I 
would be the subsequent motion if our equations held true for infinite velociCtM [ 
and forces. 

In this case the particle arrives at the origin with a negative velocity, we must 
therefore suppose that the radical in (21 does not change sign when the quantity 
passes through infinity at the origin. Hence since x now becomes negative, we 
most take the positive sign in {3) instead of the negative one hitherto used. This 
It necessarily have the same value as before. 



find it we notice tl 



t = l^l2n; 



t the initial stage of tliis part of the motion, x=0 and { 



e easily find that B= - Ir". The n 



the origin is therefore given by x= -iini-V)^. 



a after the particle has pasMd. • 
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i jr = a[-weha¥e^^=^(--' = .i {'^\' . wheto <1 =fl» {n - 1). Lat ua 
e that II > 2. 
A particle is placed at rest at the urigin. Show that it acCod on by X = Ar^''- 

t BobBeijnBnt motion is given by 3- = n(", bat if aoted on by X=A (-r/a)"^ the 
Wticin is given b; .r = 0. 

Ei. 3. A paitiole is projected from the origin with « velooitj fip' tinder the 
m accelerating Torce A'= -iii'lp-^)'- Prove that the particle comee to 
t in the poxition of eqitilibriam defined by x=p. 

101. Let tiie acting force X be a /unction of the velocity only, 
^ X —fiv). The equation of motion bow takes the form 

S-/« "^ 

btegi-ating this, we have 

Im"^' <^>^ 

riting 0(v) for the integral on the left-hand side, thiti becomes 

^{v) = t + A (3), 

bpposing as before that the particle is inittatly projected at a 

me t = a, with & velocity c, we have A = ff>(c) — a. 

Twu rules are given iu the theory of differential equations for 

Ae solution of the equation (3). The first rule requires us to 

toh/e the equation for v and find v = y}r{t), and as already ex- 

nined that solution is to be chosen which makes v = c when 

■»= a. Remembering that v = dtr./dt we then obtain »■ by iute- 

ration. 

If the equation (3) cannot be solved for v, we use the second 

nle. Thin requires us to recur to the form (1), eliminating dt by 

dng the equation v = dxjdt, we have 

vdv , 
..-=da:; 

fiv) 

■■■Im"-" <*'■ 

Thus after integration both x and t are expressed by (2) and (4) 
in terms of a subsidiary quantity v. We notice also that this 
subsidiary quantity has a dynamical meaning, viz. the velocity 
Lof the particle. 

4—2 
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MOTION O? A HEAVr PARTICLE. 



a', prove that the particle desoribeB an intiDiU 
aing to reBt. 



Ex. a. If the r 
I apaoe in an inliriite time before at 

lOS. Ex. 1. If X = <Hr].f(x) or X^<p{v)/(t), prove that the equation ■ 
lotion can be solved by separating the variableB. 
In the former ease we ate v du/d.E ^ A', in the latter dvjdt = X. 
Ex. 3. If JC=/(j;)e'> + F(2)d> show thit the eqoation of motion becomi 
I linear by writioB r'-"=i/. 

Ex. 8. If X=/((f*/z) ahow that the eqnatioo of motion becomeB homogeiieou 
d that the Taiiablea can be eeparated by writing i^=ti/. 



Motion of a heavy particle. 

104. A heavy particle starting from rest slides doiim a rough 
mttraight line which is inclined to tiie vertical at an angle 6. It is 
I required to find tlie motion. 

Let be the initial position of the particle, OV the vertical, 
I Q the particle at any time t. The accelerating force due to 





^gravity is g cos 0. The pressure on the straight line being 
mg sin 0, the retarding force due to friction is fig sin 0, where 
/I is the coefficient of friction. The whole accelerating force is 
therefore 

/=^(cos ^-/*9in5)=sraec £. coa(5 + e), 

I where fi = tan e. Writing OQ = s, the equation of motion is 



d'a_ dv 
df~^'ds'' 



■ g sec e . 



o(9 + ,) . 



,..(!). 



I Integrating, we find 

v' = 2gs sec e cos (^ + e) + .^. 
6ince the particle starts from rest, v and s vanish together. We 
f therefore have ^ = 0, and 

11== 2(?s sec e cos (^ + e) (2). 

To interpret this formula we make the angle VON = e and 
Idraw any straight line NVQ perpendicular to ON cutting the 



M 



MOTION OF A HEAVY PARTICLE. 



[chap. It 1 



vertical in V and the atraight line along which the particle 
travels io Q. Then ON = s cos {0 + e). It follows that the velocitj/ | 
acquired in describing any chord OQ is independent of B and U 
equal to that acquired in desa-ibing OV. 

If the chord OQ is taken on the same side of the vertical OV I 
as N, the angle as above measured becomes negative. Sin 
the friction varies as the pressure taken positively, it must now j 
be represented by - ng sin 0. The theorem therefore only applies 
to the chords on the side of the vertical opposite to ON. 

If we make the figure turn round the vertical OV, the straight I 
line OV will describe a right cone having OV for its axis and [ 
jw — e for the aemi-vertical angle. The velocity acquired ■ 
descending any chord from rest at to the surface of this cone ia 1 
equal to that acquired in descending OV. 

lOB. By integrating (1) twice with regard to (, and re- 
membering that both s and dsjdt vanish when ( = 0, we find 

« = i3sececos(0+e)C (3). 

We may interpret this formula by a .similar geometrical con- 





struction. Making aa before the angle VON = f, we see that, 
when t is constant, (3) represents the polar equation of a circle 
whose radius vector is s and whose centre C is situated on ON. We 
have therefore the following theorem. Describe any circle passing 
through and having its centre on ON, and let it cut the vertical 
through in some point V. The time of descent from rest at 
down, any chord OQ of this circle is the same as that down OV. The 
chord OQ must be on the side of OF remote from the centre. 

In the same way if the circle is drawn above 0, we can show 
that the time of descent from rest at any point Q of the circle to \ 
is equal to the time down VO. 
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lOS. WhoD the Blniight tine down which the partiole Hiidea it smooth ON 
eoiitaide» vrith (he vertical. The cone in Art. 104 becomes a horizontal plaoe. and 
the circle in Art. lOS has OV tor a diameter. We thus full back on the well-known 
tlieorema (I) that the velocity aoqaired in descending from rest to a given hori- 
zontal plane ia the Bame toT all chorda. (2) that the time o[ deeoending from re«t at 
the bighcHt point of a circle to the circle ia the aame tor all chords. 

107, If the motion take place In the air we must make 
KallowaQce for its resistance. Supposing the resistance to vary as 
1 the velocity, the equation of motion is 



„ J 



db 



•■(1). 



^here /= g sec e cos {0 + «). 
%y integration 



Remembering that v = dsjdt we find 



ds 



..(2). 



= !/«. 



I the constant being omitted because s and v vanish together. 
I Transposing Ka, the equation can be integrated again by following 
I the ordinary rule for linear equations. We have 

s («■••)=/"«■. 

.■.«e"'«=/[te^--e" + cj . 

Noticing that a should vanish when t = Q, v 
i Hence, restoring the value of/, 

s = ^sec e co8(e + e) [«( - 1 + e- 

When t ia constant and (5 + e) is regarded as variable we 
' that (3) is again the equation of a circle having its centre 
I OQ ON. The theorem of Art, 105 is therefore also true vrketi the 
I particle slides on a rough chord in a medium resisting as the 
I velocity. The times of descent from rest at down all cltords of 
I tie circle are equal. 

lOS. There is another method of proof hy which the solation of ths difle- 
rantial eqaation ieeviided. We notioe that if we vinUi i = ff aoa {S + 1), the equation 
(1) of Art. 107 becomes 



..(3), 






from which the nnglc i 
and daldt = when I 
describiug any given li 
the equation i = ir coa | 



las disappeared. The initial conditions now beoome o — 
0; these also are independent of 9. Henoe the lime of 
jth a is independent of 9. But if any value is given to t, 
- 1] is the equation of a circle, i being the radius vector. 
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I 



[ciuF. n. 

a lwB(7 bod; n inncncd ia > Imd it it putl; ■■hihiiiI Int tba 
•Drroandicig flmj. Lat P be the retime of Ac bodr, i> ik don^. ^ tkat of the 
hud. U the body were nmored. • dm« t> ol ftail mold ton fill ti 
pUee ftnd be Rzpported hj tb« pre— nro «( the maama Mi^ laid. Hw ni|iiinil 
wcMbi ot the bodr M the»rore {I7> - F^) «, ud the ■— >*— *i-B tone J | 



F' = i»i 



(-I)- 



TUt MhM of / •boold p eopetl j npbee ^ vbeo the nKmiig bod; ii 
1 • rcaiMJBft BteiSam. It m •omeliinea railed the rrloU'r^ aerelrratim. 



lift Ex. t. Piore thM when 



Tbi* n»j be ahown I 



^0, the tMmil* tor 1 in At 
' = */(•- 
expanding the eipteiHion in poven of ( 



Kx. 3. The plmoe of k circle ii ineUned to the verticaL proTe tbat the time* of 
deaocnt down tH nnootb ebotda trom mi U the highest point are equal. 

Ex. S. Two tuiitenM AB, CD are diawn to toach a vertical circle al iU 
hi«hwt and lowest potaU J. B. & variable tangent PQR ents AB. CD ia P, B 
and toaabif the circle at Q. Prove that the lelocitj- acquired in descending from 
real at i* to A nnder gravity in the aame for all position! of the tangent. Prove 
alao that the time of denceat from P to A is proportional to Che length PR and the | 
time from P to Q i* proportional to the diataEicc of F from the centre of the 

Kx. 4. If the 
smoolb itrsigbt w 
dcaeribed in time t 



I 



unil ol rnnsB ia ti" and the particle ilide o: 
I inclined at an angle 6 to the vertical, prove that the space i 
om rcBt is given by f" = j(e +c" J where 6'=rtjfo 

111. LlmitlnK Velocity. When a particle is projected 
viTtically downwards in a tnediutn whose resistaoce varies as the 
ntli power of the velocity, the equation of motion is 
dv 

whore 5 is the relative acceleration of gravity. 

If the particle is projected downwards with a velocity L such 
that icL'' = g it is clear that dv/dt is initially zero. There is 
nothing to change the velocity and the force of gravity continues 
to be balanced by the resistance. The particle therefore descends 
with a uniform velocity equal to L. If the particle is projected 
downwards with a velocity less than L, gravity exceeds the re- 
sistance and the velocity of the paiticle is increased. If the 
volocity of projection is greater than L, the resistance exceeds 
gnivity and tho velocity is decreased. If the particle is projected 
upwards, the resistance and gravity combine to bring the particle 
to rest, after which it descends in the manner just described. 



\ 



ART. 113.] 



LIMITINa VELOClrr. 



In all cases the velocity tends to become more aod muiv 

P nearly equal to the velocity L given by the equation KD*=g. 
This velocity is called sometimes the limiting velocity and some- 
times the terminal velocity. The latter name is commonly ascribed 
to Hiiygens. Other names are given under other circumstances. 
When the body considered is a ship, the constant g may represent 
the force of the engine and «)" the resistances. The ship is said 
to be at/ull speed when these balance each other. 

112. When the body is in the beginning of it« fall from rest, 

»the term laf^ is nearly zero and is much smaller than g. The body 
begins to fall nearly as in a vacuum, and the velocity at first 
uicreases rapidly. If the resistance is so great that L is small, 
the velocity will soon be so nearly equal to the limiting velocity 
that the motion will be sensibly uniform. 
This result has many applications in nature. In a shower of 
rain, the velocity of a drop is not proportional to the time elapsed 
since it began to fell. The drops, being observed some little time 
after the motion has begun, move with a velocity which is sensibly 
i-amfonn and independent of the height of the cloud. 

113. The magnitude of the coefficient *: of the resistance 
lepends on the size and form of the falling body as well as on 

I nature of the resi-sting medium. To illustrate this let us 
nppose that, for similar bodies falling in similar positions in an 
idefiniteiy extended fluid, the resistance varies (1) as the surface 
f the body, (2) as the nth power of its velocity, and (3) as the 
lensity p of the fluid. If I be the length of any side the surface 
varies as Z", while the mass moved varies as fa- where a b the 
density of the body. The accelerating force on the body is 
therefore 

» I'pB" pv" 

f=9~y ~h =3-1-1- ■ 
where 7 is some constant depending on the form and position 
of the falling body. Equating f to zero, it follows that the 

limiting velocity varies as {lajpY- We see therefore that the 
smaller the size of the body the leas is the limiting velocity. For 
example, large drops of rain fall with greater velocity than small 
ones. The particles of a mist are so small and their limiting 
^B velocities so slight that the falling drops seem to have no motion. 
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We have supposed that the falling body is so t'ai' symmetrical i 
about a vertical axis that it is not made to rotate by the re- J 
sistaoce. 

X14. Ex, 1. A pmrtiole falling freelj from rest JD vaono acquires a vetooit; I. 

in ff secoDds. Show tbst tlie Btime particle, fnlting in a mediam in nhich the 
rwistanoe varies t,e the velocitir and the tenninal relocitf in L, will aequiie half its 
tertniual Telodtj' in about ^'g^aecondaand two -thirds of that velocitf in y ^aeconda. 

To prove tliia we use the formulae proved in Art. lOT for i'. Remembering that 
L-fflf when the reBistanca varieH aa the velocity we have i(=l/;9. 

Ex. 2. Show that the effect of the resistance of a medium on the motion of ft 
heavy body is lesa the Kreater the nine and densilj of the body. 

A partiole ia projected vertically upwards with « 
Ihtiug as the equaro of the velocity. It is required tO 

otion the resistance acts downwards and the equation 



I>uriuR the anoendiiig ii 



I 



where X is (be limiting velocity. When the particle descends the resistance acti 
npwatds, hot titice r" doe« nol change iijw leilh r, Iht equation of taolion miul be 
chatifftd to 



where in both eiiuationa i and c are meaaared positively upwards. This discoo- 
tinuit; oecura whenever the power of p in the law of resiBtaace is even. 

Following the second rule given in Art. 101 we express both > and t lu terms of 
I'. We have for the ascending motion 

L~ }L' + t^~ L L '' 

the constants beioK determined by the condition that r= V when t^O and ( = 0. 

The tune T of asoent and the space h ascended are deduced by putting i'=0. 
We thus find 

'•'F'"-!' '-S'°'('*S) '"I- 

The lime of ascent and the space ascended are less than in a vaounm, for both 
gravity and the resistance join in biingiug the particle to rest. 
For the descending motion we have in the same way 

"Jt^-fi^"-"-?^ "•■ 

*t"-/^='»''-i^ I"' 

the oonstants being determined from the condition that when v = 0, t = T,t=^li. 



ART. 116.] 



RESISTING MEDIUM. 



The velDoities at which the partiole passes apw&rds Bad dawnwarila throQgh any 
iven point of Bpace are connected by a dimple relation. Taking tbe Riven point 
H the point of projection upwiu-da, let the two velocities be V and V. Putting 



n|6)7i 



Eliminating A 



Q this eqaatioD and (3) we ■ 



^B Elic 

^■hAtI 

^^B lis. XaalMancc^w". A partiols is projected vertically upwards with t, 
^^nloeity r in a medium reaistuiB as the nth power of tbe velixiity. It is required 
^^^K And the motion. 



a be tbe apace descended and t the time, t 
»Art. 110, Ex.4. 



I find by eliminating i< 



n the form 



I We write the eqiution for tbe ueeaditig motion ic 
dv dv fvY 

-*=;«= -"-^Uj • 

It will be convenient to put v-xL. ProoeediDg an in the caxe when n = 2, we tind 
for tbe whole time T and space A of ascent 

where the initial upward velocity Is V=aL. 

To find the time and space in which the velocity ii decreaHed from aL to bL we 
take the limits from b to u. 

We can find saperior limits to the values of ( and h by making the initial 
velocity V infinitely great. In this cose a = iE , and both the integrals are given in 
tbe Integral Calculns. We then have 



HT _ 



gh _ 



nU./-' 



the folmer requiring ii > 1 and the latter ti > 2. It is remarkable that both these 
limits are finite, though the upward velocity of projection may be as great as we 



For the descending mot: 
the highest point We Ihne 
the equation of motion is 



utaiurt s doumtpardi from 
■ nogative velocity. Adopting this plan. 



'(y- 



Putting v=xL as before, 
velocity aL. 



for the time and space necessary to acquire a 

L ~jai-x'' i' ^}„i-x'' 

These integrals can be foond without difficulty when n is an integer by using 
tbe method of partial fractions, see GrceuhiU's Deferential and Integral Cufcului. 
Art. 190. Roberts' laUarnl Calcaliu, Art. 3S. The result when n has its general 
integral valne is loo complicated to be reproduced here. 
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119. Ei. 1. A h«aT7 particle ii pn>)«eted apwards with ■ niioatj L in ■ 
mwiinin timMtiog u th« nth power of tbt lelocil;. Prore that the wbole tfee 
(op Bod dowo) dacnbed when the velocity downwards is P ti equal to LT when £ 
H Ibe limiting idoeit? and 7 ia the time in which the particle falling bom ieM in 
the mediom will acqaire a Ttlodtj VjL. 

Er. 2. A panicle ia projected opwardB with Tclodt; L in a mcdioni icsistiag 
aa the cnbe o( thf lelodtr. Show that the whole time and ipaoe of the ascoit 

•K cooneded by the eqnation '"'"^■^ = »~« ~ • 



The linatr differential equation. ^^* 

118. The Linear eqaatiOD. The most important equation 
of motion which occurs in this part of dynamics is the linear 
equation with constant coefficients. The simplest form of this 
equation im 

-df*'"" <i).^ 

where 6 and c are two constaatB. ^^M 

When 6 = the equation represents the motion of a particle "^^ 
acted on by a constant accelerating force equal to c, and the 
solution is obviously 

lf:=^Ct' + At + B (2). ^— 

When b is not zero, we can simplify the equation by puttii^ ^^H 

«-e/6 + f (3).H 

we then have ^^H 

f+'f-o (*>-^ 

This can be solved without difficulty by the method already 
explained in Art. 97. But a simpler solution can be obtained 
by following the rules for solving equations with constant co- 
efficients given in books on differential equations, We assume 
as a possible solution 

S = Ae" (5). 

Substituting we find A {X' + fc)e" = 0. The equation is therefore 
satisfied if X = + V(— 1>). If b is negative and equal to — 6', we 
have two real values of X, either of which give a solution. The 
equation is clearly satisfied by 

a^ = ^+.de'^»+fie-W (6), 
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and this ia the complete integral because it contains the two 
ai'bitrary constants A and B. 

If b ia positive, X is imaginary; but remembering that an 
imaginary exponential is a trigonoreietrical expression, we replace 
the aaeumption (5) by 

^ = Asmi\t + B) (7). 

Substituting we find A(~\' + b)sin{\t + B) = 0. The equation 
is therefore satisfied by \=±^b. These two values of X give 
the same solution, the effect of changing the sign of X being 
merely that of changing the signs of the arbitrary constants A 
i B. The complete integral is therefore 

X = clb + A sin [t-^b + B) (S). 

Kit may also be written in either of the forms 

.r = clb + A' ain t^b + B' cos t-Jb (9), 

a:=c/b + A"coB(t^/b + B") (10). 

119. Harmonic OsciUatlon. The dynamical meaning of 
ike linear equation ia important. Consider first the case in 
|vhich b ia positive. Putting b = n', we have 

£+»■'=" <«• 

iv = cjn^ + A&m(nt + B) (2). 

First, we notice that aa ( continually increases the value of « 

idtemates between the limits c/n'±A. We therefore infer that 

|J)e differential equation (1) represents an oscillatory motion and 

lat the arc of oscillation is constant. The semi-arc of oscillation 

■ A and its magnitude depends on the initial conditions. The 

i-arc is called the amplitude of the oscillation. 

Secondly. The middle point of the arc is determined by 
= c/n^ and this point is independent of the initial conditions. 
If the particle is placed at rest in the position defined by this 
value of a:, the equation (1) shows that the accelerating force (viz. 
d'xIdC) is zero. The middle point of the atv of oscillation, is 
therefore a position of equilibrium. 

Thirdly, When ( is increased by iw/n, the values of x recur 
in the same order, but when increased by ir/n they recur with 
opposite signs. The period of a complete oscillation is therefore 
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2wjii. This period is independent of Hie initial conditions. The" 
(juantity n is called th& frequency of the oscillation. 

The time of a, complete oscillation is the time occupied by the 
particle in describing twice the whole arc of oscillation starting 
from any point and returning finally to the same point again. ■ 
When the period is independent of the length of the arc, the] 
motion is sometimes called tautochronous. 

Fourthly. The constant B depends on the iostant from which 
the time ( is measured, thus if we write i+a for (, nothing is 
changed except that B is increased by na. 

Fifthly. Let x = 3:„ dx/dt = v^ be the given values of x and 
IP at the time („. Writing the equation (2) in the form (9) of 
Art. 118 and equating the values of a; and dxjdt to Wt and % 
when ( = („, we find the values of A' and B". The solution there- 
fore becomes 



t.(ic„-J)cosM((-(o) + %inn((-U 



Comparing this with the solution (2) we see that 
A sin B = Xa — cjn\ A cos B = v^jn. 
The semi-arc A of oscillation is therefore given by 
^■-(«.-o/„')' + (..W. 



120. Consider next the case in which b is negative. Writing 
b = — m', the differential equation and its solution become 
d'a: 

x = — J -f Ae'" + Be-"'. 

First, we notice that the motion is not oscillatory. 

Secondly. If A is not zero the particle travels in an infinite 
time to an infinite distance from the origin. If A=Q the particle 
afler an infinite time arrives at the point determined by ir = — c/i 

Thirdly. The jiosition of equilibrium is given by a;=— c/n'. 

Fourthly. The particle can change its direction of motion onlj 
once. This change occurs when 



I 

I 
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This gives 2nt = log{B/A). This is imaginary if A nnd B have 
opposite signs, and gives only one real value of t'\i A and B have 
the same sign. The particle can change iitt direction only if this 
real value of t is subsequent to the beginning of the motion. 
Fifthly. If the values of x and u are respectively x^ and Vo at 
\ the time ( = (,, the value of x at any time t is 



-ii + 5 '• + ; 



^r «■'-'- + s 



ISI. When the eijDBtion of motion is 

w*<*'"-' <"■ 

e take tut the trial solution 

"St-"" m- 

I fi is eadl; seen thiil this satisfies the diffarentUl eqantion if 

^' + 2n^ + 6 = (S). 

I It u'-t IB poBitire, tbe roota of tbe eqiintioD are real. Bepteeenting these bj 
L '^,, \,, the eolution ia 

[ .r='^ + ^/'' + .J>' (4(. 

I iriiare .-)[, A.^ are two arbitrary conBlaotH. 

If a'-b is negative, e&7 = -n', tbe two roots are -a±u.^[-l). Byaoean; 
aduL-tion the BolutioD (4) becomes 

.r = ^ + f-"'i(,Bin(.,f + /y (5). 

t where Ij,, S, are two arbitiatj coostants. 
f a*-A=0. thegenerftl solatioo is 

x^\+{At+B)r^ (6). 

CuuBideriDg the solution (6) as the more important of the three, we nottoe lh«l 
tbe trigonometrical term vaniahcs whenever iiC 4- B., is a multiple of v, the partiole 
therefore possea through the posilioii delined by x = clb at intervals each equal to 
x/n. ilinoe it necessarily passes through this point alternately in opposite 
directions, the interval between two ooneecutive passages in the same direction is 
St/ii. This is called the time oF a complete oscillation. The point deflned. by 
x=ejb is ^dently the position of equilibrium. 

To find the times at which the ayatem comes momentarily to rest we put 
ilr/d(=0. This gitea tan {al + B^) — nja. The elteot of the oscillations on eaob 
aide of the position of equilibrium may be found by substituting the values ol t 
given by this equation in the expression for x - cjb. Since these occur at a constallt 
interval equal to v/n we see that the ampUtude at the oscillation continnally 
decreases and the successive arcs on each side of the position of equilibrium torta 
ft geometrical progression whose common ratio is f ~ "'/". 
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193. The iollowing differential eqnmtiona ooeor in djuMnua. 

M nltif^ing hj annt, both ndea become perfect diffeientiAU. henee 

dx 



-!' 



nnnt-nxco9mt= i^{t)tmmidt + A. 

Moltipljing bj ooe Hi, both sidee are again perfieet differentials, 

dx f 

^cos nt-^nxmnni= j^{i)eMntdt+B. 

Theie two simoltaneooB equations give both x and dxjdt. 

To iolTe ^ - n^x^^ (() we use e"' and f'"^ as the two soflc ca sive mnltipUers. 

(2) When ^(1) is trigonometrical another method can be nsed. Let the 
equation be 

Assuming z= Jf sin (Xl+F) as a trial solution, we see at once that the equation 
is satisfied if If ( - X'+ii<)= J?. Adding the solution found in Art 118 we see that 

the complete intc^gral is 

E 
x=Amn(fU+B) + —;^ -,sin(Xt + F). 

This method fails when \=n. In this case we take x=Af(cos(Xf +F) as a trial 
assumption. 

We find - 2Mn=E. The complete integral is therefore 

Et 
x=Atiu(ni'{-B)-Tr-CfO%(nt-¥F). 

in 



Motion under a centre of force. 

123. Central force varyiiig as the distance. A particle 

constrained to move on a smooth straight line 

I A is acted on by a central force tending to a 

fixed point outside the straight line, whose 
magnitude varies as the distance of the particle 
from 0. 

Let OC^h be the perpendicular on the 
straight line AC, Let P be the particle, CP = x. The force on 
P being w' . OP, the component along PC is n*a?. Supposing the 
straight line to be smooth and the motion to take place in vacuo, 
the equation of motion is 

This is the standard form discussed in Art. 119. The particle 




AKT. 125.] 



ROUGH PATH. 
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therefore oscillates about as the middle point of the arc. and the 
time of a complete oscillation is 2-tr/n. 

To find the time of oscillation numerically the magnitude of 
the force must be known at some given distance from the centre 0. 
Suppose that the force is equal to gravity at a distance a, then 
n'a=g, and the time of a complete oBcillation b 27r ^/{a/g). If 
g = 3218, the distance a must be measured in feet and the formula 
gives the time in seconds. 

The extent of the arc of oscillation depends on the initial 
conditions. If the particle start from a point distant x^ from C 
with an initial velocity i;„ measured positively from G, the whole 
subsequent motion is expressed by the fifth result of Art. 119. 

194. Et, An; (wo places on the anrfaoe of the Gurlb are joined by s straight 
tDonel, A portic^la dropped from one falls towards the other under the sole 
attractioD of the earth. Assuniing that the resnltant attraotian tends to the 
cenbe and varies as the diatauce Iherefram, prave that the particle will airire at the 
secoad place after about i2 miautea, the radiiu of the earth being takeo a» 4000 

las. Kx. KJfect of /nVdoii. If the straieht lino in Art. 123 is aeiuibl.v 
rangh, it ie required to take acoouDt of the friction. 

Siuoe the normal preaaore on the atraight line is eqnal to tJh and is therefore 
i, the limiting fiiction is also oooaCaot. Let ax represent this hy /. The 
ttion of motion is therefore 






*/■ 



I Wb notioe that the (riotioiiai accelerating force acts opposite t< 
that the sign miiBt be negative oi positive according t 



the direction of 
9 the particle is 



A- IT C D A 

g in the direction in which x is meaenred or the opposite. The equation 
ri preienti Ihr diteonHnuily which to frequently oceun whenever friction ban 
la le taken account of. 

Let the particle start from rest at A vhere C.4— u. loitially the resolved 
attraction is li'a, and unless n'a is greater than the friction /. the particle will not 
move. Snppoaing thin inequality to hold we write the equation in the form 



d('~ 



•■(-i)- 



The motion therefore from A towards C is the same as if the centre of force were 
displaced a distance CD =//n' towards A. The particle oamee to rest at a point 
A' on the otliei side of D where DA' = AD. On the return joarney we take CD' 
■lap equal to fja? and the particle moves as if W were the centre of force. Thus 
> centre of force ie alternately moved at each oscillation a constant distance, 
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BMUtanc* of the air. If the motioD take place in 
I remttance miuit be Allowed for. As a sufficient illastis- 
tioD of the general effecbi of this force, let as suppose that the 
reMRtaoce variea as the velocity. Excluding friction the eqiutjoo 
of mottou ix then 

t — '-'-^% w 

Amaroing r>« the solution is (Art. 121) 

x = Ae-^^{'pt+B) (2X 

where p*=n' — «*. The constancy of the period of ogctllaHon 
tltere/ore unaffected hy the resistance of the Tnedium, Art. 121. The 
time of oHcillalion ifi however longer than in a vacuum. 

The BUccessive arc« on each side of the position of equilibrium 
decrease continually in geometrical progreseioa and vanish only 
after an infltiite time. 

In many caacB the rcaistance of the medium is very slight 
<:<tmpared with the other forces acting on the particle, The 
ipiantity k ift then small, and we see that the period of any one 
'WcillatioD differs from that in a vacuum by the squares of small 
quantities. In using the equation (2) we must however remember 
that when the position of the particle after a great many oscilla- 
ttonn in required vie cannot regard pt as the same as nt ; for though 
p and n differ by a very smal! quantity, that diEFerence is here 
multiplied by the time (. 

127. i)y making observations on the lengths of the arcs of 
oscillation wu may test the correctness of the assumed law of 
resistance. A convenient method of trying the experiment is to 
UNO thu particle us a pendulum. It may be shown that when the 
OBciIlation»< are araall the resolved action of gravity represents the 
force n** while the resistance is 2« dxjdt The measurements 
show that the successive arcs do decrease in geometrical pro- 
jjression wht^rt th« arcs are small, but the decrease follows another 
law when not aniall. This, aa Poisson remarks, is a justiiicatiun of 
thu Htatement that for small velodttea the resistance varies nearly 
as the velocity. 
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The common ratio of the geometrical progression is e~""'. By 
measuring siiccesHivc arcs the numerical value of « can be found. 

128. Discontinuity of reslstaoce. When the resistance 
varies as the velocity the analytical expression 2kv changes sign 
with 0. It therelbre represents the retardation due to the tq- 
sisting medium both in sign and magnitude. If the resistance 
varies as the square (or any even power) of the velocity, the 
analytical expression 2kv'' represents the retardation in magnitude 
only. Whenever the particle changes its direction of motion it 
will then be necessary to change the sign of k. Thus a dia- 
coniinuity is introduced into the equations similar to that which 
occurs when friction acts on the particle, Arts. 125 and 115, 



I a Btraigbt lino under the a 



I 199. Ex. I. A particle OBcillatea 
Lmntra) force leadiug to a tiied point 

C OD the straight Une and varying oe 

the distance thererrom. Supposing 

the ujotion to take place in a medium 

TOitting at the iquare of the vcloeili/, 

find the relation between any two 

■noceHBiie arcs on eanh side of t'. 
SnppoBing that tlie particle i» 

moTing in the negative direction (Art. 128) tbe equation of n 
vdvjdx = - n';r + mi'. 

By Art. 108 tliie gives p'e"'* 




-*?("i)' 



a, f, being negative, we have 
[.We notioe that thin relation is independent 



(•.4)'--=(..4).- 



I To interpret thiH relation we 



e the c 



' the atrength of tbe attractive foroB. 
y^U + l^'''^- W the partiola 



I alart from rest at any place A it will come to rest again at A' where the ordinales 

I «f A and A' ari< ecjual. Taking CB= CA', the third point of rest la at a dUtanoe 

WfPB' from C nu the side of C oppoaite to A', the ordlnates of B, B' being equal, 

Tbua if the particle aCart from reat at an infinite diilanee from C it 

mfint come to reat at A', where CK=l/2ii numerieallj. 

The general character of the motion ia that tbe aucceasive arcs decrease rapidly 
ll flrat, but Bfterwardfl Ijecome more and more nearly equal, the mollnn noret 



of the point of infleiion, UI=CU=CK. 

he timea of deacrlbing all chords of a circle utarCing from 



ir CI ia the abscii 
Prove tbi 
e same point A under the 
neter through A and varying aa the distance are eqaal. 
arded as smooth and tbe motion to be in a vacuum. 
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Ex. 3. A heavy particle whoee mass is m is SDspeuded from a Gied point O 1^ J 
an ela«tic Atriog wLoee amUetehed length is a. U the particle oBcillale up and I 
down in a Tacanm, prove that the complete period of an osdllation is 2r^(iiw/^, 
where E is Tonng'a modulas. 

Ex. 1. A paiticle oiicilUtea in a atrajgbt line in a iii«diiim wbose resistance 
per Dnit of mass is t times the sqoaie of the velocity. There is a centre of foroe 
titiuted in the stroigbt line whoae attntction is ^ times the square of the distance 
bom the aeolre of force. U u aod b are the dialaDoea from the centre of force ol 
two sPccessiVB positions of instaotaneoaB test, and /i is not zero, prove that 

if'b'' - >fi + 1) f*''' + (ic'u' + to + J) r"*"" = 1. [Art. 13S.] 

130. The ioTerae iqaare of the dixtance. A particle, 

constramed to move in a straight line, is acted on by a central 
force tending to a fixed point external to the line and varying 
inversely aa the square of the distance therefrom. It is required 
to find the motion. _ 

i^et OC be a perpendicular on the straight line, OC=h. Letl 
P be the particle. CP = x, OP =r. See fig. of Art. 123. Let the 
angle POC=tf>, then siuif> = i>:/r. The accelerating force on P 
being ^/r°, the component along PC is found by multiplying by 
sin ^ and is therefore fix/i-'. The equation of motion is 
dv fix 



Since r* = A' + ar". i 



i have rdr = xdx. 



Hence 



If the particle start with i 
from 0, we have 



velocity w at some point A distant a 

o ('1 l^ 



If the particle is projected from G along CA with 
velocity u greater than •J(1fi,ja), it is clear that the velocity v 
cannot vanish or change sign. The particle therefore will move 
continually away from the centre of forca 

ISI. When the centre of force lies on the straight line of motion, the time 
occupied by the particle in travelling from the Initial position A to any point P 
can be found without diflioultj. We ]iut 

x^bras^», .'. drjdt- -2btia6oat9deldU 
The equation of motion is 



(S)'-a-i)^ 



,=^9 



V: 



'2^ 



ART. ] 



3.] 



THE mVEUSE SQUARE, 



We notiw tbU i begina at z = ii with ijx/dr initiallj poBitWe; x then iDCreaseg 
nntil dxldt=0, i.e. unlit x = b. At tbis point tlie particle begins to roturn and 
dxidl becomes negaitive. To represent these changes we malie S begin at 8= ~ p 
where oi)b^= +,y(a/b) beosuse this makes dxjdl positive when x = a. We then 
make 9 increase through zero and dually become Jt when the particle arriTes at 
the centre of force. Thns the two times at which the particle passes through any 
point P are distinguished bjr the Hign of 6. Since, according to this arrangement, 
9 oontinaallj increases with the time we give the positive sign to the radical In the 
expression for dSldt. We then find after integration that the time from $= -p 



I- 
V 2> 



(ff + laiD3S + (S + tsiD3^). 



The time from rest at a distance x-a (oUows from the preceding or m 
independentl;. We hare 

!. Pntting x=aattf?S we easily find that t 



I 
I 



the limits being 
moving from 2=11 to x is 

The time of arriTing at the centre of force starting Trom rest at a distance a ia 
tound by patting 6—\ir. The result is ~ . / ^ . 

!••. Ex. 1. A particle (hIU from leat at a point A whose altitode above the 
initaoe of the earth is eqoal to the radius. Show that the velocjt; on arriving at 
the sarfsce is equal to that acquired by a particle falling from rest through half 
that space onder a constant force equal to g. where g represents gravity at the 
sarlace of the earth. 

Notice that if jj/r" is the attraction of the earth, u the radina, ^ija'-g. 

Ex. 2. If a particle fall from an inlinite distance towards the earth, prove that 
the velocity at the surface ix equal to that acquired in (ailing fTom rest through a 
space equal to the radius under a constaDt force equal to g. 

Ex, S. If any heavenly body were isolated in space, prove that the least 
vetooity with which a particle must be projected from its surface that it may not 
ttil back 



] the body iii 



secoud, where 31 and £ are the 
< of the 



'•v/(f-¥)""'p" 

masses, r and a the radii of the body and the earth. The 
atmosphere is to be uegleoted. 

Show that for the moon this velocity is about one and a half miles per second, 
taking its mass and radine to be ^th and |th of the mass and radius ot the 
earth, and the radinn of the earth to be MOO miles. 

!■•. Ex. I. A particle, uon strained to move along a rovghilraight line whose 
ooefflcient of friction is /, is acted on by a force tending to and varying as the 
inverse square. Prove that if the particle start from rest at any point A, it will 
next oocne to rest at a point B such that OSt bisects the angle AOli, where Af is 
the point on the straight line at which the resolved attractlou is balanced by the 
limiting fricti 
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Following the ume notation as in Art. 130, the eqoatioii of motion taken Uw I 

Multiply b; dx and pat z ~ ft tan 4>, where ^ repTeaenla the angle POC. Int»J 
grating as beTore. we find 

. */* 

where #,, t are the angles COA. COM, so that /=tan(. 11 is evident that b= 
when !(*+*«)='■ 

Ex. % If the luroe to O vary as the inverse foilrtli power of the distanoe and 
the parliole starting from rest at .i come to rest Oigain at B, prove that the angles 
COA, COB are oomplBmeQtH o( each other when sin 2 {Caj) = (4/- 2)/(/+l). 
ThoB if /= 4 a particle starting from rest at an infinite distance will just reach C. 

Ex. 'i. A particle is constrained to move in a straight rough tube CA, and vtm 
acted on by a central repulsive force X/r, where t is the distance from the centre ol"* 
fone O and OCA is a right angle. The particle is projected from A awa; front C 
with a velocity v ; prove that if it oome to test at a point P, the angle COP ii a 
value of Ssatiafying the eqnation ^-log»ecS^v"/-2)i, where ^ is the coefficient of 
friction. [Coll. Ei. 1893.] 

134. Rx. 1. The eartli and moon heing heiJ at rest, liiid the leant velocity 
y with which a partiolo must be projected from the moon to reach the earth. 

Let a be the radius of the earth, ii = ^ci that of the moon. GOa their distance 
apart from centre to centre. Let E aod i,E be tlie masses of the earth and n 
If X is the distance of the particle from the centre of the moon, the equation ol 
motion is 

iPx _ E \_ K 

dl'~(66a-i)' SI j:> 

Tbia equation can be integrated by the rule of Art. ^1. The constant of ii 
gration can be fonnd in terms of V bj remembering that ifz/(Jt= V when x 

There is evidently a certain point between the earth and moon where the 
attractions of those bodies balance each other. By equating the right-hand side of 
II) to zero, this point is easily aeen (o be at h distance 6ii from the centre of the 
noon. If r ia suob that dxidt vanishes when i = fia. it follows that a velocity ol 
projection ever ho sliglitly greater than V will carry the particle to the earth. 

Itememboriog that Eja'=g aoJ taking n to be 4000 miles, we find that V iff 
approximately IJ miles per second. 

Ex. 3. If the eaKh and moon were placed at leat, they woold fall towards 
each other under the influeni'^ of tlieir mutual attractions. Supposing the initial 
distance to be equal to their present distance from each other show that they would 
meet after about fonr and a balf days. 

OoDsider their relative motion. If B, « be the masses of the earth and moon, 
the attruetioii on the earth per nnit of mass is MJr^. By Art. 3tl we apply this, 
reversed in direction, as an acceleration to both bodien. The earth is thus reduced 
to rest, while the moon is acted on by the two accelerating forces Mff and Eft'. 



)f 
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Tbl) vbole OGOelerating attlwiiioD on the moon caiiaing tbc relative motion in 
Iherefore {E + M)!!'. We mnst aloo appl^ lo each an initial velocit; equal and 
opposite to tLat ol the earth (Art. 10), but this, iu our problem, is iieio. The 
time in then round as in Art. 131. 

Ex. S. Two mutnallj attracting Hpheren, each one foot in diameter, and the 
density o( each the name aa the mean density of the earth, are placed at teat ia a 
raeuum. the distance between their enrfaces being one quarter of an inch. Prove 
that they will meet in less than 250 seoondg. This problem is due to Newton, its 
history ia Riven in Todhunti'r'a Hiitory ofihe Tbrnry of AUToctioni. Sec.. Art. 736. 

Ex. i. Two purtioles A. B, ranlnally attracting each other acoording to the 
Newtonian law. are placed at rest at a given distance u apart. The particle B is 
w constrained to move away from -J alont; the ntraight line joining Ibem with a 
iform velocity u. show that A wQl catob B up if u><2>i/a where ;i is the mass 
\ at B. Show also that the time wiU be 4(ir-)-^ + ain3^) ^6";a/i where eoa»^=a/6 
mi2nlb = 2^la-u\ [Kednoe S to rest, ee« Art. 131.] 

Sx. S. A body of mosR M is moving ia a straight line with velocity U, and ia 

I followed at a diHtanae r by a smaller body of masa m. moving in the same line with 

■ •roaUer velocity u. The two bodies attract each other with a force varying as 

inverse sqnore of Che distance and eqnal to x for two unit masHes at imit 

[ •Attance. Prove that the smaller body will overtake the otlier after a time 

where k(.1; f m)(l -tj) = ((;- u)=r. [Math. Tripoa, 1887.| 

135. DlBContlnulfy of a centre of force. A parbick' 
coDatrained to move on a smooth straight line ia acted oq by a 
force X tending to a point C situated on the line and varying as 
the nth power of the distance therefrom. It is required to find 
[ the motion. 

Let the particle P start from rest at A. OA = a, VP = a.-. The 
F«equation of motion is 

d'a: dv 
dP^'da.^-^ 



■■(1). 



rTTl 



K^'-^"") (2), 



the constant of integration being determined by the condition 
that 0=0 when ai = a. If n = — 1 the integral takes a logarithmic 
' form. 

If K is an odd integer this equation shows that the velocity is 

I again zero at a point A' determined by x= — a. The particle 

I therefore oscillates on each side of C, the amplitudes on each aide 

being equal. 
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If n is an even integer, the eicpression for v vanishes for no 
real valae of x except x = cl Since the particle must obviously 
oscillate on each side of C through equal arcs, it follows that the 
equation (2) cannot represent the dj-namical facts of the problem. 

The reason is that the force X (as given in the question) 
variea as the nth power of the distance taken postlivdy and always 
fuste towards C. Now x is the distance of the particle from C 
taken with its proper sign. We must therefore write 

X = -^ or +/*(-«)■ (3), 

according as the particle is on the positive or negative side of th< 
origin C. These are identical if n is odd and in that case thi 
equation (2) holds throughout the motion. If n is even, different^ 
equations of motion hold ou each side of the origin. 

The particle arrives at with a velocity v, obtained by puttin 
a: = in (2). This is a finite velocity if n is positive. Afb 
passing C, the equation of motion (1) must be changed to 

vdvjdx = fii- x)" = ftai" (4), 

We then find 



smce n is even. 



(a"+' + a^').. 



■(5), 



the constant of integration being found by the condition that (2J|1 
and (5) must agree when x=0. The equation (5) shows that v k 
again zero when x= — a, so that the particle in its oscillatioi 
describes equal arcs on each side of C. 

After the particle has passed through C on its return journey 
the equation of motion resumes the form (I). The integration is 
the same as before, but the constant C must now be determined 
from the condition that the value of i' at the origin is the same as 
that given by (5). The resulting value of ti* is however the same 
as that given by (2). so that the motion on the positive side of the 
origin is always that represented by (2), and the motion c 
negative side that represented by (5). 

XSS, The time of trftvslling trmn A to C is given hy 



To inteifrBtc thin 



v/.^-/: 



,^(a«-' -*-+')■ 




SMALL OSaLLATIONS. 

. paaUiTe or negative. W« then have 



n)'-' 



iM. 



'm' 



F^- 



a of foroe which 
If at arriving at 



A particle ntnrta rniin reel at a distance a from a cen 
1 tlie inverse cabc of the distoace. Show that the ti 

Ex. 3. A poitiole atarta from real at a dixlance a from a centre ot fnroe which 
sel; as the distance. Prove that the time of aniving at (he oeatce i» 



Small Osciltaticms and Magnificatimi. 



137. Small OiciUatloiu. A particle, constraiDed to describe 
a straight line, is uuder the action of a force tending to a point 
eictemal to the straight line and varying as some given function 
of the distance from 0. It is required to discuss the motion 
when the arc of oscillation decreases without limit. 

Let OG be a perpendicular on the straight line, P the particle, 
OC=h. CP = x, OP = i: Let the accelerating force be rf{r). 
The equation of motitm is therefore 



dp ' 



■rAr)._ 



..(1). 
r. The 



ince r' = h' + a?, we can expand n/ir) in powen 
^oation then takes the form 

tPxIdff" = A^x + A^ + (2), 

plhere A„ A,, &c. are known constants. Suppo.ting the series to 
B convergent when a: decreases without limit, we may ultimately 
mit all the terms after the first which does not vanish. Assum- 
; to be initially small we proceed to discuss the subsequent 
wtion. 

When ^1 is not zero, the equation reduces to 

d'x/dt' = A,x (3). 

; motion represented by this equation has been discussed in 

119. If A, IB negative and equal to — ii'. the time of a 

mplete oscillation is 27r/n. It appears therefore that when the 

a of oscillation is continually diminished, the displacement and 

relocity of the particle are ultimately zero, but the limiting time 
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is finite. This finite time is called the tivie of a small oscillation, 
and the equilibrium position is said to be stable. 

If j4, is positive, we know by Art. 120 that the value of x 
contains a real exponential and that the motion is not oscillatory. 
Afl the displacement x does not remain small we cannot continue 
to reject the higher terms of the series (2) as compared with the 
fiiBt. The subsequent motion is not represented by equation (3). 
The equilibrium position is then unstable. 

If Aj = 0, let the first powev which does not vanish be the nth. 
The equation is then ultimately 

<Pxldt'=AnX^ (4). 

This equation has been discussed in Art. 13.5. If -4„ is negative 
the time of oscillation has been found in gamma functions, with a 
factor a~^"^", where a is the semi-arc of oscillation. The limiting 
time of oacillation is therefore infinite if n is positive and greater 
than unity. If A„ is positive, the value of a; becomes great and 
the higher powers of ic cannot be neglected. 

las. Ki. I. 1( Snturu'a ring were rigid and held at rest show tbnt the 
positioD of Saturn placed at its centre would iie one of unstable equilibriam for 
displacements in the plane of tbe ring. If the force between tlic ring and the 
planet were repnlsion instead of attraction that position of Saturn would be Btable 
and the lime of a srasU osoillation woald be 2ir^(2a'/M), where a is the radiui of 
tbe ling and M its mass, 

Show also that tbe time measured in iieoonds is 2ir^(3a'/nb^g) where ti is the 
ratio of the mnss of the ring to that of the earth, li tbe radius of the earth, and g 
a gravity at tbe surface of the earth, 'i and Ir being measured in feet. 

To prove this, we Ivt j: be the distance of Sstuni S from the flied centre C of 
the ring. Let P be a point on the ring, PCS ^ 6, SP -p. The attraction on S in 
tbe direction CS 






__ M CadB a 



SnbBtitntiilg 



p = a-zcos0, expanding in powers of x/a and integrating, we lind t'=Mxlit?. 
This force being positive, the equilibrium is unstable, BeverBing its sign the tima 
of a complete oBcillation follovfs b; Ait, 123. The time in seconds is found by 
nsing the equation Ejb^ = g. sec Art. 134. 

Ex. 2, U the ring attract Saturn, show that tbe central position of the planet 
is stable for displacements perpendiculsir to the ring, and that the time of a smell 
oscillation is 2r^(a'ISI). 

Ex. 3, A particle is in equilibriant under the influence of two centres A, B vf 
repulsion each varying as the inverse nth power of the distance. Prove that the 
position of equilibrium is stable for displacements in the straight line AH and thftt 
tbe time of a small oscillation is 2ir^(u'j/n(a + 6) f ), where n, 6 are the distauee.i 
of the particle from A and B. and h' is the accelerating repulsion of either foroe on 
the particle in the position of equilibrium. 



I 
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where 



139. Ma^nlficatloD. A particle, oscillating in a straight 

line under the action of a centre of force whose acceleration is 

n*x, is also acted on by the two accelerating forces X = Ef:os\t, 

Y = FcQSfU. It is required to find the motion. 

The equation of motion is 

d^xjdt" = - n'x + E cosXt + F cna fit. 

The solution of this, by Art. 122, is 

a; = ^ cos (vt + B) + E' cos \t + F' cas fii, 

E F 

E' = -r^. F'=- ,. 
„»_V n'-fi' 

If the particle start from rest at a distance a from the origin 

I when ( = 0, we have A =a — E' — F' and B = 0. 

The motion of the particle is therefore compounded of three 

Killations, one haa the period 27r/« due to the central force, while 

fte other two have the same periods, viz. QttJX and 2ir//i, as the 

roes X and J'. 

This example is important because it shows that the dynamical 

'0ecta of oscillator 1/ forces are not necessarily m proportion to their 

mitvdes, hut depend also on their periods. Thus the ratio of 

* to f is a function of X and ft as well as of E and F. 

If the period of the force X is nearly equal to that of the 

cillatiou caused by the central force, k' — V is small, while, if 

) Bueh near equality hold for the force Y, n' — fi' is not small. 

i follows that if E and F are nearly equal, E' is much greater 

1 F'. If also E and F were so small that the effect of ¥ on 

! motion of the particle were insensible, that of X might still 

9 very great. The general result ia, that <f two forces X, Y, that 

« produces (cteteris paribus) the greatest oscillation whose period 

i most nearly equal to the period of tlie oscillation due to the 

mtral force. 

On the other hand we notice that a near equality between the 

tiods of the forces X and Y has no dynamical significance. The 

ion is that these forces being explicit functions of the time do 

not modify each other, each producing its own effect. But the 

central force, viz. —n*x, depends on the abscissa of the particle 

and this is more or less altered by the action of the forces X and 

F. The solution shows that the alteration is considerable when 
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the period of either X or K is nearly equal to that due to the 

central force alone. 

If the period of X is exactly equal to that of the oscillation 

due to the central force the solution of the diH'erential equation 

takes a different form. By reference to Art. 122 we see that 

Et . „. 

a; = o cos ni + ^ sin n( + f cos fit, 

BO that the amplitude of the oscillation becomes very great as t 
increases. 

We may also notice that if X ia very great the terms which 
contain E' as a. factor are very small. It follows that an oscillatory 
force whose period is very sliort produces very little effect on the 
motion of the particle. 

140. Ab on example of the«e efl'ectB coodder hov great &n owill&tion cui bl 1 
generated in a beav}' Hwing b; ft Beriea of little puBkes and pulls if property tuned. 
It ne priBh when the Biting i« receding and poll when it ia approaching qb, the 
motion is continnallj inccesaed and tbe amplitude of the onclltationB becomes 
greater at each sucaeeding swing. Saob a series of alternations of push and pall 
is practically an oscillatory force, Buoh as A', whose period is eiaetly equal to that 
of the awing. If however tbe altemationa of push and pull [ciUow each other at 
ui interval only nearly equal to that of the period of the swing, a time will come 
when the eEFeots are reversed. The push will be given when the Bning ie approach- 
ing DB and tbe pail when the swing ia receding. Thus, though a. great oseillation 
of tbe swing ia at first produced, that oscillatiun will be preBenll)- destroyed only to 
be again reproduced and ao on continually. 

141. Second <ii^raxiitiaiUiHi. In detennininii the small oacillationa of a particle 
in Art. IS7, it ia explained that tbe terma containing x*, &c, are usually neglected. 
These terms are indeed very small in the differential equation, hut we know from 
Art. 199 that their eBects may in certain conditions be so magnified that they 
become perceptible iu tbe value of a-. It ia therefore sometimes necessary to 
proceed to a second or a third approximation before we can find a valne of z which 
represents tbe aotoal motion. Some examples of this will be given later on, but 
the reader will find the theory given at length in the Author's Rigid Dynatnia, 
vol. II. chap. VII. 

1«>. Kx. A heavy particle P ie suspended at rest from a point j1 by H1 1 
eluHtid string whose initial and nnstretahed length is a. The point A al 
t=OheginB tooecillate up and down, bo that itailiaplacement (measured downwardi) 1 
at the time r is c sin \(. prove that the length of the string at the time 1 is 
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Disouaa the interpretatii; 
when X is very {jreot. 

Notice that if <Pildf 
point fixtd ia ipacf, say tbe initial position oC A , 



I of this result (I) when X is nearly equal to n, and (S) I 



be tbe acceleration of P, x most be measared bom ■ ■ 
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Chorda of quickest descent. 

143. To find the straight lines of quickest and slowest descent 
from, rest at a given point to a given curtie. The straight line 
is Euppoaed to be smooth Eind the motioti to be in vacuo. 

The solution of this problem depends ou the theorem that 
the curve which possesses the property, that the times of descent 





Fig. 1. Fin. 2. 

I down all radii vectorea from rest at are equal, is a circle having 
m-0 for the highest or lowest point. See Art. 106. 

Describe a circle having its highest point at and touching 
Kihe given curve in some point P. There are two cases, according 
1 the circle touches the given curve on one side or the other. 
^ese are represented in figures (1) and (2). 

If OQ be any chord cutting the circle in R, the time down OP 

B equal to the time down OR and is therefore leas than the time 

bwn OQ in fig. (1) and greater than that time in fig, (2), Thus 

mOP is the chord of quickest or slowest descent according to the 

ode in which the circle of construction touches the given curve. 

If C is the centre of the circle, the angles CPO and COP are 

iqual. Since CO is vertical the chord of quickest or slowest descent 

I rest at meets the given curve at a point P such that OP 

aects the angle between the vertical and normal at P. 

If the position of a point P on a given curve is required 

mch that the time of descent from P to a given point is a 

Daximum or minimum, we follow the same construction except 

tthat is to be the lowest point of the circle of construction 

utead of the highest. The result is that the particle must 

I from a point P such that PO bisectfl the angle between 

Idle vertical and normal at P. 
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144. To find the chords of quickest and sloioest descent /romm 

rest at one given curve to another given curve. 

Let FQ be the required chord. Then since the time dowikl 
PQ is leas than the time down any! 
neighbouring chord drawn from P torn 
the other curve, PQ must bisect thsJ 
angle between the normal and vertical'B 
at Q. Similarly by fixing Q and vaiyin^fl 
P we see that PQ must bisect the augla 
between normal and vertical at P. 

The pointa P, Q are therefore uuchfl 
that they satisfy the^e two cunditio&8,fl 
(1) the normals at P, Q are parallel J^ 

(2) the chord makes equal angles with each normal and 

vertical. 

I4B. To find the chord of quickest descent from rest in a medium tekou 
reiiitanct varUt ai the vflocily we qbc thu Givme cooBtruotioli, beoausv the times 
of descent dowD all chords of s circle from rest at the highest point are equal. Art. 
107. 

If the lesistsDCe vary aa the square of the velocity the oDrve which p 
the property of equal times for the chords is not a circle: aee Art. 110, Ex. i 
geometrical coDBtruction is therefore iu applicable. 

144. // IIk chordi of qvUkat or tlowcit descent are rough we slightly modl^ 1 
the rale. To find the rough chord of quickest descent fioin to a givoii a 
describe a circle to touch the given curve in some point P, but Biich that tbs J 
diameter through O makes an angle with the vertical equal to the angle of biotioD, f 
Art. 105. 

The result is that the required nhord meets the curve at s point P suoh that OP I 
makes equal angleH with the uormal at P and a straight line iuotined to the vertisd .1 
at the angle of frictioo. 

147. Ei, 1. A point A and a straight line BC are given in the same vertiaal I 
plane. Show how Co draw (when possible) a straight line from A to BC, so thkl I 
the time of descent from rest under gravity may be equal to a given time t, r 
When there are two such lines, intersectiag BC in P and Q, prove that the radioa ■ 
of the circle described about APQ is iflf'. 

Ex. 2, Two parabolas are placed in the ssjne vertical plane with their foci coin- 
cident. Bies vertical and vertices downwards. Prove that the chord of quickest 
descent from the outer to the inner parabola passes through the focus and makes 
an angle equal to Jt with the aiix. 

The normals at the extremities of the chords are parallel and the parabolas ai 
similar. The chord therefore passes through the centre of similitude, i.e. tl 
rooQB 8. If PQ be a normal, the second condition of Art. 114 ahows that the tri- | 
angle SPG is equilateral, i.e. each angle is equal to Jr. 
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Ex. S. Find the mnootli chord along which a particle must truvcl starting [torn 
»t at some point on one gitea carve and ending at aaothar given curve, so that 
the celoriiy acquired may be a max-min. The force acting on the particle tends 
to a fiii-d centre O and varieii as name fuDCtioo of the cligtRnce from O. The result 
u that if i' he either extremity of the required chord, either the force is Eeto at P 
iir OP is B Doimal to the given curve at P. 

To prove thiB. let the central force be/'(r). We then And ii^=2/(r,} -^(r,) 
where r,, r^ are the distftoeeR of the extrenutiea P, § from 0. Filing Q let ub 
vary i* along the arc (bh in Art- 141), then dv'jde-O. Hence f {r,)drJdM = 0.'i.e. 
the component of the central force along the tangent to the curve in zero. 

^x. 4. Prove thiit the smooth chord ot ijnlokest descent from rest at one 
given circle to another given circle when produced pasnes through the highest point 
of tb<j first circle and the lowest point of the other. 

Prove also that the smooth chord of lougest descent between the same two 
circles is either a horizontal straight line or (when produced if necessary) passes 
throunh the lowest point oF the Srat circle and the highest of the other. 

Ex, 5. Prove that the locns o( the points from which the limes of descent to 
three given points in space are the same is a rectangular hyperbola. Prove also 
that the locus of the points from which the tiroes of shortest descent to three equal 
■pheres. given in position in apace, are the same is a reotangnlar hyperbola. 

(Math. Tripos, 1885.] 

Bj. 6. Prove that the rough chord of iiuickest descent from rest at some point 
on a given straight line to sooie point on a given circle (not intersecting). (1) when 
produced passes through a point J3 on the circle such that a particle placed at Jl is 
ia equilibrium with limiting rriction, (2) bisects the angle between the diameter 
through B and the perpendicular from B on the given straight line. 

Ei. 7. Heavy particles slide down chords of a circle whose plane in vertical 
starting from rest at the highest point J in a tnedium resisting as the square of 
(he velocity. Prove that the chords of slowest and quickest descent are the vertical 
diameter and a chord making an InQnltely small angle with the horizon. 

These results mtiy he deduced from the fnnnulB given in Art. 115, hut the 
following line of argument is worth noticing. Iiet .i4B = 2a be the vertical diameter, 
AQ a chord making an angle S with AB, then AQ — 2a coeB. We have to find tb* 
time of describing *2acos0 from rest with an acceleration g cos S - k (dxldl)K 
Writing x — fcoeS, this time is equal to that of describing ia from rest with an 
aoceleration ij- Jtcoa fl (d(/(i()". In vacuo, where < = 0, this ia independent of S 
and therefore all chords are described in the same time. Also this time is increased 
hy the presence of the resialing medium because the acceleration is thereby 
diminished. This increase of time is zero when oosf^D, i.e. B~^r. becomes 
greater as cos 9 is greater and is greatest when cas0 = l. i.e. ^ = 0. The time of 
descent therefore increases as passcu from J s to 0. 
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Infinitesimal fmpuUes. 

148. When the eflfeci of an impulse acting uD a body iam 
required, we commonly disregard all finite forces which ftoti 
simultaneouxly with it The duration T of the impulse beiogr 1 
infinitesimal. Art. 80, a finite force F can generate only a mo- | 
mentum FT which vanishes in the limit when compared vitit 1 
the finite momentum communicated by the impulse. If, however, i 
the impulse is itself very small these may be comparable in J 
magnitude and it will then be necessary to take account of both 1 
forces in the same equation of motion*. 

This generally happens when the maas of the body changes! 
during the motion. 

149. Let a body of mass M whose resolved velocity parallel I 
to ic is ft be acted on by a finite force X. Let this body lose a I 
amall portion m = — dM of its mass in each element of time dt. I^ \ 
is required to find the motion. 

The momentum at the time t is Mv, and the gain in the 
time dt is d(Mv). In this time the force increases the linear 
momentum by Xdt. while the momentum lost by diminution of 
mass ia mv. Hence 

d(Mv)=Xdt + vdM. :. Mi=X (1). 



Here there are no impacts ; the particles merely separate with I 
their common velocity without mutual action. 

If Jf = mg, the equation becomes dr/d( = g, and each portion ] 
moves parallel to ar with an acceleration g. 

Next, let us suppose that the body gains a mass m = dM in J 
the time dt and let the resolved velocity of this increment before I 
it is attached to M be a'. The total gain of momentum is now, ' 
Xdt due to the force aud mo' due to the impact produced by the ] 
sudden junction of the masses M and m with different velocities. \ 

' Frotilema on inllniteeimal iuipulseH were BoWed in the lecture room 
Ut« Mr Hopkina rb lung ago ax 1850. A problem of Ihie kind was Bet 
Bmith'a Prize exuninntioD in 1653 b; Prof. Challis, and u ealution giTen in Tait 
and Steele's DyfumU: Aiiolher wae proposed in 1869 by Prof. Cajley who 
publiiihed the solutian in the Mutbimatieal Mtisingeria 1871- Two problen 
kIbo solved in the Qjiarterly Journal in 1870 by Dr Besnnt. 
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The equation of motion ia therefore 

d(Jtfff) = Xd( + «yjtf (2), 

l(v' = v thi8 reduces to the former result. 

ISO. Ei. 1. A uniform chttlu of m&»s il, and length I, is uojled up on a 
small hocizoDta! lodge at the top of n plftne, ioolined at no angle a to the horizon, 
jtnd has marisea J/,, Mj fastened to its two eada. If M. is gentl; pushed off the 
ledge, prove that the velotity of il, juBt before it leaven the ledge ia r', and just 

" (if, + ,M, + ifj)' ' '' " \ M, + !IL + M, ) +'*''"'"'''■ 

I [Caa En. 18117.] 

I Let J' be the distADce of the lowest point of the chain from the edge, in the 
niUB of a QDit of length of the obain. The moment am at the time t is (,V, + nu')i>. 
In the time dt a mass null: without velocity is taken from the ledge and addud to 
the moving length. .Uaogravityaddfl a momentum (Jl/j + imlfl'dt, where3' = if aina. 

.■, d I (J/, + mj:)..; =(«, + »«■) s'rf( (1). 

To make the formation of this eqnatiou more clear, let the coil be at a short 
diatanoe a from the edge, and let the edge be rounded otT in a circular arc of 
radios h. Wb here only require the limiting case wheu both a and b are zero. As 
e«ah element passes over the edge, the velocity is at first horizontal and the change 
of direction is effected by the normal pressures at the rounded ed^je. The 
momentom generated by the weight of the chain on Che rounded edge is ultimately 
cero ainoe the radius b can be made as small as we please- 
To int^rate (1) we multiply both sides by [.U, + rnjr) r, then remembering that 
(■ ^ d^jdi, 
(J/, + m.t)'r^=!(J'. + "«)* + C!^' (2). 

Since X and u vanish together C= - Jfj'. When all the chain has left the 
ledge x = l, and 

li/, + mt)'i>'= \~ + naM, + MA 2g'l (3). 

At this instant there ia an impact, the tension acts on M, horizontally, heuce if 
c' be the velodby of lU, and the chain juat before .If, reaches the edge 

(J/, + iHi + .U,).-- = (,«, + m()i' {i). 

The moaa il, immediately reaolies the edge with a horiKoatal velocity v', while 
the chain is moving along the plane with an equal velocity. There is therefore 
aoother impact, the component of momentum i1/,ii'sina perpendicular to the 
chain remains unchanged, while the component J/,u' cos a is joined to that of the 
chain. If « be the common velocity of M, and the chain parallel to the plane just 
alter St, has left the ledge, 

The eqaations (4) and (5) give the required results. 
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Et. i. A chaia or [ength I is coiled at tlie ed^'o of a (ablp. One end ia ' 
fastened to a particle vhoee mass ii the same aa that of the whole chain. The 
other end is put over Che edge. Prove thai immedifttcly after Uavin^ the table the 
particle ie moving with velocity \^{\gl). [Coll. Ei, 1896.] 

Ei. 3. A mass iV is attached to one end of a chain whose idahb per unit of 
length ia m. The whole ia placeil with the chain coiled up on a smooth tAble and 
M is projected horizontally with a velocity V. Prove that when a length t al tha 
cbain has beeotne straight, the velocity of .If ie UV\{U -f «x). 

[Cayley, Uaih. Mettenger, 1871.) 

E-r. 4. A uniform chain of length I nnd niuHE int in coili^ on the Boor, and a 
masK mc is attaohed to onr end and projected vertically upwarde with velocity 
^2gh. Prove that, according aa the chain does or does not completely leave the 
floor, the velocity of the maas on finally reaching the floor again is the velooitr j 
due to a tail through a height J ]2(-f + «'/(/ + f)'| or o -c; where o'=c'(c-( 

[Coll. Ei. 1890.] J 

When descending each portion moves with a nnitorm acceleration ,7, aaeiplaineil.l 
in Art. 119. 

El. 5. A chain brake is used at railway depiita for arresting runaway t 
GonaiBting of a coil of chain between the metals, having a hook at one e 
placed an to catch on to the axle of the truck. If the mass of the truck be eqiul J 
to that of a length ' of the chain, less than the whole length, then the tm^ 1 
running on the level with velocity V will be stopped when it has dragged a length » I 
of chain over the rough ground, where Vjng^l (2i + 3I)a*/P. 

[Coll. Ex. 1897.1,1 

Ki. t). A weight iV is connected with a ooil of heavy chain by means of a fine 
weightless thread paasing over a smootli peg above the coil which rests on a table; 
if W be allowed to fall a height h whercapon the thread becomes tight, find the 
motion, and show that if ic — ZW then in setting the coil in motion energy to the 
amount JiirNi/(ir-i-u>) is dissipated. [Coll. Ex. 1887.] 

Et. 7. llain is falling vertically with a uniform velocity of 30 feet per si 
at the rate of two inches depth per da,y on a cart with a cylindrical cover of 
circular section and horizontal axis. Prove that, if the cover of the cart is 1' 
long and 6 feet in diameter, the resultajlt presanre on it due to the impact of tlw 1 
ram is abont the weight of one-twelfth of a cubic inch of water. [Ooll. Ex. 18911.] '1 



Theory of Dimensions. 

151. Mauy theorems follow at once from some simple cod- I 
siderations on the dimensiooB of the quantities with which we 1 
are dealing. Each side of an equation must be of the same | 
dimeneioaa in space, for we could not have, for instance, an area j 
equal to a length. Again one side of an equation could not be •j 
the square of a time and the other side a cube, and so on. 

In dynamics we are concerned with the four quantities space, 
time, mass, and force; but the dimensions of these quantities are ] 
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■so related that forte is mass . space/(tiiiie)'. Taking into accouot 
this relation we have the general principle that both sides of 
every equation must be of the samti diinensiuus in regard to 
(I) space, (2) time, (3) mass. 

ISS. Ah an exumpte let us ttpply this priaciple to the rolloiring problem alroady 
oonaidered in Art. 136. 

A particle starts from rest at a distance □ Irom a centre of force wfaoae acoe- 
lerating force at a distance c is »li*. To tind the time T of arriving at the ceoCie 

It ia clear that T is some fiinctioQ of a and ft, li being merely a number without 
dimenHioQA. Expanding T in powers of a and fi we hare 

T^llAiiPu" (1). 

Now the accelerating force fix" \a at tba dimensions spaoe/flime)'. hence (i is 
- R dimeaiionB in apace and - 3 in time. We also notice that a is one dimanaion 
n space and none in lime, while T is one iu time and none jn spaoe. 

Considering the eqoation (1) and counting Che dimeiiEJonB of each side 6rst in 






Hence f ^ 






e hate 



+ |I-''tl. 



., (3). 



a these equations give onlj o. 



T = Ja"* 



-* 



..(3). 



It follows that Ihe time of arriving at the centre of force varies as the 

^4(' '")')) power of the initial distance. II tlie central force vary as the distance. 

ind the time of arrival at O ia the same for all initial diatancos; a theorem 

rhich has been proved in Art. 13R by integrating the equation ol motion. If the 

^cmtTol foroe vary according to the Newtoniiin law, h= -'i and the square of the 

tea as the cube of the initial distance, a result in accordance with one of 

[Xepler's laws. 

The symbol .1 repreaonts a number and as it has no dimenijonB ite magnitude 
innot be deduced from the theoi^' of dimensions. 



ith ail Bcoeleration n, prove that the velooilj 
as VCf')' ""^ '^^' ^^ Xime varies oa .Jillg). 
in from rest at a given distance from a centre of force 
the dintance and moves in a medium whose n 



laa. Ex. 1. A particle i 
P Mqaired in dcBcrihiiig a space 

',x. 2. A particle 

« attraction variei 

ig as the velocity. Prove that the time of arriving at the oeotre of force is 
Blndependent of the initial distance. See Art. I3<). 

'x, 3. A particle P moves from rent under the action of a constant accelcrat- 
I Ing force / and a centre ol force whose attraction is (i times the distance, both 
L tending to the same point and the initial distance OP = a. Prove that 

e ( is the time of arrival at O. 
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MOTION OF PROJECTILES. 



Parabolic Motio 



164. General principle. The particle moves uuder the I 
action of a. force which, beiug fixed in direction and magnitude, 
is independent of the position of the particle. It follows that all | 
the circumstances of the motion parallel to any fixed direction J 
are independent of those of the motion parallel to any other J 
direction. These circumstances may therefore be deduced from J 
the formulse for rectilinear motion by taking account solely of the I 
resolved initial velocity and the resolved force of gravity. 

166. Carteilaii axei. Let the particle be projected from] 
a point with an initial velocity F" in a direction making s 
angle a with the horizon. Let v be the velocity at any point P , 
of the path; Vx, Vy its horizontal and vertical components. 

Consider the horizontal motion. Since the component of gravity , 
in this direction is zero, the horizontal velocity is constant throughovt 
the motion and ia equal to V cos a. We therefore have 

3!= K cos at, Ki= Kcoso (1). 

This gives an obvious and useful rule to find the time of describing , 
any arc of the trajectory, viz. tfie time of transit is equal to the 
horizontal space divided by the horizontal velocity. 

Consider next the vertical motion. Since the component of J 
gravity is t? we infer from the formula of rectilinear motion (Art. [ 
25) that 

y= Vsmat — ^gV, r„'= Vsin'a— %y (*2). 



found by eliminating i 

(3). 
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The Cartesian equation of the path i 
, between (1) and (2) ; we have 

This is the well-known equation of a parabola. 

To find the greatest altitude of the particle. We consider only 
the descending motion ; the particle starts downwards with a 
zero vertical velocity and arrives at the level of the original point 
of projection with a vertical velocity which, by the theory of 
rectilinear motion, is equal to that with which it was projected 
upwards. If A is the greatest altitude we have V ''sir^ a = igh. 

Ti) find the time of flight. We again consider the vertical 
descending motion, disregarding the horizontal motion. If 2* be 
the time of ascent and descent, we have V9\aa = \gT. 

To find the range on a horizontal plane. We consider the 
horizontal motion; the constant horizontal velocity i» Vcosk, 
and the time of flight has just been found. The range is there- 
fore V' sin 2a/j?. The range is greatest for a given velocity when 
the direction of projection makes an angle of 45° with the horizon, 
and continually decreases as the angle increases to a right angle 
or decreases to zeio. 

166. When the motion ivith regard to an inclined plane 
passing through the point of projection is required, it is useful 
to take the axis of x along the line of greatest slope and the 
axis of g perpendicular to the inclined plane. 

If the direction of projection is not in the plane of xy, let V 
and W be the components of the velocity in and perpendicular 
to that plane. The motion perpendicular to the plane of iry 
is uniform and z = Wt. 

Turning our attention to the motion in the plane of xy, let 7 

be the angle the direction of the velocity Y makes with Ox and & 

I the inclination of the plane to the horizon. The initial component 

I velocities being Vcoa^ and V'8in7, the formule of rectilinear 

motion (Art. 25) give 

x= Kcos7(-j3sin)3P) v„* = {Vtx»if-2gBm0x\ ... 

ij =Vsmyt-\g cos ^&\' v^^ = {VByayf-2gco&^y]"'^ '' 

To find the time of flight T before reaching the plane, we 

consider the motion perpendicular to the plane. The descending 

motion gives Vsm-f = gcii»^. Tj2. It also follows that the time 
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of deaaSmg the are from to the point whoe the ttDgent is 
paisUel to (ix IB T/2l In tbe saane way bv cnnaidarTng the motioa 
pusllel to the phne we vee that the time from to the potnl 
where the tangent is panUel to Oy is Vovy ^an0. 

Tojbid the Txutge r <m the ittdined piane. «e oae tbe expresEun 
lor*. WecMilj find r = 2F' sin 7006(7 + ^>.9ec*^> 

167. OMlqac axes. Let tbe directiw of motion of the 
portide at anj point P of the pftth be PT 
and let tbe Telocity be V. Tbe particle 
being acted od by gravity in the direction 
PN, let Q be itj* position after a time *. 

Consider separately the motion in the 
two directions PT and PN. The obliqne 
components of F in these directions are V 
and zero, while those of gravity are zero and 

7. We therefore have PT= Vt, and TQ = \<fe '. (5). 

Draw QN parallel to TP and let PX= ij. QX= f. The equation 




■■(6)- 



of the path ia therefore f'= 17 

This ia the equation 0/ a parabola referred to any diameter PtF 
and it« oblique ordioates QN. If 5 be the focus, this equation 
must be the same as f ' = 4 . SP . ij. We deduce the following 
useful rule. The velocity at any point P of tbe path is Uiat due 
to the distance of P from eitiier the focus or directrix. 

Since the velocity at the highest point of the path is equal to 
the horizontal velocity, it follows that one quarter of the lotus 
rectum, i.e. AS. ia e<jual to V- cos-aj^g. See Art. 155, 

We have also another foi-raula ti> find the time of transit 
along any arc PQ. Let the vertical at eitiier end, say Q, intersect 
the tangent at the other end in T, tiien the time of descfibii\g the aro 
PQ is the same as Uiat of describing QT from rest under the action 
of gravity. It is also the same us that of desa'ibing PT with a 
uniform velocity equal to that at P. 

IBB. Ex. 1. If tliree heavy purtlclei b« projeated Bimaltaneonsly from Uie 
Mme point in any dircctiani with unj veloeitieB, prove that the plane pasBbig 
through thoDi M>i]l itlwajH remain psnUf^l to itself. [Math. T. 1847.] 

If Rravilj did not act. the plane of the particles woold be always parallel to a. 
Bind plane. When gravity acta each particle ia pulled through the fame vertical 
■pace in the xane time, hence the theorem remains true. 



I 



a parabolic trajeelorj, prove 
rO the lengthB of those tangentx, 
c PQ into two portB whioli ure 

1 T. Then by the triangle or 
D and magDJtude the velocity 
transit. Sinoe 
1 above Tollow 
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Kx. 2. Two tangents PR, QR are dravm I 
(1) that the velocities at P and Q are proporlional U 
knd (3) that the vertical through I? divides the n 
described iil equal times. 

Draw QT vertically to intersect the tangent PR ii 
velocitiet, thegideiii IIT, UQ, TQ represent in direatio 
at P, that at Q, snd that added on by gravity during the t: 
the diameter through tl bisects the chord PQ, the resalt» p 

Kx. 8. Two hnlls A, II eiiual in all respects are on the same horizontal line. 
The ball A is projected towards B with velocity o, while at Che same instant S il 
let fall. Prove that the balls will impinge and thai after impact, the ooefficlent of 
raititotioD being unity, A will fall vertiwilly and II will describe a parabola of lalus 
nulimi 2v*lg. [Coll. Ex. 189S.] 

The balls will impinge beoanse the strKigbt line joining their centres moves 
parallel to itself. At impact they exchange their horizontal velooities. 

Kx. i. If r, u', r" are the velocities at three points P. Q. Ii of the path o[ a 
pnijectile, where the iaclinations to the horizon are a. a - ^. a - 2p. and if (, I' be 
the limes of describing PQ. QR respectively, prove that 

D"t = ft: ' + 4=^'^"'"''. [Math.T. 1847.] 

Ileaolve alunM and perpeodieular to the middle tangent. 

ICx. 3. Three heavy particles /'. Q. R are projected at eqnal intervals of time 
from the same point to describe the same parabola. Prove that the locns of the 
interseotion of the tangents at P. it is a parabola. Prove also (1) that at any 
time t after the projection of Q, the tangent at Q is parallel to PR. (3) that each of 
these lines is parallel to tiie straight line joining O to the position of Q at the 
time ar. 

169. To project a particle fnym a given point P witii a given 
velocitg V so that it shall pass through anothej- given point Q. 

The velocity at P being known the common directrix HK of 
all parabolic paths front P to Q is conatructed ,., 

by drawing a hoHzoDtal at an altitude V^I2g 
above P. With centres /-■, Q and radii PH. 
I QK we describe two circles intersecting in 
[ a and 8'. Then S. S' are the foci of the 
parabolic trajectories which couki be de- 
scribed from P to Q. There are therefore 
two parabolic paths. 

The two foci are at equal distances from the chord PQ, one 
lying oa each aide. The two directions of projection may be 
found by bisecting the angles HPS and HPS'. If 71, 7, are the 
angles these directions of projection iiuti^e with the chord PQ, and 
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^ the angle PQ makes vrUk the horizon, it easily follows that i 

We notice that the three aidcB of the triangle P8Q are known, 
viz. PS=V'l-2ff, if y be the altitude of Q above P, Q8 = PS-y, 
and PQ is the known distance of Q from P. 

It IB clear that when PQ is greater than the sum of the radii j 
PH, QK. the two trajectories are imaginary. The greatest possible 1 
distance of Q from P in any given direction PQ is found by making I 
the foci S, 8' coincide and lie on PQ. In this case PH +QK = PQ. 
Drawing a horizontal line H'K' above HK so that HH'=PH^ 
it immediately follows that QK' = QP. The locus of Q is therefore j 
a parabola whose focus is P and directrix H'K'. This new para- 
bola therefore touches HK at its vertex H. It is represented in \ 
the figure by the dotted line. Unless the point Q lie within the i 
space enclosed bi/ tins parabola, it is impossible to project a particle I 
Jrom P with the given velocity V, so that it shall pass through Q. 

If the particle is to be projected from P with the lea.st velocity 1 
which will enable it to reach Q, the direction of projection must 1 
bisect the angle HPQ and V' = q(r+ y), where r is the distance ] 

PQ- 

ICO. Ex, 1. A particle ia projecled from a point P with velocity I' 
paaB through a point (/ whose coordinatcn referred to /> as oiigio are x, t/, the axil I 
of >j beinK vertical. Prove that the directiuna of projection are given hy | 
utiadiatic 

taa"a tBna + l+ — / = 0, 

and that the two times at transit are the poflitive roots of 

FroTb that the prodact of the times of transit is independent of the initial I 
Teloeitjr V and ia equal to the square of the tine occupied by a particle falling from J 
rest vertically through a disttmoe equal to Ft/. 

Prove ftiso that the polar eqaalion of the bounding parabola is F'/gr = 1 + oiw (^ I 
where the origin in at P and S is the angle r makes with the vertical. 

See ArtB. 154 and 13.?. 

Hi. 2. Prove that every parabolic trajectory meets the bounding parabola Id I 
It point whose abaciHsa is i = 3ft cota, and whose depth below the direotrii of the 'I 
Irtt]eotory is /i cot's, where h a the }ieight of that directrix above the point o( J 
projeotion. 

If they meet, [he curves most touch for otherwise it would be possible to find ^-A 
trajectory which would pass through a point beyond the boundnrr. 
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Ex. 3. The point PbainR fiied aud Q hBvinK any poailion, iLe langentHat /'. y 
U> one parabolic path from P to y meet in T, those to the otber iu 7", tbe Telocity 
at P being given. Prove that the Iocub of the middle point of TT is the directrix 
of aitbec purabola. 

Prove aliiothat for either parabolic patli. the velocities at P, IJ are as FT to T(^. 

^^_ tmi for the two pathn the times i>( transit from P to y are oa iT to PT. 

^^m Hi. 4. A fort of vertical height k stands on a plane hill-aide which makes an 

^^r ftngle a with the horizon. Prove that a gun which can lire with muxzle velooit; I' 

from the top or the fort commands a district whoHe shape is an ellipse of 

eccentricity sin a, and whose area is r sec a ViV^ sei^ a -Vikg)j g''. 

[Coll. Ei. 1696.] 

Tbe paraboloid whotie focus is the top of tbe fort and whose directrix plane is 

at au altitude V'j'j is the boundary of all pUces vhich the shot ean reaoh, 

Art. 159. The paraboloid cuts the plane hili-side in an ellipse whose projection on 

II horizontal plane is a circle. The rest follows eaail;. 

I Ex. b. At a horizontal distance a from a gon there is n wall of height h which 

ii greater than a-i/n^/r'; prove thot it the shot be fired off with a velocitj siu a 
THTtical plane at right angles to that of the wall, there will be a distance on the 
other aide of the wall commanded by the gan equal to .^ — - ^ |i>* - a?ii' -ihv'ix)-. 
IKOTided this expnwsiuu is real. [Coll. Ex. 1893.] 

Ei. t. A particle is projected with veloci^ V along a straight frietiouleas tube 
tf length l, inclined at an angle a to the horizontal, and after leaving tbe tube it 
Aeicribesa parabolic trajectory; prove that ita rrtnge on the horizontal plane through 
]he Mint of nroieotion is i pob = 4-— ™i.» mn n -Jl j- /"ij. - ^^' 
; 



■!-('■ 



) [• , where 
[Coll. Ex. le9<).) 



e point of projection is i c«b a + — 


Ex. 7. Two smooth planes are at right angles with their edge of 
F horizontal and are equally inclined to the horizon. Prove that a perfectly elastic 
particle projected horizontally in a direction perpendicular to tbe common edge 
from a point vertically above it will return to its oriffina! position after two 
rebounds. [CoU. Ex. 1B96.] 

Ex. B. Two psrHboloH havi> their axes vertical and vertices downwards and tbe 
focns of each curve is on the other. A particle, whose coefficient of 
unity, i" projected so as to rebound from the curves at each focos 
prove that It wiU after the second rebound pass through its point of projection and 
follow its original path again. [Coll. Ex. 1897.] 

Ex. 9. Two partieles are projected from the same iioint at the sanie instant 
with velocities v, r', and in directions a, a'. Prove that the time which elapses 
between their transits through the other point which is common to both their paths 
ie ? - '' "" *-," -''-, . [Matl.. T. 1941.] 

Ej:. 10. A man travelling round a circle of rodinn ii at speed v throws n Inll 

tttan his hand at height h above the ground with a relative velocity V so thst it 

sJights at the centre of the circle. Prove that the leaet possible value of (' is given 

by r> = t.» + fl lV(a' + h')-'il- [Coll. Ex. Iai)6.] 

If the man were stationary, tbe least value of V is given in Art. 159. To find 

le relative velocity we add to this ( - v)-. 
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_j^ „ rt >ff«et llie hofitiMUkl tnotiii*. tat J 

^ lh« Mow M B must be Uken •ecoont of. I«l O.V= 
and M (, . f, be the time 
c BCJ. , Tboi JtsfcMoi,, and the bomootBl ralodt^of ih* 
atf tVetma, «• hare alao li=rFeotal,. The nitc^ time is 



fA. U kmASnthnt 



I tiw TirtUKl tnotioa. the blow at A may no* be neglected while 
be allowed for. Let r^. if be the timm of ttanail along ARC and 
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i( of l)il« iiaaiiiatic ii negative and the other is pnatttve. The toraiMJ 
« tliv time before leaTing A at wliich (be particle migbt have passed ttefl 
Invcl III th* Rriiaiid and U here iuadmiwtible. We take the positive root. 
Um vi'rtioal vclMity of arrival at (' tHken podtiTcly. 

l"'-T"«n'« + a/|lt, li = «'r',-ljV- 
Botli thn valunB of r^ thne found arc puRltive, and give the times of tri 
I' liii A awiorilinB a* thu particle paniieit throuKh A on the op or on 
journey, TakinK lioth tlieno vatucH we lee that the rpqaired condition ie toand hf3 
vitaallnH I, i r, to ulthar of the values of (g + If 

Hj'. S. a ball i> projooted from a point A on the Hoor of a room, s 
rahound from the wall (Hloatlaity r) and bit a giyen point II on the Hoot. 
Inlarmwtlon o( thv Root ami wall be the aiin of y and let A be on the axis of jc 
ir H, V, HT bo the oomponenti of velnoityof projection and a-, tj the given ooordinati 
of /I, provn that fuft-^rva I vr, and Srw^ifj/. 

Kr. II, A )iartlalo I* proiuoUNi frnm a given point O on an inclintd plane in a 
direation making an angle y with tlie 
plane, the inclination of the plane being 
^, Investigate the condition that the 
particle passes through O at the nth 

We consider the motioHA parallel and 
perpendicular to the plane separatelj. 
Tlie motion parallel lo the plane in not 
affected by the impacts. If T tepresent 
tht> whole time of transit from O lo 




again, 



■ehave reoBy = ^g'. 



afiT. 



The motion perpendicular I 
lane is affected by each impact. TIm' I 
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ocity Rfter e, time T,, where I'liin y-ljgcosffT,. The particle reboundfl with ii 
pendiculnr velocity <raiii-v and the time of trgnsit from A, to A, is found as 
The whole time of transit in therefore 



ri + r,+4c.= 

Equating the two complete ti 



, we have the condition 
,l,.cot^,(l-.-)/|l-,l, 
It of the velocity of projection. 
Let fi,. B,j, Ac. be the points at nbieh th« tangents to the path are parallel to 
e inulined plane. The time of transit from O to II, is obvioiul}' equal to {7,, 
le that from B, to it, is I, (T, + T,), and ao on. If (', be the point at which the 
a perpendicular to the plane, the time from O to C, is clearly equal to ) ]'. 
Ex, 4. A ball whose elasticity is e is projected with a velocity V and rebounda 
from an inclined plane which passes throuRh the point of projection. If ii,, A,. P, 
be any three eonaecutive ranKes on the inclined plane, prove that 

iJa- (i! + ti')H, + (H'Ji, = 0. [MaUi. T. 1842.] 

Ex. S. At two points A. I) of a parabolic path the directions of motion are at 
Kri(^t angles. It D he the distance AB, 6 the inclination to the horizon, V the 
^velocity at .4 or i(, prove that V^=gl> {I i= nine). 

A. particle is projected from a point on a rough horizontal plane with a 
^■elocity eqnal to that which wonld be acquired in falling freely through a height h. 
n a direction making an angle a with the plane. The particle is inelastic and 
le coefScientii of both the frictions ore taken eqnal to unity, prove that the range 
the point of projection to where the particle comes to rest is etjual to 

h(l + Biu2i.). [Coll. Ex. 1897.] 

The particle describes a patabola with a range 3Asio'2a. On arriving at Che 

I, there is an impnlsive friction which reduces the horizontal velocity from 

a to i'' = rcosa - iiun a. After describing a apace i', when i-'*~2gi'. tht 

2le is reduced to rest by the tiiiita friction. Tile whole range is 2A sin 3n + «'. 

Ex. 7, A perfectly elastic particle slidea down a leiiRtli ' of a smooth fixed 

LDed plane, and strikes a smooth rigid horizontal plane passing through the fool 

ilined plane. Prove that the maiimum range of the ensuing parabolic 

path, as the inclination of the inclined plane is varied, is 81/3^3. [Coll. Ex. 1896.] 

c. 8. A smooth inclined plane of moss il. inclined to the horizon at an 

a, is free to move parallel to a vertical plane through the line of greatest 

A particle, mass m. is projected from a point in the lowest edge, up the 

if the plane with a velocity T' making an angle fl with the line ol greatest 

Prove that the range of the particle on the plane is ■ — —, — . " . 

[Coll. Ei. 1897.] 
r. 9. Two inclined planes intersect in a horizontal line, their inclinations 
to the horizon being a and fi; it a particle be projected at right angles to the 
former from a point in It so as to strike the other at right angles, the velocity of 
projection is 

sin^[2,-,.</lBina-8in^oos(« + ^))]*, 
a being the distHncc ol the point of projection from the intersection of the planeti. 



<»2 RESISTANCE VARIES AS THE VELOCITY. [CHAP. III. 

Ki. 10, A heavj particle deBcende the outside of a circuUir arc whone plane is 
vertical. Prove that when it lesTeg the circle Bt some point Q to describe a para- 
bola the cirale is the circle uf curvature at Q of the parabola. 

Thence show that the chord of interBcction QR of the circle and parabola and 
the tangeut at Q mflJie equal angles with the vertical. Prove also that the axiH of 
the parabola divideB the chord QR in the ratio 3 : 1. 

The lirat part follows from Art. afi. Since the pressiire is sero at Q, ti'/p, and 
therefore p. must be the same for the circle &nd the parabola. Tlis rest follows 

Ej:. II. A particle projected horizontally from the lowest point A at a circle 
whose plane is vertical leaves the circle at C and after deeoribing a portioD of a 
parabola intersects the circle at D. If B is the highest point of the cirole prove 
that llie arc BD la three times the arc RC. [Deapeyroas, Coun de M(c.'\ 

Ex. 12. A particle in projected so a» to enter in the direction of its length a 
jtmootb utraigbt tube of amal! bore fixed at an angle 46° to the horizon and to pass 
out at the other end of the tabe; prove that the latera recta of its path before 
entering and after leaving the tube diCFer by ,^,'3 timeii the length of the Cube. 

[Math. TripoH, 1887.] 

Ex. 13. A man standing on the edge of a cliH throws a stone with given 
velocity u at a given inclination in a plane perpendicular to the edge. After an 
interval t he throws from the tiame spot another stone, with given velocity r at an 
angle \ir-\-8 with the line of discharge of the first stone and in the same plane. 
Find T so that the stones may strike each other; and prove that the maximum 
value of T for different values of S is iv^jgw, and occurs when sinS — I'/u, tr being 
!■'» vartieal ooinponent. [Math. Tripos, 188(5.] 

Ex. 14. A particle is projected from the highest point ot a sphere of radios c 
so as to elear the sphere. Prove that the velocity of projection cannot be less thaa 
s/iigc). [Math. Tripos. ISfla.J 



Resistance varies i(s the velocity. I 

162. Tu deteniiine the motion of a heavy particle when the 
resistance of the •medium varies (is the velocity. 

Let the particle be projected from any point with a velocity 
r in a direction inclined at an angle a to the horizon. The 
equations of motion are 

d'x _ dir 
dP~~'^di' 






th these equations f 
i integrating, we find 



di ' 
= Kcos a, dy/dt + Ki/ = — gt + Vsma. 

r the linear form, multiplying by ( 



r= F" 0080(1 — 6"") 
>/ = -gt + (rt 



l-i)(l- 



ART. 104.] THE RESULTANT AOOKLKRATION. 93 

where itL = g, so that L is the limiting velocity, Art. 111. Thi- 
horizontal and vertical velocities at any time t are 

dx/dt = VcoB oe-*', dyjdt = - Z + ( Vsin a + £) e""' .. .(2). 

163. From these equations we deduce the general character- 
iaticB of the motion. We 
notice that when ( is in- 
finite icx= Keosn. There is 
therefore a vertical a^mp- 
toie at a horizontal distance 
OH = Vcos ajie/rom the ori- 
gin. Let the tangent at 
intersect the asymptote in 
T„ then Or„ = VJK and 
V = K.OTa. Since any point 
P may be taken as the origin, it follows that the velocity at any 
point P is proportional to the length PT of the tangent at P cut op' 
by the vertical asymptote. 

Tracing the curve backwards we make i = — oa ; we theu tin<l 
that both £ and y are infinitely great. Since the exponential is 
infinitely greater than (, both yjx and dyjdx have ultimately the 
same ratio. Representing this ratio by tan ^. we have 

tanj8 = tana + i/Kco8a (3). 

The curve has therefore an infinite branch, the tangent or asymp- 
tote to which makes an angle (9 with the horizon, determined 
from the initial conditions by this equation. This asymptote is 
at an infinite distance from the origin. 




'xponentials from the values of x and 

(*), 



164. Eliminating the ( 
y. Art. 162, we find 

y = x tan — Lt.. 
a linear equation which must hold throughout the motion. 

Drawing a straight line OB parallel to the oblique asymptote, 
this equation shows that the vertical distance of P from OB is 
PB= Lt, where L is the limiting velocity. 

The perpendicular distance of P from OB being Lt cob 0, the 
resolved velocity at P perpendicular to the oblique asymptote is 
constant. The resultant acceleration at P is therefore parallel to BO. 



94 RESISTANCE VARIES AS THE VELOCITT. [CHAP. III. 

165. General principle. Since th« resistaDCe vaxit^ as thi- 
velocity. the resolved resistance in any direction is proportional 
to the resolved velocity in the same direction. The general 
principle proved in Art. 154 for motion in a vacuum will therefore 
apply to the motion with this law of resistance. The circamsturices 
u/ the vwtioH parallel to any fiaed siraiffht tine are indfpetideiit o/ 
t/tose in uh_^ othet- direction. 

isa. Lei Ihe purtiale be projected ttoui a dielunt point f: on Ihe oblique 
brancb with sncb a velocity that it deMoribei; tlie trsjectorf. Consider the oblique 
resolation of the motion in the direction of (1) the tangent or aajniptole al E 
and (2) the icrtical. In the tonner motion the pnrtide is Acted on onl^ b; the 
reaistance. and the acceleration at anj time ii therefore - n, where u is the oblique 
eamponent of velocit; parallel to the aejmptote. In the latter motion the particle 
RlArtine from rext is acted on by f^vity as well as by the resistance and has thus 
acquired ite limiting velocity /,. This compooent in constaiit in direction and 
magnitude so that I be occelerution if ^leco. 

Combining these two motions, we «w that in any pooition F of the particle, 
the velocity r along the tangent I'T is the resultant of the vertical limiting 
velocity I. and a velocity u parullel tu llie oblique asymptote. If [' and n be cor- 
responding velocitiea at any two points U and P ol the trajectory, u= Ce"**, where 
( 10 the time of tmnnit from O to P; Art. 103. We also notice that the lesultuit 
acceleration at P is equal to - ku. 

Taking a |iarslleJ lltl to the obliqne asymptote and the vertical as axea 
reference we have 

i=(;(l -'"")/«. 1-i.f {I), 

where i = OIi, ti^UP. If we refer the motion to the tangent at O and the lertioal 
an axea, we have {'= CiA, ti' = AP. We find by considering the motions in theM 
direotiont wparalely 

.f-r(i-^'"'). -v-i/'-i-U-'"") (2)- 

ia7. £,>. I. Particles are projected from a given point O at the same insto 
with equal velocities in didereul directions; prove that the locus at any time is n 

Refer the motion of any particle- to the tangent OA and the vertical as aies of 
i. T). Both i, I) are evidently functions oI t which are independent of a. The 
loons is therefore a sphere whose radius is ( and whose centre is at a depth q 
Mow O. Art. ItiG. 

Ex. 2. Particles are projected from n given point O at the same instant with 
different velocities in the same direction OA. prove that at any subsequent time 
their locus is a straight line parallel to OA. Art. IBS. 

le J to the horii^oii and the direo- , 
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pjUtT. 168.] THE THRBI: EQUATIONS. !}5 

r. prore that the time (, of 



4-, (rain ■). + /. cos i)-j,(r«OB-).-ff. sin 0='-.f(ei)«('+V); 
e latter uquation being alao true for all poLota od the trajectory. 

H.r, i. A ptujectile rao\tn uoder gravity in a onifoTiu medium wliose resistance 

jiea uB the velocity. Prove that the hodograph of tlic trajectory is a Htrsight 

■line and thai the velocity of the poiot on the hodograph is prupociional to thu 

VllorUontal velocity of the projeotilc. [Coll. Ex.] 



Rexiatatice varies us the «'" power cf the velocity. 

To find the motion of a heavy particle, when tite resistance 
I varies iif the »'" power of the velocity. 

Lt'l ^ be the angle the tangent at any point P of the path 

L makeN with the horizontal, p the radius of curvature measured 

[ positively do^-nwards so that p = — dajd-^fr. Let v be the velocity, 

Lu the horizontal component. Following John Bemoulti, 1721, we 

lolve the motion normally and hoiizontally, we thus have 

Kim ^ = h and p = - vdtldy^, the.se become 
dt u du 



Wt obtain one integral by eliminating dt, 

'''i^* / u \"-^' . J__ 1 ^_f!*r* _#L_ 
rfi^ g ' \cos^/ ' ■ ■ li" Mo" J J. (co.si^)"+' ' 

where a is the angle the initial direction of motion makes with 
the horizon, and u, the initial horizontal velocity. 

To effect this integration we put p = tan-^, we then have, 
except li = 0, 

^.-i,.'-jj<-^+r'^"-^p (B). 

the sign of the radical when n is even being such that the subject 
of integration is positive between the limits ■^ = a and ^ = — J tt, 
i.e. p =p,. and p = — x . 



ttESIBTAKCE VARIES AS n" POWBE OP YELOCnv. [CBAF. In 



We can conveniently take either 
variable, and thus we obtain the two b 



[ or p as the iDdependeotJ 

ts of relations, 



..(0). 



1 f ,J If ■*" I 

If,, If pdu 

The first follows from equation (A), the second and third from J 
the obvious relations dx = udt, dy=updt. The limits in all thej 
integrals being p =}>„ to p or u = w„ to u. 

In this manner all the circumstances of the motion can be] 
espreased in terms of one independent variable which may 1 
either p or m. 

It b evident that the integral (B) has considerable importanct 
in this theory. Putting 

If .. = /(!+()■)'-" rfp. 
we see that when ii = 2 or n = 3, 

'''.-41p(i+/'')'+l»g(p+(i+p')')l. v,=p + if. 

We may also find a general formula of reduction, viz. 

(n + 2)]r„*, = (»+l)Tr„+j)(H-p')""''" (!>). 

When the resistance is a constant force, say Kg, n = 0, and t 
integral (B) takes the form 



.«Y^/l+sin,/.y 



— sin 1^/ 
where a iw the velocity when tie particle is moving horizontally, 

169. The equations (C) have been applied to the calculation 
of the trajectories of shot in various ways*. When the angle of 
elevation is not more than 10° to 15°, as in the ease of direct tire, 

' Bashfortlt, Phil. Trann. 1868, Trtatue on the motion of pr(>jectiUt, 187^; 
supplement, 1881, ProueedingB of B.A. InatUotion, 1B71 ftocl 1966. W, D. NiTen, 
On the culculatioit of the tr^ectoriei of ehot, Proceedinga ot the Royal Sooiety, 
1877. Ingall, Exterior Balliitie; 18S5. An aocount ol Siooei'a method is given 
by Greenhill in the Proc. of the R. A. Institution, vol. xvn. See also ArtiltfTy, iU 
progreai and preient poiHion by E, W. Lloyd and A. G. Hiideock, 1893. Greenhill, 
On the motion of a pT(gectiU in a reriiting nwdium, ProceedingB of the R. A. 
Inatitntion, voU. ii.. in,, irv., 1880 to 1886. 



isT. irij 



THZ LAW OF RESISTANCE. 



97 



I 



we may regard the trajectory as so flat that we can reject the 
square of p. Taking u as the independent variable the integration 
can then be effected without difficulty. When the path is more 
inclined we can divide the whole path into subsidiary area for 
each of which p may be regarded as approximately constant 
though of a different value in each arc. If the arcs were sniall 
enough the initial value of p in each arc might be taken as the 
proper value for that arc. For longer arcs it becomes necessary 
to give p a mean value taken over the whole subsidiary arc. 

170. In artillery practice the values of the integrale (0) ore commonly inferred 
from tables espedally conBtructed tor that purpoae, different tables being iiB«d to 
find f, I and i/. Opinions differ as lo the best methods of conBCmctiiig and using 
these tables. Baahfortb represeutB the law of resiatanoe by a^ where k js t 
function of the velocity whose values are deduced from eiperimant. These values 
for a shot of given cross section and weEght and for air of given deouty are 
tabulated for every few feet of velocity. In effeoting the integratioiia (C) the 
quantity ■ ie regarded as constant and in a long are a value auitable to a mean 
velodi? over the arc has to be found. This diffionlty having been overoome, the 
integrals (C) are tabulated for different values of x and between oertain ranges of 
Wgle. 

In the Italian method a quantity allied to the velocity is taken as the indepen- 
dent variable. To enable the integrations to be effected the quantity p is taken as 
ooDStant throughout the subaidiary ace. The integrals (C) are then deteimined 
either by the use of Cables or by giving the index n the value suitable to the range 
of velocity in the trajectory. 

An aocount □( the methods of constructing and using these various tables 
would lake us too far from our present subject. We mnat refer the reader to 
special treatises on Artillery. 

171- Iiaw of resistance. Many attempts have been made 

to discover the law of resistance to the motion of projectiles. 
Passing over the earlier experiments of Robins and Hutton we 
may mention as the most important the long-continued series 
made by F- Bashforth with the help of his chronograph. By this 
instrument the times taken by the same projectile in passing 
over a succession of eqtial spaces can be measured with great 
accuracy. Other experiments have also been made on the con- 
tinent, for example by Mayevski in 1881. It appears from all 
these experiments that the resistance cannot be expressed by 
any one power of the velocity. The general result is that for 
low and high velocities the reMistance varies as the square of the 
velocity, and for intervening velocities as the cube and even a 
higher power of the velocity, 

R. D. 7 



BBSISTAKCE TAKIBS AS n" POVKB OF TELOCITT. [CHAF. I 

To be more particular, let v be the velocity measured in feet .1 
per second, d the diameter of the ogival headed shot in inchefl> I 
w the weight in pounds. Then taking the resistance to be j 

(9 — (jnjifi) . Bashforth's experiments show that 

V < 850 Ti = 2 ;9= 61-3 

v> 850 < 1040 M = 3 /9= 744 

r>1040<1100 « = 6 /9= 79-2 

i; >1 100 < 1300 « = 3 ^ = 108-8 

«> 1300 < 2780 M = 2 (3 = 141-5. 

Hayevski's experiments led to similar results except that the J 

highest power of n was n = 5. The values of ,9 were also different; J 

because the shots were more pointed than in those of Bashforth. 

We may notice that though the resistance for low and hig^fl 
velocities follows the same general law, yet the value of thel 
coefficieut is much greater for the high than the low velocitiea. T 
When the velocity of the shot approximates to that of the velocity I 
of sound in air, we might expect a considerable change in the ] 
law of resistance and this is shown in the results given above, 
171. To ddcuit the notion u/hen the rciiitancr varirs at the iquare oj 

Id this oaiB we tva obUin two Qrat integrals of the equations of motion. ] 
Baiolving norm all; and horisontkU; as before, we find 

^ = ((oo»(!', ^=-ire'oosV=-«t^ (1). 

Dividing the latter eqnation bj u and integrating 

logi( = ^-«, .-. » = «/-•» (2), 

where Uq is tbe horizoDtal velocity at tlie point of projeotion tod i is meaauni 
fromO. 

Besides this we have the integral (B) alieadj obtained in the general case bf | 
eUminating lit bom the equations of motion. Writing p- -ib/<I^ and peoBf=ii, 
In (1), w« and as before 

^=__"- ^=__!^ (8) 

d^ jjooa'il'' ii ooaifr 

■■-^.'-'jj3f-'jh*-'>" '"• 

where p = tan^ as before, and the radical is to be taken positively. Integisting 
'.-J|,^/(l + j') + log(r + V|l + I.'))}+B (5). 



ABT. 174.] THE SQUARE OF THE VELOCITT. 

Elkoiiuitiiig u between (3) and (5) we Snd 



eqaation of the path. 

ITS. To diacnaa the form of the onrve U will be oonvenieiit to plane the origia 
the higbeit point so that initial!; p = 0. We then haye 

^^,(l-f-^') = pV(l + P') + l"8lp + N/(l + P^I (7f- 

When ■ iDcreases to positive ioGniC; we aee from (2) and (7) that u tends to 
infinity. Since by (3) or (C) 
gdt= ~udp and gdx = gadt= ~ li'dp, 
it follows that both dtfdp and dxidp ara ultimately zero. We shall prove that 
while ( becomeB □Itimutet; infinite, x tends to a finite limit. We therefore infer 
that the curve liai a vertical atymptotc at a finite ditlaaee on the potilivt tide of the 
higheit point. 

To prove this we refer to (6) and retaining only the highest powers of p, we see 
that 1/u' is of the order p'. Putting « = hjp when p is very great, we find 

fl(= -Judp= -ilogp, gx=. -ju''dp = b'lp. 
Taking these between the limits p = P| to infinity where p, is any large finite 
quantity, the first gives the lime the particle takes to travel from the position 
defined by p=pj to that defined by p:= - cc.and the second gives the corresponding 
horizontal space. We see that the first ie infinite and the second finite. 



174. CoDsider next the other extremity ol the trajectory. When the arc is 
^tivelj very great, we see by (2) that u is positive and infinite. It also follows 
y (7) that p tends to a limit m given by the equation 

-glK<.^' + mJ{l + m^) + log{m + ^{l + m')) = (8). 



^Bteativ 

^^^nfoce the left.band side passes from a negative quantity to positive infinity as n 

^^^Mliies from aero to infinity, it is clear that this equation ban at least one positive 

^^^RDot. If the equation could have two real roots, the differential aoefficient of the 

^^^ laft-haod side would vanish for some interveniog value of m. But ainoe tha 

differential coefficient is 2^(1 + in^) this is impossible. It follows that the curve on 

the negatife lide of the higheit point hat on aryntptole inclined at a finite angle to 

the lioriton. We shall now prove that thii atymptole it at a finite diitanee from the 

highett point. 

To prove this we examine the limiting value of the intercept of the tangent on 
the axis of y, vis. y-xp. wbenp = ni. Remembering that gdx= -u'dp, dy=pdx, 
we have siy - xp) = - Jpu'dp +pju'dp, 

the hmite being p = to p. As we only wish to determine whether the limit is 
finite or not we shall integrate from p = rK -fj to p-m, where (, ia gome finite 
^ quantity ae small ss we please. The remaining parts of the integrals will he 
■eluded in two finite constants M aniN. Writing p = m-(, we have 
g{y-xp) = jini-e)u>di-im-(]lu'd(-ia->-pN. 
B limits being i = (i to 0. To find what function u ia of { when { is small, we 
> equation (6). Remembering that £ = l/u,' since u=Vg when p = 0, we 

7—2 
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mite that eqaBtion in the form 
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i^^m 



Eipaoding and remembering that dfjdp = 2^(1 i-p') we find after subtraating (8) 

^, = ^J(l+™')£ + ^f+ ■■ "''=&'/J + -l' + B'f+..,. 

wheie t>', J'aud£'are finite com tanla. Substituting nefind t);an eoaj integration 

ff(j,-ap)= -(."J + i'Jlogi + Ac., 
where the tta. inoludea only positive powers of f . Taking this between the limits 
i = ii to 0, the reialt is finite. 

170. Ei. 1. Prove that, when the resistance varies as the square of the 
velocity, the time of desoribing the infinite are on the negative side of the highest 
point is finite. 

Beferring to equations (C) and writtnj^ p = «t - (, ii' = {></{ we see that the til 
of describing the infinite arc from ;> — m to p— Pi is il^[m-pi), where M ii 
finite qaantity independent of ^ or p. tlhia result is finite ; see also Art. 116. 

Ex. 3. When the resistance varies as the square of the velocity, prove that I 



the polar equation of the hodograph la -^ = 



j7= siah-' tan e ) 



Ijt ' 



where the origin is at the highest point, V is (he hori^.ontal velocity, V the 1 
terminal velocity and the initial line is horixo&tal and 6 is measured positivelf I 
downwards. [Coll. Ei. 1893.] 

This is a trans formatian of eqaation (G) of Art. 173, writing r, - S, for r. ^. 

Sx. S. When the resistance varies as the square of the velocity, prove that 
the radios of curvature p at the point where the normal makes an angle ^ with the 
vertical is given by 

2/Kp = csin"^ + 2sEn>#1ogcoti^4-sin20. [Coll. Ex.] 

ITC Ex. 1. When the resistance varies aa the nth power of the velocity. 
prove that the cnrve has a vertical asymptote at a finite distance on the positive 
side of the highest point. 

We have o = u^(I+p') where u is given by equation (B). Now, by the action of 
gravity, p continaallj decreaBcs from one end of the trajectory to the other. After 
the projectile has passed the summit p becomes negatively great and (B) then give* 
u = L/p, where L is the limiting velocity. We thus have i' = L when p = x . Sub- 
stituting ut^Ljp in (C) and integrating from p— p, to oo, where pj is any laiga 
finite quantity, we find that t and i/ are infinite and x finite. ' 

Ex. 3. Prove that, whan the rosiatiince varies as the iith power of the velocity, 
n being 3-2. the are of the trajectory on the negative side of the highest point 
b^ns at a point at a finite distance from the origin. Prove also that the tangent 
at this point makes on angle tan~' in with the horizon given by 



Jji+f)ii— 'd,.-^-., 



Art. 1T4, this equation has one positi 



re any eontemporaneons values of u and p. See Art. IIS. As ia 



■. 177.] 



VARIOUS ITESIH.TB. 
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In the extreme initial position oC tha particlij' xha velocity is inQnite. Slnoe 
i'=Us/(I+Jj') wemnet there have either u at p inBnita. Itp = to, (B) gives a = i/p 
uid this makea i; finite. The equation giving m is theiefora obtained by putting 
UKo in (B). To determine the position of the particle when thlp-oooorBwe expresB 
in terms of p and ose the ei^uationa (C). Let Che initial position, defined by 
=Po be such that Pa = '"-i] ohere £, is a finite qaontity aa small.as v/f please. 
I Snbatitnting p — n- f in (B) and using the equation given above Co And -m, we 
= (*>/{ where b is a oonatant. Suliatituting in (C) and integrating. &om 
{ we find that I, x, and y are finite when f^O. 

3. When the law o( resietanoe is the nth power of the velocity, and u, ti' .- 
I mre the horizontal velocities at any two points of the trajectory at which the 
I tangents make equal angles with the horizon, then '-ii + -ii = ~s where a ia the 
I Telocity at the highest point. 

. When the resistanee is k'+kv'^, investigate the linear eqaation 



. f"" 



;=,l^p>)H» 



■•'. 



■ 

■ 



vhere u is the horizontal velocity and p it the tangent of the inolinatioa to the 
borisoit. Thence show that the determination of I, i, y may be reduced to inte- 
'gntion. [Allegret, Bullelin di la SociiU Maih. ISTS.] 

Ex. 5. When the resistance is conxtant and equal to tg, the highest point 
being the origin and the velocity being a, prove that the horizontal velocity u at 
any point of the patli ia u^a(tan9)' where 28 = }p + ir. Tbenoe dedaee Irom the 
integrals (C), Art. 1G8, the values of f, :c. y in terms of tan B. 

3r —1, the subsequent path has a vertical asymptote which is at (be 
-finite distance £ — 2<a'/0(4iE'-l) if ■>■}, but is at an infinite distance if x-c^. If 
>K> 1 the particle arrives at a point C at which the tangent is vertical in the finite 
time Kalff (k' - 1). the coordinates of C being ana'/j (*«' - 1) and - a'/4fl («' - 1). 

On the negative side of the origin, the curve begins with a vertical asymptote 
which is infinitely distant and the time of describing the arc is infinite. 



LB the eabe of the velocity, the equation (B) 
it the point at which the velocity it infinite and m being the 



the origin being taken a 
corresponding valne ol p 

To discuBB the motion we substitute thia value of u in the integrals (C). For 
the reduction of these integrals to elliptic forma we refer the reader to a paper by 
Oreenhill in Che Pioceeding'i of tht Royal Artillery Inititulioji, vol. xlv. 188G. 

Ex, Show that for Che cubic law of resistance the velocity is a minimum at 
the point given by the negative root of the quadratic p^~m{m' + A)p = l. Show 
also that when the direction of motion is perpendicular to the oblique asymptote, 

, the horizontal velocity u is given by -^nt-f-— where L is the limiting velocity. 



I 
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17B. Some foimulie hnvelilao been given b; tbe late Prof. AdaniB to deterr 
the coordinatea at a patticia projeoted at any iudbation to the borizoD on 
Bupposition that tbe>eiiHtance varieB aa tbe ntb ponei of the velocity and that the 
path ia not 'ven-pbrred. Those vera fint published in the Proectdingi of the 
Bof/al Socifty add. proofs were given id Nature, vol, lu., 1890. These appear to 
be li)iig,,bnt'ibey admit of great abbreviatioQ. 

199.'. Tbe equation of a trajtclary being given in the form oob 'f-=f{ii eoa ^), 
il it rtquired to find the law of reiiitance. 

• ''We notice that tbe equation can be written in this form, except when poos^ia 
* constant, for in that case pooB^ cannot be taken as the independent variable. 
This excepted curve is the catenary of &qiial streogth. 
Beaolving horizontally and tangenCially, we have 

J(«floaiA)=-nco8|^, J^^-ff-gBinV- (1). 

Eliminating dt Rcot^^j- {v oob f)(J{ + gain ^); 

.-. Rv !;(«>» ^)=-i; Bin ^^(o<»»^) (1). 

Eemembering that the normal resolotiou gives i;^/p=ffoos^, wehavecoail'=/(i?'/p). 
Substituting this value of cob^, the expression for the reBiatance R has been 
found. We may also write the eipresaion in the lonu 

«.|-^,ii-/-)ii(./) m. 

where f=f{v'lg) and the sigu of the radical followa that of nn f . 

IBO. Ex. I. Find the law of resistance when tbe trajectory is a cycloid with 

the cnsps pointing downwards. 

In tbiB curve p — 'iu cos ^, .'. j = vj^2ag. We then find that the reaiatanoa 
R= - 2g {I - j^l'iag)^ Since tbe radical follows the sign of ein f , R accelerates tbe 
particle on the ascending and retards it on tbe descending branch. Sicca 
ii^coE ffJ2ag tbe particle oomea to rest at the cusp. The reeiatanoe It is then 
acting upwards and ia eqnal to 2(i. the particle then moves vertically. See Art. I7H, 



Ex. 3. Find the law of resistance when the trajectory ia the catenary of equal 
strength with tbe concavity downwards. 

The normal and tangential reaolutions show that I'is constant and Jt= ~gsin^, 
A ia a resistance therefore only on the descending branch. 

Ex. 3. Find tbe law of resistance in the parabola pcos^ ij/ = 2n, 

Ex. 4. Find the law of resistance in the circle p-a. 
-is(l-t-'/oV)' ana p' = og«>a^. 



CHAPTER IV. 



CONSTRAINED MOTION IN TWO DIMENSIONS. 



Constrained Motion. 

181. A particle, constrained to describe a given smootli fired 
curve, is under the action of given forces. It is required to find the 
velocity and the reaction between the curae and tlte particle. 

Let the cuiTe be referred to fixed Cartesian coordinates and 
let its equation be y =/(j). Let (x, y) 
be the position of the particle P at the 
time (, HI its mass, X, Y the resolved 
forces. Let the tangent at P make an 
angle i^ with the axis of x, and let p be 
the radius of curvature. Let R be the 
pressure of the curve on the particle 
taken positively in the direction in which 
p is measured ; this direction is generally 
inwards. 

When the path of the particle is known the relations between 
p, the arc s and the other lines of the curve are also known. It 
is therefore generally more convenient to choose the tangent 
and normal as the directions in which to resolve the acceleration. 
Resolving in these directions, we have 




do 

tnv -J = 

ds 



X cos i^r + Fain ^. . 



a^^+Vcosf + R.. 



■■(1). 
■■<2). 



From these two equations we may deduce all the circumstaQces of 
the motion. 
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Considering the tangential resolution ive see that since i 

cos ^ = dxlds, sin a^ = dyjds, 

mvdv = XdE + Ydy (3). 

There are two cases to be considered according as the right-hand 
side of this equation ta or is not a perfect diETerential of some 
function of a; and y. I 

In the former case the forces are called co^isei-vative. Let I 

Xdx-\- Ydy=dU (4). I 

We therefore have by integration I 

^v' = U+C (5). I 

Let (flTj, y„) be the coordinates of the initial position A of the J 

particle, and let U become U„ when we write for x, y, their initial I 

values. We therefore have I 

^^'-im.V=P-Er„ (6). 1 

This equation is one case of a general principle usually called 'I 
the Principle of Vis Viva. I 

The dynamical peculiarity of this case is that the equation of 
the tangential resolution can be integrated without using the j 
equation of the constraining curve. It follows that if the ■particle 
is projected from a given point A with a given velocity and if it is 
conducted to another point F by constraining it to move along an 
arbitrary curve, then, whatever the path viay be, the velocity of the 
particle on arrival at P is always the same. 

182. When the forces are such that Xd^ + Ydy is not a 
perfect diflferential of any function of x and y the velocity cannot , 
be found without using the equation of the constraining curve, , 
Putting y—fix), we find 

^v'=}\X+ ¥f'(x)]dx + C. 
Since X and Y can be expressed as functions of x by the help j 
of the equation of the curve, the integration can be effected. Let 
the integral be F(x). We then have 

Jmr" - ^>iv„' = F{x)-F («„). 
In this case the change of via viva does not conserve the same \ 
value for all paths. m 



ART. 185.] THE TWO EtJUATIONS. 105 

183. Let us next take into consideration the equation of the 
normal resolution, viz. 

WW* TT ■ . .- . n 

— - = — Jl Sin ilr + r COS Ajr + it. 

p 

The term mifl/p is called the centrifugal force of the particle". 
This is another name for the normal component of the effective 
force, Arta. 36, 68. 

The force R is called the dynamical presavire of the curve 
on the particle, and — R\b the djTiamical pressure of the particle 
on the curve. The two terms — X sin i^r + F cos i^ make up 
the resolved part of the acting forces along the normal to the 
curve and are together called the statical pressure of the forces 
on the particle. Taken with the opposite signs they are the 
statical pressure on the curve. 

184 We are now in a position to apply the two fundamental 
theorems to determine the motion of a particle on any given fixed 
curve. 

t First, we use the equation of vis viva, viz. 
change of kinetic energy = work of the forces. 
D this way we find the velocity. 

Secondly, the dynamical pressure on the particle in any 
position is given by the equation 
L miP _ /nonnal \ /dj-uaniieal\ 

H p Vforce inwards/ \ pressure / ' 

186. Work Function. The usual methods of finding the 
work of a system of forces are explained in books on Statics, As 
however the solution of our dynamical problems depends so much 
on our knowledge of these rules, it ha.s been thought not im- 
proper to recall to mind those few which we shall here use. A 
more complete list applicable to a system of rigid bodies is to 
be found in the author's Rigid Dynamics. 

* It is perhaps QDiieeeHBaT)' lo observe Chat the ceDtrifago] foroe is not an 
actual tor«e acting od the particle in iLddition to the impreBsed forces. It ia 
merely a. Doine for the qu&atit; I'lr'/p, and measures the amount ol force which 
mast act towards the couoave side of the path to produce the cnrvatnre I/p; the 
mass of the particle being m and the velocity i'. By the first law of motion the 
particle lends to move in a straight line and (he force necessar; to curve the path 
a sometimes taid (o be spent in overcoming the centrifugal foroe. 
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If X, Y are the components of a force F the work done when \ 
the particle receives a slight displacement d» from the posititHtj 
x,y Xo x + dx, y-^dy may be written in either of the equivalent 7 
forms 

Xdx-^Ydy = Fco&^ (1), 

where ^ is the angle the direction off makes with the tangent to J 
the path, see Art. 70. That the work of the two forces X, Y ia 
eqnal to that of their resultant is proved in Statics. It is also 
seen to be true by resolving the forces along the tangent; we 
then have 



X^^Y 



= F cos 0, 



which is equivalent to the equation (1). Either side of (1) is also | 
called in Statics the virtual moment o/the/orce F. 
The integral t7 when used in the indefinite form 
U = fF cos <l>ds + 
is called sometimes the force function and sometimes the work ^H 
function. The definite integral U — U, is t/ie work done by the j 
force F as the particle moves from the position (a^, yo) to tlie 1 
position {x,y). Here Uo represents the same Function of 2\i,jf(l 
that U is of X, y. 

186. Work of a central force. Let the central force iT 
be regarded as repulsive in the standard case. Let it tend from 
the centre .S' and be eqnal to f{r) where r is the distance of the 
particle from S. Then since drjds is the cosine of the angle 
the distance r makes with the displacement ds of the particle, 
the part of the work function due to F is jFdr. The integration 
is to be taken from the initial position A to the final position B at 
the particle. 

When the force under consideration is gravity the centre S is 
regarded as being infinitely distant. We then replace dr by ± dy, 
the upper or lower sign being taken according as y is measured 
downwaixia or upwards. Supposing the weight of the particle 
to be vig and that y is measured downwards, the work of the 
weight is 

jnigdy=mg{y-y„). 

This rule is usually read thus, the work done by gravity is the 
weight multiplied by the vertical space descended. It should be 



I 



ART. 188.] THE WORK FUNCTION. 107 

noticed that the work is independent of the horizontal displace- 
ment. See Art. 70. 

187. Work of an elastic itring. The case in which the 
particle is attached to a fixed point S by an elastic string differs 
from that of a centi'al force tending to the same point in a certain 
discontinuity. If I be the unstretched length, r the actual length 
and E Young's modulus, the tension T is given by Hooke's law 
-I 



T = E when the string is tight, i.e. when r>l, but the tension 

ie zero when the string is slack, ie. r < I. 

Let the work be required when the string is stretched from a 
length Ij to Zj, and let T,, T, be the tensions at these lengths. If 
both li and i, are greater than I, the work is 



(-T)dr = 



{(L-ly-^l,-iy] 



(T, + T,)ih-l,). 



The work done by the tension is therefore equal to mimts the 
arithmetic viean of the tenaions mulHptied hy the extenmon. The 
work done by the force which stretches the string in opposition to 
the tension is the same taken with the positive sign. 

This rule is of considerable use when the length of the string 
undergoes many changes during the motion, being sometimes 
greater than the unstretched length and sometimes less. It is 
important to notice that the rule, as given above, holds in all 
these cases provided the string is tight in the initial and final 
states. If the string is slack in either terminal state, we may 
still use the same nile provided we suppose the string to have 
its natural or unstretched length in that terminal state. 

188. The equation of via viva holds also when tfw particle is 
free from congtraint and is acted on by any conservative system of 
forces. For, whatever curve the particle may describe, we may 
suppose it to be constrained, like a bead on an imaginary wire, 
to describe that path. The pressure is then zero throughout the 
motion, but, what more immediately concerns us here, is that 
the equation (6) of via viva conbinnes to hold under these 
circumstances, 
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189. The whole area or space taken into consideration whea , 
the forces are expressed in terms of the coordinates is called 
the field of force. Such a field is usually defined by expressing 
the force ftioction (when there is one) as a function of the co- 
ordi Dates. _ 

It follows from the principle of vis viva that when a sing'taa 
particle moves in a field defined by a force function the kinetic 
energy of the particle in any and every position differs from the 
value of the force function at that point by a constant. The 
constant is independent of the direction of motion, so that two 
particles of equal viass projected from the same point with equal 
velocities bid in different directions will always have equal velocities 
whenever they jmss over a given point of the field. 

A partiole is projected bom a given point on a 
J no forocB. Prove (1) that tbe velocitj is 
as the curvature. 

Te and in any positian a normal f 
half the radius of ourva 
□ the particle measured inwards w 



ISO. 

smooth ourve and ie acted 
and (3) that the preBsure vi 

Ex. 3. A heavy particle P describes a ci 
ia drawn outtcarib, so that PQ is aiual t 
Prove thftt the velocity v and the preBBure S 
given by 

v''-2gi, Bp- 
where t, i' ore the depths of P and Q below a certain horiioDtal straight li 
wbich may be called the livtl of ko rtlociiy. Prove also that the pacCiole leftva 
the carve when Q orosaea the level of no velocity. 

Supposing that tbe axis of >/ in tbe standard figure of Art. 181 is drswsl 
upwards, the two fundamental equations (or a heavy particle w 



If B 



: draw a horizontal si 



e tiiat 



c'/p= -nijoosf + B. 

igbtline at an altitude j/,, such that 9y^=IPJt-*^\vJ^^ 



+ lpco 



The results to be proved follow imtaediately. If the particle is constrained tol 
remain on the curve merely by the pressure it it will leave the curve when A | 
□banges sign. But this is what happens when Q oroBHen the level of no velocity. 

Ei. 3. A particle is swung ronnd a Exed point at the end of a string in t 
vertical plane. Prove that the sum of the tensions of the string when the parttols I 
is at opposite ends of a diameter is tbe same for all diameters. 

[Coll. Exam. 1B96,]1 

Ex. i. A heavy particle, constrnined to describe an ellipse whose plane is 
vertical and major axis inclined at an angle a to the horizon, is projected from the 
upper extremity A of tbe major axis with a velocity I'g. Find the velocity r, 
with which it passes the opper extremity B of the minor axis and the pressure 
at that point. 
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Biace the altitude of B abore A is the differenoe between the projections of CA 
and CB on tbe vertioal, the equation of 
vIb viva gives 

i-nK'-VJ^-msrCooBB-aaina). 

This gives two equal valnea of v, with 
opposite eigaa. One or the other is lo be 
taken acooiding as the partiale is pro- 
jected from A upwaids or downwards. 
1( the values of r, are imaginaiy the 
particle mill not reach B, 

The pressure R, at B is found by re- 
colving the forces along BC inwards. We have 

ft " 

where p, = a^/ii. 

Let UB suppose Ihut in addition to its weight tbe particle is acted on by a 
ot force at the focus S such that the attraction at a distance r is hc". The equa- 
tion of vis viva would then have on tbe ligbt-hnod side the itdditional term 
- (>ir"<ir, the limits being the initial and the final values of r, i.e. r=a (1 + e) and 
f =a, Art. 186. The velocity r, is then given by 




^^^nd thep 

^^p Let 
natDrol li 



i Bi (I',' - r„') = -mpffioosa- 
the pressure is determined by 



,a)- 



-!i -(!+,)-*■! 



next attach the partiele to tbe centre C by an elastic string whose 
:gth it I. Tbe eCfect ot this is to add another term to each equation, 
IS Isb and < a tbe string is stretched throughout and the term to be added to tbe 
eqDstion of vis viva is -^(ro + T,)(b-a} where T^ and T, are the tensions at .1 
and B. see Art. 187. In oar case r„ = £ («-!)/( and T, = E{b-l)ll. It however 
Ii^b aod <a the string becomes slack at some position ot the particle between 
J andBi the term to be added is now - J (ro+ T,) (f-a) where r, = Oand r,, haa 
the same value as before. Lastly if />b and >a the string is slack throughout 
and no term is to be added. 

The equation of pressure will also have an additional term on tbe right-hand 
aide. This term is 2\, where T, has the same value as in the equation of vis viva. 

In this way tbe velocity of tbe particle and the pressure at any point may be 
fouad with ease no matter how complicated the forces may be. 

Ex. 5. A small ring without weight can slide freely oo a smooth wire bent 
into the form of an ellipse. An elastic string whose natural length is I also passes 
through the ring and has one end attached to the focus S and tbe other to the 
centre C. The ring being projacted from the extremity A of the major aiis, prove 
that the velocity r, , and the pressure B^ at the extremity B of the minor aiia are 
given by 



"(V-Vt = (r, + T„)(a + fl 



-b). 



Mginning and end of the transit. 



ft » 

- 1)11, 7, ^£ (a-t- b - l}/f provided the string is stretched at the 
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Ex, 6. A heavy bead u iaitially at the extremity of the boriKontal diameter of 
ft uniform heavy smooth circular wire whose place is vertical. The system falls 
from rest tbrouRh a space equal to the radius. The circalar wire is then luddenly 
Ssed ID spaoe. Find the BubBequent tuotiou of the bead, and determine if it ever 
oo»es fioolly to rest. Find also the pressure on the wire tor any possible positioD 
of the particle. 

Er. 7. A particle. oonKtiained to describe a circular wire, is acted on by 
oentral foFce tending to a point on tbo ciraamtcrence and varying inversely as U 
fifth power of the distance, prove that the pressure is oonstant. 

Ex. 8, A particle ie constrained to describe an equiangular spiral and is aotaS | 

on by a central force tending to the pole whose acoeleratioD is iir'. The parliola 1 

being projeoted with a velocity it, at a distance % from the pole, prove that the J 
Telocity and prMsnre are given by 

If n= -3 and B„=^fi/a. the preaeure i?=0. Tht tpiral u there/ore a frti 
path wbfii the fortr variei at tlie inveru cube of the ditlanet, and since any potnl 
may be regarded as the point of projection, (fie velocity at tvery point it givtn bi/ 

Ex. 0. A particle is constrained to move iu an clhpse along which it is pro 
jeoted. and tlie straight line joining the fooi attracts according to the Newtonian | 
law. Prove that the resultant attraction Taries inversely as the normal and tl 
the velocity is constant. 

Ex. 10. A particle of unit mass moves in a smooth ciroolar tube of radius a, J 
under the action of a centre of toroo which repels as the inverse square of tha I 
distance. If the centre of force be midway between the centre of the oirole ai 
the cireumfereuce, and the particle be projected from the end of the dtametat I 
throngh the centre of force remote from that point, with a velocity whose square la | 
4u <«/3 - I)/aci, the particle will oscillate through an arc 2ira/3 on either side of the 
point of projection. [Coli. Ex. 1897.] 

£2. II. A particle is constrained to describe a lemniscate and is under the 
action of two central forces tending to the foci and varying inversely as the cube 
of the distance. Supposing the forces to he equal at equal distances from the fod, 
prove that the pressure at any point P varies as the distance of P from the centra { 
of the onrve. 

Ex. 13. A particle slides down a smooth curve in a vertical plane. If 
preBsnre on the curve is always X timos the weight of the particle, prove that the 
differential equation to the cun-e is j + c = u (dc/iii-X)". [Math. Tripos. 1868.] , 



191. Rou^h Curve. When the particle slides on a rough 
curve the friction acts opposite to the direction of motion and ita 
magnitude is fi, tivies tite normal pressure taken positively. The 
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equations of motion ai-e by Art. 181 
dv 
"'"da 



Xcos^ + YsinfttiR, 



^ sin ^ + J' cos ^jr±R. 

It ip important to determine the signs of the terms containing 
R before proceeding with the solution. The initial value of the 
velocity being known the second equation determines the initial 
direction of R. Taking R to act positively in the direction thus 
/otivd, it will continue to be positive during the subsequent 
motion until it vanishes. The initial direction of the velocity 
being known, the friction fiR must be made to act in the first 
equation opposite to that dii-ection. If the particle start from 
Test the friction pi.R must be made to act opposite to the direction 
of the tangential force. The sign of /i will then continue un- 
changed until either the pressure R or the velocity v vanishes and 
becomes reversed in direction. 

^^ To solve the equations of motion we in general eliminate R. 

^^Kjtemembering that when s and ^ increase together p=d8/d'^, we 

^^Bobtaio an equation of the form 

^^^Sy using the geometrical properties of the curve we express P in 
terms of ■^, The equation being linear, we then have 
v'e'^* = C + JPe'^*dy;r. 
^_ The value of v being found, the value of R follows from either of 
^BpHie equations of motion. 



lODgh horizontal circle ir 
velooitf . Pro»e thM 



1. A particle is projected witli a telocit; V along a 
medium vhoee reeistance Taries ab the square of tlie 



where v is the tgIdcU; after a time 1, i the arc denoriiied, and ^ is a constant. 

Ex. 9. A email bead of unit mass \a coiLstrained to move along a rough wire, 
bent into the Conn of an eqaiangulai spirsl of angle a, in a medium nhoae 
resistance a c'coe a/c and la under [he action of no other forces. If the ooeffioient 
of rriction is aot a, prove that the time of tr&velling from a distance c to a distance 
b from the pole is ('(^- cj/Fcosn where ci = l/~c, and V u thevelooity at the first 
t>t these pointe and is directed from the pole. 
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Ez. 3. A heavy particle moveB on a rough cycloid placed with its convexitj 
upwards and vertei appermoat. The particle is started with im indefinitely small 
Telocity at the point at which the tangent makes with the horizoo an angle i equal 
to the angle of limiting friotion. Prove that the velocity at a point at which the 
tangent makes an angle ^ with the horizon ia 2 Jag sin (# - c) and that the particle 
will leave the cnrre at the point at which the velocity is ^2ag (oos^t-ain }(). 

[CoU. Ex. 1889.] 

Ex. 4. A particle ia projected horizontally with velocity V along the inside of a 
rough vertical circle bom the lowest point, prove that it it complete the circuit it 
will return to the lowest point with a velocity v given by 

„a=iraj-l^-.2aff(2^'-l)(l-(-*"'')/(V + l). [Coll. Ei. 1887.] 

193. Condition that a constrained motion is also flree. 

It has already been pointed out that the required condition is 
that the pressure R must be zeni throughout the mutioii, see 
Art. 190, Ebc. 8. In this way we easily obtain several useful cases 
of free motion. 

If T and 2J be the tangential and normal components of the accelerating foroe 
estimated positively in the directions in which the arc s and the radius of carvatare 
P are measured, we may prove that the condition R — Si leads to the result 
3r=-j- (pN). This ia obtained by eliminating p' between the normal and tangential 
resolutions in Art. 181 and differentiating the result. This form ol the criterion 
though necesaarily true is not sufBcient to make R — 0. As no notice is taken io 
it of the initial velocity, it ia generally leas convenient than the eimple role 
that Jt^Q. I 

A particle ii conBtrained to deHribe a amoolh ' 

circle under the action of two centres of form 
tending to fixed points S. S' on the same 
diameter, the accelerating forces being ii/r* 
and y.'lt''' where i', r* are the distances of the 
particle from the centres of force. If S 
.S"are inverse points, prove that the preasoM ] 
can be made zero by giving ^'fn and tha 
Telocity of projection suitable values, 
the dialances of 5, 5' from the centre C Sioee ths J 
If P be the particle the triangles SPC, S'PC ■ 



4 

M 




Let a be the radiui 
poioto are inverse bl 
■fmilar and i'lT=alb. The fundamental resolutii 



a give 






- = ^ COB SPC + -. COS S' 

or* r'' 

le easily obtain 



-^^■ 



■-■(')] ^- 
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In order thst 11=0 ve h&vn tvo oonditiona 



(II 



m •••=5^.+ 



Sinoa r'/r = a/b, the firet condition ahowa that the tangential aodeler&tiona due 
lo the two forces are equal at all points of the circle. Since an; point may be 
regarded ad the point of projeotion the eecund oondition gives the velocity at all 
points of the orbiE. Since t'o is zero at an inSnite distance, this formula sbowt 
that the velocity at any point of the orbit is the eome as if the particle were con- 
ducted from rest st an intinite distance to that point; Art. ISI. 

If the two centres of force are indefinitely near to each other the resultant 

altractioD at any point i* at a finite distajice from them is the same as that of a 

single centre of force of double the intensity of either. Hence we arrive at Newton's 

tbMrem that a circle can be dtieribed freely andtr a tingle centre of force lehote 

K.MH)«raN«n vairiu at the itntrit fifth povier, tht ctntrt of force being on the eir- 



I 



When the partiole cornea 
oaonot be considered as oni 
with an infinite velocity. ' 
directions with forces |i/(a - 
force tending to the centre of the circle ii 
inflnits. This last force giTca the initial ci 

Ex, 2. A particle describes a catenary a 
the ordinate. Show that if the pieBsnr 
vary as the ordinate. 

Ex. 3. Show that a particle can describe a parabola under a repulsive force in 
the focus varying as the distance and another force parallel lo the axis always 
three times the magnitude of the former. Prove also that il two equal particle* 
deaeribe the same parabola nndec tbs action of these forces, their directions of 
motion will always intersect on a fixed confocal parabola, [CoU. El.] 

Ex. 4. It ■ curve be described under the action of a force P tending to the 
yele and a normal force K, prove that 



indefinitely close to the (wo centrea of force, they 
The particle passes between the two centres 
centrett of force attract the particle in opposite 
u'l{b'-a)', both being infinite. The resultant 
5 therefore »k/a{a-6)' which is also 
o the snbseiguont path, 
inder the action of a force parallel to 
ro, both the force and the velocity 



p. 



ilr\ 



J (pjt'^Wo. [Math. TripoB.l 



196. Does the particle leave the curve P If the particle 
is a siaall ring which slides od the curve it is obvious that it 
.flaonot separate from the curve. In this case the pressure R may 
liave any sign. 

If the particle slide on one side of the curve the pressure on 
the particle must tend towards that side on which the particle 
moves. The pressure R must therefore have the sign which 
suitB this direction and must keep that sign throughout the 
motion. When therefore the analytical expression for R given 
by the normal resolution (Art. 184) changes sign the particle 
separates from the curve. 
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Since the forces in nature cannot be infinite the points at which 1 
R can change sign are found by putting Ji = in the normal I 
resolution. Let m/ be the resultant force, and let its direction | 
make an angle 4> with the normal. Then 



niv" 



•nf cos tp + R. 



The possible points of separation are therefore given by 
v' =/p cos <f>. 

Now 2p cos <f) is the chord of curvature in the direction of the ' 
force mf. Representing one-fourth of this chord by c, the 
equation becomes if' = 2/c. Hence the particle can leave the curve 
only at a point siuih that tiie velocity is that dive to oite-fourth the 
chord of curvature in tl/e direction of the resultant force. Art. 25, 

IBS. Bxajuplu. Ex. 1. A heavy particle is auapended from a fixed point 
by & Btring of length a. A horizuntal velocity t'„ is auddenly communicated tc 
particle bo that it begins to describe a vertical circle. It ia required to determin* I 
nhetber the particle will oscillate or the string become slack. 

The eqnatioD of vis viva shows that the velocity c at an altitude y above tha J 
lowest point of the aircle is given by 

'''='V-2fl!; (1). I 

The tension R is giveu by 






-. (3). 



If the particle oscillate the velocity is zero at the eitremities of the i 
oscillatiOD. It follows from (1) that the altitude of this point above the lowest 
point is v^i2g. If the string becomes alack the tension vanishes at the point 
of separation. It follows from (2) that this occurs at an altitude (fg' -)■ ff }/3j; above 
the lowest point. These points cannot be real points unless their altitudes are leai 
than the diameter. 

We also notice that the altitude oC the first of tlieee points is greater or leu 
than that of the seooud according as v^ is greater or less than iag. ■ 

If Vg'>6ag neither point is real. The particle must dencribe the whole cirols ] 
and the string does not become alack. 

If v^-^2ag the velocity vaaishes at an altitude lees than that at which the j 
tension vanishes. The particle therefore oscillates and the string does not becoms 

If ro'<6ug but >3afl the string beoomes slack before the velocity vanishea. 
The particle therefore leaves the circle and describea a parabola freely in space. 

If the particle, instead of being suspended by a string, were oonsttained to 
move like a head on a vertical smooth circle of radius a the particle could not 
separate from the circle. It therefore oscillates oi describes the whole cirole 
Boccrding as \-^'-i or >4nj. 
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Ex. 2. k bead Clin slide on a. horizontal circle of radine a and it acted on onlj' 
bj the teiiKioQ of mi elutic string, the natural length of which in a, fixed to a point 
ID the plane of the circle at a distance 2a from its centre; liod the condition that 
the bead may juet go round. Prove that in this caee the preBsnrea at the 
ettremitiea of the diameter through the fixed poiot will be twice and fonr times the 
ireight of the bead if that weight be anch nn to stretch the ntting to double its 
natural length. [Math. Tripos, 186(1.] 

f:x. 3. A heav; particle is allowed to slide down a smooth Tertioal circle ot 
radius 27a from rest M the highest point. Show that on leaving the circle it raoTes 
in a parabola whose latus rectum is 16a. [Coll. Ex. 1895.] 

Er.. i, A particle moves on the outside of a smooth elliptic cylinder whose 
axis is horizontal. The major axis of the principal elliptic section is vertical and 
the eccentricity of the section is t. If the particle start from rent on the highest 
generator, and move in a vertical plane, it will leave the cylinder nt a point whose 
eooentTic angle is f, where <• oob^ # = 3 cos ^ ~ 2. [Coll. Ex. 1892.] 

Ex. 5. A particle is projected horizontally from the lowest point of a smooth 
elliptic arc, whose major axis 2a is vertical and moves under gravity along the 
concave side. Prove that it will quit the curve at some point if the velocity of 
projection I' is such that F= lies between 2j/o and i/a (5 - e'), where * is the ecoen- 
tricity; and if the velocity have the latter value, prove that the particle will 
continue to move round the ellipse in the periodic time 



■'G}'l:\^^^X^ 



[Coll. Ex. 1893.] 

Ex. 6. A particle, projected inside a smooth circular tube, moves under an 
■tttrootive tone varying inversely as the square of the distance from a point wtthin 
the rim of the tube and in its plane. Prove that the pressure cannot vanish at any 
point it the particle is performing complete revolntions. [Coll. Ex. lSit7.] 

197. MoTtn^ ciirrefl of conitraint. To find the equations 
of motion of a particle constrained to slide on a curve moving in 
its own plane. 

Let bo any point of the plane of the curve which it will be 
convenient to take as origin. Let / be the acceleration of this 
point, then the motion relative to will be unchanged if we 
apply to every point of the curve and to the particle an accelera- 
tion equal and opposite to that of 0. If we also apply to every 
point an initial velocity equal and opposite to that of 0, we 
may regard a.s a fixed point. The point is tlieii said to have 
been reduced to rest. 

We shall now take as the origin of the polar coordinates r, 6, 
where is measured from a straight line Of fised relatively to 
the curve. Let o> be the angular velocity of Of referred to a 
straight line 0.t fixed in space. Let i^ be the angle the radius 
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2o>v j sin 0, 

- 2«iyJeoa <f). 
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vector r makes with the tangent. The equations of motion are 
dV fde \' P , R 

rdt \dt^") m J'^rn^' 
where P, Q are the components of the impressed forces, and/,,yj 
those off. 

These equations may be written in the form.'i 
dV_ _ 
d£> ' \dtj 

)■ dt V dt) m -^^ dt ^ 
since rd0/dt = v sin i^, dridt = 

These are the equations of motion we would have obtained if 
we had supposed the curve to be fixed in apace and the particle to 
be acted on (in addition to the impressed forces) by three fictitious 
forces. The introduction of these furces w said to reduce the curve 
to rest. 

These forces arc, (1) the force i'l = — mf by which the origin 
is reduced to rest ; (2) the force F, = moi'r acting on the particle 

along the radius vector from the origin ; (3) fj = — vir , acting 

perpendicularly to the radius vector in the direction tending 
to increase 6. We also observe that the expression R — 2mav 
takes the place of the pressure of the curve on the particle. 

Here v represents the velocity relatively to the curve. The 
velocity in space is the resultant of v and the velocity of the 
point of the curve occupied by the particle. 

By resolving the impressed and the fictitious forces along the 
tangent we obtain an equation free from the reaction, and from 
this the velocity v of the pai'ticle relatively to the curve may 
be found. This equation is 




= (P4-maA--m/,) 






By resolving the forces along the norma! inwai-ds we have 

^^_ 7LT . D n 



where N is the normal component of the impressed and fictitious 
forces. This equation gives R. 
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If the curve turn with a uniform angular velocity about an 
urigin fixed in space, these equations become 

^miV -v,')=Smiu'rdr + J(Xd^+ Ydv) 
= intrnV +11 + 0, 



mtfl 



- niorr sin ^ + ( Ycos ■\}f — X sin -ifr) + R — 2m 



I 



19B. Xxamplaa. Kx, 1, A bead can slide freely on a, smooth circular wire. 
Initially the bead in at rest at a, point S. The circle then begint to tnm with 
uniform angular velocity about a point in the rim, where OA is a diameter. Prove 
(hat when the bead ie at a distance r from O, the preaaure on the curre 
I =m^{3r'-4ar)l2a. 

t where a is the radins of the circle and m the mass of the bead. 

To reduce the circle to reM we apply the fictitiouH accelerating force J^, = wV. 
Hence )ti'' = lsiirr' + C. Since the bead is initially at rest in apace, it has a Telocity 
telalively to the curve r= -«.aawben r=ia. Hence C = Oan(i (•= - uw throngh- 
loIioD. To find the presBui-e, we have 






2S^ 



Sue. 



Snbatituting for if its value, this gives the resnlt. 

Ex. S. A bead is at rent on an eftniangular apiral of angle a at a distance a 
horn the pole. The spiral begina to torn round ila pole with an angular velocity u. 
Prove that the bead cornea £o a. poaition of relative rest when r = acoHa, and that 
the presnire is then J miii'a ain 'ia. Prove also that when the bend i% again at ita 
original distance from the pole, the pressure is niiii*n aiu a (S + sin'a). 

199. Time of describing an arc. A heavy particle is in 
stable equilibrium at the loivest point A of a smooth fijced curve. 
\ Find the time of a small oscillation. 

Let ^ be the angle the normal at any point P near A makes 
I with the vertical, s the arc AP, p the radius of curvature at A. 
I TheQ is ultimately equal to s/p. The equation of motion is 



dt' 



gsin^^ - g(-+B^+ ...). 



\ when sin <p is expanded in powers of a. If the arc of oscillatioo ia 
I sufficiently small we may reject all the terms after the first poweiB 
I of «. The time of a complete oscillation is therefore 27r >/pjg. The 
I time of oscillation is tiierefore the same as if the constraining curve 
I tvere replaced by the circle of curvature at A. 

When it is necessary to take account of the small quantities 
I of the order s*, it is more convenient to replace the equation of 
I motion by its first integral, iis in Art, 200. 



CONSTRAINED MOTION. 



[chap. IV. 



Ex. I, h particle P makes small oscillationa about a poaitioD of stable equi- 
librium at the point J of a smooth cun'e under the attraction of a ceutre of Force 
situated at a point C on the normal OAC to the curve, the maguitude of the for< 



_ap 



)* 



being/lr) where r= CP. Prove that the time of oeoillaCion a 

F=f{a), a— AC taken poaitirelr trhea C U on tbe convex side of the curve and 
p = OA is tlie ladiits of curvature. Notioe that the time in independent of the lair 
of force but depends on itn magnitude F al A. 

Ex. 2. A smooth wire revolves with ooniitant angular velocity w al)out a fixed 
point in its plane and a bead h in relative equilibrium on the wire at an apse at 
distance a from the tlxod point; prove that, if Blightl; dinturbed, the period of a 

small oscillation is ^ . / . where a ia the radius of curtaturc of the wire at 

M V a-p 
the apge and is less than a. [CoU. Ex. 18870 

Beduoe the curve to rest, and use Art. 100. 

200. Time of describing a flalte arc. By using the 

equation of vis viva the determination of the time can be reduced 
to iutegi-ation. The equation of vis viva is 

where l/= ^{i", y) is a kQown function of the coordinates (w, y). 
The constant is known when the velocity is given at some 
point B whose coordinates are {h, k). We use the known equations 
of the cui-ve to express any two of the variables x, y, a in terms of 
the third. Choosing s as this variable we have II = -\^(s). Hence 

•'l+W + Cl' 
the integration being taken Irom one extremity of the arc de- 
scribed to the other. 

aoi. £». 1. A heavy particle is projeoted from a point A of & vertical eirol*, 

centre O, with such a veloeitj that it would come to rest at the highest point B. 

Prove that the time of transit from ^ to P is ./"log^*- where BOA^a, 

VlT **Cotia 
S0P = 9 and a is the radius. We notice that the time of arriving at the bigbeBt 
point is infinite. 

Ex. 3. Prove that the curve such that the time of descent of a heav; partiol* 
from rest at a given point A down nnj- arc AP is equal to (be time down the chord 
ie a lemniscato. 

Taking A for origin and using polar coordinates, B being measured from the 

dovmward vertical, the condition gives / -^- — - 2 »/ . Differentiating 

both sides and solving thu differential equation we find that r'=Asiu26, The 
Bondition that the lower limit on the lett'hand side is zero is found on trial to be 
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lemniscate nitli the 
: 1, the differeatial 
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iatufied bj this value of r. The requited our 
axis inclined at an angle of 45° to the vertical. 

J. A. Serret lemarks that ir the ratio of the 
equalioD would be 

»•-')(%)'*"••""'£*<'''">•>-»••-«■ 

Tbia qtiadratio pyeBdrjrde^fiSl, and the solution is reduced to integration. 

The history of this problem is givea in the Bulletin de la SocieU MalMmatiqatt, 
voL XI. 1893. It was firat eolved by EqIgt in his M^caniqiie 1736 and afterwards 
by FusB in the Mimoim cCr. de Saini Pitertboarg, 1324. Rispal givM a geomettioal 
proof in LiouviUe. 



■ of force varyiu;; as the dietanoe. It 
1) a Riven point A ia equal to the timB 
rve is a lemniacate. OsEian Bonnet, 



[. 1817. 
Ex. 3. A purticle is acted on by a (^e□l 
the time of describing from rest an arc In 
of deeeribing the cboni, prove thai the c 
LimivilU. vol. II. 

Ex. i. It the time of descent of u heavy particle from rest at a given point A 
down any arc AF bears to the time of descent down the chord a ratio equal to 
the ratio that the length of the arc bears to k times the length of the chord, 
prove t ~ — Cy, where y in the vcrttciiil ordinate of P and C is a constant. 

202. Subject of Integration Infinite. A difficulty aome- 
times arises in fiuding the time of describing a finite arc AB if 
the velocity is zero at either limit. Let a particle be projected 
fr&m a point A in such a manner that the velocity of arrival at B 
is zero. It is required to find the time o/ describing the arc AB. 

Let the paints ^4 , B be determined by « = a, s = b. Since the 
velocity at B is zero, we have C= — ^(b). The time of describing 
the arc AB or BA ia therefore given by 

V2.l-±f- "^ - ,. 

J !+(•)- +(1)1' 

the limits of integration being a, b. 

The subject of integration is infinite at the limit s = b, but 
the integral itself may be finite. If we write s = i + <r, we can 
express the work U ia a, series ; let 

t/-t^. = .f (s)-.^(6) = Jfff'' + ..., 
where n is the lowest power of <r in the expansion. The part 
of the integral trom 8 = b — a- to b (o- V"' "' *~ ' 



small) is ± 



This vanishes with c 



C 2 but is infinite if n = 2 o 



I" ^ 



If. as usually happens, Taylor's expansion holds true, we have 

= 1. The time to tw/ront a positiun of rest is then finite. 
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If the point £ IB a positton of equilibrium as well as of rest, 
we have dUjds = when o- = 0. It follows from Taylor's theorem 
that » = 2. Tli6 tivw to a position of rest at equilibriinn is therefore 
infinite. If Taylor's theorem does not hold, n may lie between 
1 and 2 and the time is then finite. 

Another rule, given b; DeapeyrotlB in hie Conn df ilfeaniqve, is aaetal whtn I 
gravitji ii the acting force. If Zt ia a position of equilibrium the tangent ai 
horizontal. Let p be the radius of curvature at /I. 6 the angle the norma] at any J 
point P near B makes with the vertical. The equation of vis viva is then 

The time ( of describing a small angle a i» tfaerafore gireu bj 

Tht timt of trantit from A to B ii Iherefort injinilc tinleit the raditu of curvaturt p I 
at B it lero. J 

SOS. Bxanaplaa. Ex. 1. A heav; particle is cunetraiued to ileeuribe the I 
earre x' + y' — a' , the aiia of y being vertical. Show that the radius of uiirvatiu* J 
•t every cusp ie zero. Show also that a particle projected trom the lonest cusp I 
with a velocity (aja)* will arrive at the next cusp in a time which ia three ti 
that of (ailing freely from rest at the origin to the Igvest oaup. 

[UespejTous' problem. ] I 

Ex. 2. A small ring can slide freely on a smooth wire bent into the form of a 
cyoloid. The axes of z and y being the tangent and normal at the vertex D, the 
force fanction is given by U^My"" where m ie positive and < 1. Prove that if the 
particle is projected from a point P whose ordioate is A with a velocity ('2Jf A™)' the . 
time of arrival at B ia ( where -If * (1 ~ m) ( = 3.1' h"^ . 

Ex. 8. If the only force acting on the particle is gravity V = gy, It y = ili* + 
prove that /) = JV«''^+ ... where N~' = 31n (n- I), provided 11 >1. Hence n -=2 whan 1 
p^Oand 11 = 2 or is 3-2 when p is finite or infinite at the position of equilibrium. 



Dse the theorem 



e)V- 



Motion in a cycloid, 

204. A heavy particle is constrained to move in a smootk I 
fixed cycloid whose plane is vertical atid vertex downwards. It it% 
required to find the motion. 

Let A, A' be the cusps, the vertex, OQD a cii-cle equal I 
to the generating circle placed with its diameter un the axis OD, | 



FUNDAMENTAL PROPERTIES. 



C its centre. Let PQN be a perpendicular on the axis drawn 
from any point P on the cycloid. The following geometrical 




I properties of the cycloid are given in treatiaes on the differential 
calculus. 

(1) The tangent at P is parallel to the chord OQ and the 
\ arc OP is twice the chord OQ. 

(2) The radius of curvature at P is parallel to the chord QD 
■'•nd is equal to twice that chord. 

(3) The distance PQ is eqiial to the circular arc OQ. 

Let the angle QDO = <f>, and let a be the radius of the gene- 
' rating circle. The tangential and normal i-eeolutions at P give 
^ (Art. 181) 



gaunf> = 



= -JC08*4 



■■(!)■ 



The first equation shows at once that the motion is oscillatory, 

Art. 118. The time of a complete oscillation is ♦'""»/" ^^^ is 

I independent of the arc described. Let t be measured from the 
L instant at which the particle P passes the vertex, let c be the 
P-Bemi-arc OB of oscillation. The first equation gives 



<^/i' 



Bit follows that if two particles oscillate in the same or in equal 
i cycloids both starting from the vertex, the two arcs described 
I in equal times are in a constant I'atio, viz. that of the complete 
[ arcs. If therefore the circumstances of the motion of a particle 
L oscillating from cusp to cusp are known, those of a particle 
I oscillating in any smaller arc can be immediately deduced. 
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206. If 5 is the depth below the cusp of the extremity B of 
the arc of oscillation, we have by the principle of vis viva J 

v'=2(fi2a-b-0K). I 

It follows at once from the geometrical properties of the ciirro * 
that 

„ „ . imgb 

H = 2mg co&A — 

P 
The first term ia twice the resolved weight of the particle along 
the normal at P ; the second is the centrifugal force of a particle 
moving uniformly with the velocity due to the depth below the 
cusp of the extremity B of the arc of oscillation. 



SOS. BxaiDplaa. E-r. I. A particle OBoillales in a complete oyoloid 
lap to ouBp. Provi! tha following prapertiee. 
(1) The velocity i' at an; point P is eqnal to the rsBolved port of the veil 
at the vertex along the tuDgent at i*, i.e. r — l'C0H#. 
(3) The time of deeciibing an arc nP in propoTtional to the angle ODQ, 



'^L- 



(3) The particle movea as if it were rigidl; attached to the generating cirele^ 
that circle being aapposed to roll nith a aniform angular veloeiC; on the base -4.-1'. 
This followB from the last result becivUBe d^jdt is constant, 

{i) The centrifugal force at any point P 'n eqaal to the resolved part of the 
weight along the normal at P, and the pressure is twine either of these. 

^'j;. 2. A heavy partiele Btortx from rest at a point il of a cycloid, prove 
the time T of transit from any point P to any point ^ is given by 
_ v^(pg) + ^/l'-p)('-!f ) 



■•(»V:)= 



I 



J 

; the 

t 



where p, q, ! are the depths of P, Q and the vertex below the level of 
the radius of the generating oirole. 

Kx. 'i. A particle slides do'ini a smooth cycloid starting from rest at the cusp. 
Prove that the whole acceleration at any inetant ia in magnitude equal to g and 
that Us direction in towards the centre of the generating circle. [Coll, Ei.J 

The required acceleration is equivalent to the resultant of g and -R/m; the 
result follows at once from the triangle of accelerations. 

Ei. 4. A smooth cycloid is placed with its aiiR All inclined to the vertisal, 
and its convexity upwards; a particle begilm to slide down the arc from A, and 
leavea the curve at P ; the perpendicular from P on AB cuts at Q the circle on AB 
an diameter, and QR ia a dionteter of this circle ; prove that Pit is horizontal. 

Plath. T. 1888.] 

207. When a pendulum is removed from one place to another 
the number, n, of oscillatious in any given time (such as a day) 
is altered by the change in the force of gravity and the alteration 



ART. 209.1 



THE CONVERSE PROBLEM. 



of the length I of the pendulum due to a change of temperature, 
SiDce the number of oscillations in a given time varies inversely 
as the time of a single oscillation, we have n' = Ggjl where C ia 
some constant. Taking the logarithmic differential, we find 



This formula is a very convenient first approximation to the value 
of hi. 



3oa. 



Ez. 1. Prove that a woondB pendulum brought to the Bummit of a 

t miles high \ofes about 'i%x seconds per day if the attraction ot the 

ntountain can be neglected. If the mountRiii is of the form of tnble-land, the loaa 

ia only five-eighths ot tlie aboTe amount. The length of the pendulum \s supposed 

, lo be unaltered. 

B Bj Dr Young's rule the attraction at the top of table-land isjfll-' -| nearly 
P^riiere u is the radius of the earth. 

£j;. 2. A railwa; train is running emoothly along a curTe at the rate of 60 
milew per hour, and a pendulnm whiuh would ordinarily oscillate seconds is obaerred 
to OMiUate 131 times in two minutes, Shoir that the radius of the curve is 
approximately a quarter of a mile, [CoU. Ex. 1B95.] 

Ex. 3. If the moon be in the zenith, pravc that a seconds pendulum would be 
losing at the rate o( g-^gth of a second per day. 

The moon attracts the earth as well as the pendulum and its disturbing effect is 
measured by the diQerenoe of its attraottons at the centre of the earth and at the 
pendulum. This is ■ (-) 9 where M=^E is the nuHs. and r = 60o ia the 
distance of the moon. 

aov. Ei. 1, A. heavy particle oscillates on a smooth fixed cnrre, and the 
periods of oscillation in all ares are the same. Prove that tlie curve is a cycloid. 

Let the axis of ^ be measured Tertically upwards from the lowest point of the 
curve and let ^-A be the initial value of i/. Let the equation of the onrve be 
j=/(i/). where I is the arc measured from the lowest point, Since v'-Sg (h -]/) 
tlie time i of reachini^ the lowest point is given by 






o be the same tor ail values of h, we have iit!dli = 0. Bence 






This eijnfttion requires that the second factor under the integral sign should be 
this were not true we could, by taking h small enough, make lliat factor 



Hence flt/'lft*) is 



nld then have the same sign and the sum could ni 
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independent of h, end theieCoief {lii) = M{hij~^ wbete J/ is a constant independent 
of * and 1. We thus find by an easy inteKratioD that the arc/ ( j) = 2,1/y'. This is 
the equation of a cycloid having tlie line joining the cnitpB horizontal. 

Ei. 2. A body of mass 31 can slide on a pcrfeotly smooth horizontal plane 
and has attached to it a thin tabe in the vertical plane containing the centre of 
gravity. The form of the Cube is anch that the periods of the oscillations of a 
particle of mass m placed in it are the same far all arcs. I'rove that the (arm of 
the tube may be derived from a cjoloid by elongating the ordinates perpendioolar 
to the axis in the ratio ^(.U + >n)/v'3f. This problem ia doe to Clairant; M€m. dt 
t'Aead., FaiiB, 1742. 

210. ReilstlnK medium. If the particle oscillate on a 
stnoath cycloid in a medium resisting ae the velocity, the tangeotial 

equation of motion becomes 

d^s , a ^ 

dt' dt 

where n'' = gj^a. This problem has been discussed in Arts. 121 
and 126. The interval between two successive passages through 
the lowest point is always the same and the successive arcs of 
descent and ascent are in geometrical progression. 

If the resintaiice vary as the square of Ike velodti/, the motion 
is discussed in Art. 129. 

211. Tautochronous curres. When a particle oscillates 
on a given smooth curve either in a vacuum or in a medium 
whose resistance varies as the velocity, wt know that the oscilla- 
tion is tautochronous about the position of equilibrium if the 
tangential force F= nt'a where s is the length of the arc measured 
from the position of equilibrium and m is a constant, Art. 118. 
If therefore any rectifiable curve is given a proper force to prorltice 
a tautochronous motion can at once be assigned. 

A catenary is a tautochronous curve for a force acting along 
the ordinate equal to m°y because the resolved part along the 
tangent is obviously m'a. 

The equiangular spiral is tautochronous for a central force 
fir tending to the pole, because the resolved part along the 
tangent being m's where vi' = ^ cos' o, the time of arrival at the 
pole is the same for all arcs. 

In the same way the epicycloid and hypocycloid are tauto- 
chronous curves for a central force tending from or to the centre 
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of the fixed circle and varj-iDg as the distance, because since 

the resolved part along the tangent, viz. ftrdrfds, varies as s. 
In all these cases the time of arrival at the position of equilibrium 
is the least positive root of tan nt = — ji/k (Art. 121), where 2kv is 
the resistance and n*+K' = tn". The whole time from one position 
of moraentai-y rest to tlie next is ir/n. 

The properties of tail toe lironous cnrvea are more fully discuBBed in the author'B 
Bigid Dynnjairi. A historicul samiaary is also [here given. 

Kough cycloid. A paiiicle slides from rest on a 
ntgh cycloid placed with its axis vei'tical in a medium whose 
iatance varies as the velocity. Prove that the motion is tauto- 
mous. 
The descending motion is given by 

jr sin^ — iiev, - = R —gcos (ft (1), 



§="«- 



Irliere u is really negative. Eliminating R 
dv 



[here tan e = /i. This may be written 
d 



., J du 
rovided ^7 ■■ 
at 



(6^) + 2k (e"v) + ~-^— e" sin (*-«) = 0. 
cos e -.-r / • 

- — fi- , that is u = — fi.<f>. Put e" ds = dw; 



dt' 



+ 2k 



n (0-0 = 0. 



Now w = /e-"* 4*t cos d0 = 4a cos e en^ sin (0 — e). 
!lie equation therefore reduces to 

d'w „ dw qtv - 

rfC at w cos' f 

This is the linear equation, Art. 121. We infer that at what- 
Wer point of the cycloid the particle is placed at rest, it arrives 
""at the point E determined by w = 0, that is = e, in the same 
time. Such a motion is called tautochronous. The point E is 
clearly an extreme position of equilibrium in which the limiting 
friction just balances gravity. 



126 



MOTION IM A. OIKCLE. 



[chap. IV. 



The time of anival at £ is given by the least positive root of 
the equation tan nt = — njic where n' + ye'=^/4acoa'e. The whole 
time from one position of momentary rest to the next is tt/ji. 

So long as the particle is moving in the same direction the 
constant fi retains the same sign. The motion is therefore 
given by 

e-^siii(0-e) = ^e-"'' 8in(n( + 5). 
When the particle arrives at the next position of rest, it will begin 
to return or will remain there at rest according as the value of <f) 
at that point is greater or less than the angle of friction. 



Motion in a circle, ^^B 

213. A lieavy particle is constrained to move in a jixed circle 
whose plime is vertical. It is required to find the time of describing 
an arc. 

Let C be the centre, A aud B the lowest and highest points of 
the circle, a its radius. Let P be the 
position of the particle at any time (_ 
tf, the angle CBP. 

Let the particle be projected from 
the lowest point with a velocity V. 
The equation of vis viva gives 

, #\'_ r> = - 2ga (1 - cos 20). 

Let us put V = 2gh, so that the 
velocity of projection is that due to 
a height h; we also put k = 2a.k'. If « > 1, the velocity at 
the lowest point is more than sufficient to carry the particle 
to the highest point of the circle, the particle therefore goes 
continually round the circle in the same direction. If «< 1 the 
velocity at the lowest point is insufficient to carry the particle 
round the circle, the particle therefore oscillates If x = 1 the 
particle arrives at the highest point with a velocity zero, but only 
after an infinite time has elapsed, Art. 201. 

Substituting for V" in the equation of vis viva, we Have 




^I)- 



i©"--''-*- 
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If i be the time of describing the arc AP which subtends an 
angle 2<ft at the centre, we have 



^/i-J:v 



..(3). 



where one radical is positive and the other has the same sign as 
If K=i, the integral is a known fomi. We have 



^/I■'=/s3^=■--(^l)•■ 



■■(4). 



Irlien ^= Jit, t is infinite so that the particle takes an infinite 
me to reach the highest point. 
If «> 1, we write the integral in the form 



^/!-l/ 



1 I'* dt 



V^(' 



..(5). 



s elliptic integral" gives the time of describing the arc which 
mbtends an angle <ft at the highest point of the circle. The time 
F arriving at the highest point is found by writing hw for the 
^pper limit. 

214. When « < 1, we put K = sino. We see from (2) that 
sin cannot exceed le and that the velocity ia zero when sin <j> = k; 
the particle therefore oscillates on each side of the lowest point 
through an arc AD or AE which subtends an angle a at the 
highest point. Let sin = « sin ^, so that ^ varies from zero 
to Jtt. We then find after an easy substitution in (3) 

V a J» cos<^ Jo V(l-K'Biii'i^) ^ ' 

This elliptic integral determines the time of describing an angle ^ 
where ^ and -^ are related by the equation sin <f = « sin ^, 

We can construct the angle i^ geometrically. Describe a circle 
with centre C to touch BD, and let BP intersect this circle in Q ; 
then the angle BQC = i/'. For another construction wc draw a 
chord A'P' equal to the chord AP, then the angle GBP' = ^. 

• The readei is referred to Prof. Greeohill'a Treatiie on the applkalloni af 
tUiptit /unelioiu. He begiiiB vith the problem of the ainipte niroolar pendnlam kh 
being the best introdnotion to the theory of these funotionH. 
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Id obtaining (6) we supposed the sign of cos ^ to be the same 
a^ that of the radical in (3) and therefore the same as that of 
d^ldt. Since cos ^ is positive, it then follows from (6) that 
d^jdt is positive. The point Q therefore travels round the circle, 
being the lower or upper intersection of BP with the circle accord-^ 
ing sxs P is moving from A to /) or from D io A. I 

216. Seriei for the time of oscillation. We may approxi- 
mate very closely to the time of a complete vibration by using a 
series. If T be this time, the formula (6) gives ^2" when the 
upper limit is Jir. We have by the binomial theorem 

By a theorem in the integral calctiliis 

1.3.5. ..(2ii-l ) 



:'(«8inf)"" 



[ (sin^)~ii+ 
It immediately follows that 



2.4.1 



.2ii 



«■ + ...+ 



^1- 



■■<^''-'n ',..4 



where « = sin a and a is the tingle subtended at the highest potnSj 
of the circle by the half-arc of oscillation. It is also useful to 
notice that « is the ratio of the chord of the half-arc to the diameter 
of the circle. 

The first term of this series represents the time of an infinitely 
small oscillation. The other terms are regarded as small correc- 
tions to this time, and are sometimes called the "reduction to 
infinitely small arcs." The second term is usually a sufficient 
correction. Thus suppose the arc of oscillation on each aide of the 
vertical to subtend an angle of 36' at the point of suspension, 
then a = 18° and k = -^- The second term is only about ^th and 
the third ^J^th of the first. 

ais. BaUHoD Mtwaan coBtlnaoiu and OBoUlatary motlaiu. Comparine 
tbe formtUffi (S) and (G) oe see that the int^rsla ore the Bame excejit that the 
modal! « and l/x are reciprocals. ThU leads to a tbeoretu by which we oonnect a 
motion all round the circle with an OBciilatoiy motion. 

Let two partioleB P, P" be projected from the lowest points i. A', of two circles 
of radii a, a', and let these be acted on b; unequal gravitational forces g and g'. 
Let the velocities of projection I', I" be such that the moduli arc reciprocals. 
Then* being leBBth(inniiitr,wc have r'=4a3«', V''=4uV/i.-'. It then follows from 



TWO KINDS OF MOTION. 



what precedes that Ihe particle P" trftveU ronnd the oirole and PoBOiUAtes it 
MO equal to AD, where the acgle DBA =a and k— sin a. 




18 of the partiolea irhen the utgles ^i{P = #, A'B'F = 'fi, 
t' be the timeB of describing the vex AF, A'P we have 



It (oUowa therefore that 



S'"^i'- 



The poinU P, P" thertfore corre- 
il ii e<uy M lee that they are 



ipond to each other in the two motion; t 
gediaeiTicaily conntcttd by the relation 

chord A P _«a_ chord AD 
chord A'l" " a' ~ diam.A'U' ' 
It i* obviaagljr convemeat that the particies should occupy oon-espouding points 
ftt the same Instant of time. We tbeiefoie choose the coDBtants a', g', su that 
t=t'. We then have 07"'= ''l?/" ^^^ eqnations of motioa take the forms 



where the ooefficientH 

If we make the radii equal 
p^Ie. We then have 



/a dib /(I'-t* dJ- 

on the left hand are equal. 

suppose both parliclei ti 



f'^'f. a-p-= 



^^ 917. Ez. 1. If the circle described by P" has AM for itB diameter, prove that 
P. F" move BO as to be always on the come horizuntal line, the gravitational force* 
being g and g^^ reapeetivelj, 

Ei. 2. If the circles are eqnal and the ace PP' is bisected by a point Q, prove 
that <i moves on the circle an if it were a tbiid heavy particle acted oa by a giavi- 
taliocal force g" = gx. The velocity of Q at A (and at all points) is equal to the 
mean of the velocities of P and P. Prove aUo that Q goes half round while P" 
goes all round. Sang, Edinburgh Tram. 1B65, vol. 34. 
TheBe lesalta follow at once bom Art. 316. 

aiB. Balattotu batwean two a«clUBbUT vaoaonm. The investigatioQ of 
these celatians is properly a part of the theory of elliptic iutegrals, but the following 
theorem will serve as ou example. 

B.D. 9 



[chap. 1 



130 MOTION IN A CIECLE. 

If r. 7" be the periods of i>aoillatioo eatretpouiiag to two » 
■Dblend uiglci a, b' »t the highest point of the einle ftnd ■ 
•ioo = (tanlo')=. then will r=r (cosia')'. 

The half ajc of oBcillation being defined bj sin b = ic, the time t of deaciilui 
the angle tp is given by 

/€,- (* ^'i' - r*A*_ 

where ain^-imnf. Let ai! = ^-t-^. bo that B is the angle the are A'Q in t 

figure of Art. alS Boblends at B". Eliminating ^ we find t*n\t= jv. 1 

shall now «haage the independent variable bora ip to 8. The aimptest (thoogh n 
the Bhorteat) method of eRecting this is to find diff b; diOerentiation and sin' f b7 I 
trigonometi; both in terms of 6. The subatitation is then obvions and we have* 



[* d^_ 3 f\ 

_|o.^{l-«=sin'v") 1 + .^V(1- 
vherc \=2 J'/ll + c)- BememberiDg thai n-si 






ein0. 






Let two particles P. P" oacillale in the circle APB through arcs AD, AD" whiob 
subtend snglea a, a' at the highest point S, then the last equation shows that tha 
timet I, f, of describing corresponding angles ^, tp', are connected by the relation 
f -3(7(1 + .). 

To eompore the changes of the values of these corresponding angles we refer to 
the figure of Art. 213. As P moves from J lo D and bock to A. Q travels roaud 
the semicirale A'QB', 26 incieascB [lom to t, and ^' incresses from to a'. 
ThOB the oscillation from A io D aud back to A corresponds to the oacillation A 
to ly odI;, i.e. a complete oacillation ol P corresponds lo half a eomplete oscillation 
of ^. If T, 1* be the times of a complete oscillatlaa of F, P', we have tberetora 

r=ri{i+K). 

The two angles a, a' are oormected b; the relation 



_V-. 



HeoM 



Since k<1 and a'<jT we take the lower sign in the value of ^a 
una = (tania')'. It follows also that ( = 21' (cos Jo')'. 

£2. If B], og, ... be a series of angles connected by the relation 
sina^i = (taniaj'. 
and it Tj be the time of a complete revotation in an arc subtending 4a, at the point 
of anapension. prove that 

r,={fleclc.,.seo4a,..,to«)'.aF^(«/l,). [sang.] 

31>. Oo-axUI OlTolea. Two heavy particles, constrained to describe the 
same vertical circle, are projected from any two points with velocities due to their 
depths below the aanie horiiontal line. It is required to prove that the straight 
line joioing the particles always loaches a oo-aiial circle. 



I 



■ Caylej's Eliipiic Fui 



PAET. 219.] 



Let Oy be tbe tadical aiie 
I Let s tangent et any point T of 



CO-AXIAL CIRCLES. 



o-aiial cirelea whose centres are C, C. 
e circle intergeot the othei in two points P, Q. 




ti known property of 
the oater circle sfttief; 



ZiCt PM, QN be perpendiculsra on tbe radical riib 
Do-uusl ciicleB the tangeota PT, QT drawn from poin 
the relations ' 

PT'=2. CC'.PM, (JT'-i. CC . ViV, 

In tbe time dt let the tangent move into the poaition P'TQ'. Tben since the 
elemental? arcs V4't ^^', make equal angles with the chord P'Q', tbe triangles 
qjQ\ FTP are similar : hence 

azoQq'itxaPP'^QTjPT. 

It lollows Trom these two geometrical theorems that 

(veL of g)'/(veL of Pf-QNIPM. 
If then tbe point P move with a velocity equal to (2ir . PSl)^. tbe point Q mnst 
MOTe with a velocity equal to {ig . QN)^. It tollowa that the points P, Q are the 
poaitions of two particles moving with velocities due to their depths below Oy. 

If the radical axis is eitemsl to tbe circle described by the partiolea, tbe 
puticlea go round tbe circle. If the radical Biia intersects the circle in tbe two 
poiutB D and E, the particles oscillate in the same arc DAE. 

In the fignres the particles have been supposed to move the same way louud the 
eirole. If their direcliona are opposite the chord PQ envelopes a circle or a part of 
K co-aual circle sitoatsd above Oij. 

' The properties of co-axial circles are fully disonssed by geometrical methods 
in Lachlan's iladrrn Part Geometry. The following is an analytical proof ol the 
property ^1^ = 3 . CC . PM. 

Let c, c' be the distances of the centres C, C from Oy, i the length ol a tangent 
dnwn tioin to any co-axial circle. The equations of tbe circles are therefore 

i'-3c'i + !/"-f-J»=0 (1), 

x''-2cj:-H(' + P=0 (8). 

If z, V be any point P eitemal to the first circle, PT a tangent 

If P lie on the second circle this becomes 2 (c - c'] x by subtracting the second 
eqnatioii. This is the resnll to be proved. 
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The point of contact T dividea the chord PQ in the riitio of the velooiljes at 
P. Q. Thai point ia therefore ths centre of gravity of two masBea pUoed fkt P, Q 
inTersely proportional to the velocities at Ihoso pointB. The ordinary fonnuhc for 
the centre of gravity enable na to write down the dietanee of 'I' from any BttsJgbt 
line. It follows, for example, that the depth of T below the radical axis ii 
geometrical mean of the deptlu uf P and Q, 

Some poKitioDB of P, Q, and therefore of T, being known from the in 
Donditione, the circle enveloped by the chord toaohea PQ in T and luw its et 
in Od. The diatauce between the centres C, C may also be found &oin the I 
eqnation PT'^S . CC, PW. If z. i- are the initial depths ot P. Q. I the in 
chord, it follows that ^(3 , CC-)=ll(^x-\-sf^). 

I>et the two particles P, Q take the positions P'. ij' after the hipse of anj Gnita 
time t. It follows that a third particle B moving on the circle with a velocity doe 
to its depth below Oy will describe each ot the finite arcs PF, QQ' in the t 
time (■ Bf adding or subtracting the time of describing the are P'Q, we eee 
the timet of deicribing PQ, FQ\ i.e. the ara cut off by any tiea taiigenla to a co-c 
circle, are equal. 

When the radical axis is eitemal to the system of cirolee there are two pointa 
L, U one on eaoh aide of Oy which are the positions of the two co-axial oitcIm 
nhose radii are zero. Since I. is an evanescent circle the distance Oh is equal ti 
the tangent drawn from O to any co-axial circle. Also, for the same reason, av\ 
itraight line draan through L difldei the eircle APB into two partf irftic* an 
dueribed in equal timei. 

aao. Bxamplea. Er, I. A circle is drawn to tonch al their middle points | 
the chord and arc of osciilation of a particle which is moving on a verticftl oircle 
under the action of gravity. Prove that a point on the Qrst circle id the same 
horieontal line with the particle moves ivith a velocity eqnal to 2^{gr) tm^iacoeiff 
where r is the radins of the circle on which the particle moves and a. B arc the 
angles which the radius drawn to the particle makes with the vertical at the instant 
when it is stationary and at the instant considered. [Math. Tripos.] 

Ex. a. A particle describes a vertical circle of radius a with a velocity due to 
its depth below the highest point B. Prove that the radius of the circle enveloped 
by the chord joining any two positions of the particle at a constsint time interval T 
is d/cosh>(r^if/a). Prove also that the depth of the point of contact of the chord 
and its envelope below B ia 2a/coah|| cosh f, where ii^ajg and Jj^«/a are the 
times from the lowest point of the extremities of the chord. [Coll. Ex. 1897.] 

Ex. 3. Prove that it a particle move round a circle so that its velocity is pro- 
portional to ths product of ita distancaa from two fixed points in the plane, one 
inside and one outside, any circle drawn through them divides the orbit into two 
parts which are described in equal times. State the corresponding result when the 
points are both inside, or both outside. [Math. Tripos, 1388.] 

Describe two consecutive circles through the fixed points A, B to out tht* given 
circle in the points P, P' and Q, Q'; we shall prove that the times of describing 
the elementary arcs PF", QQ' are equal. 

The distance between any two parallel tangents to these co-axial circles is 
easily seen to be proportional to the product AP.BF where P is the point of 
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als to the circle APQB inUr- 
moving from P to J( ia equitl 



oontftct of either. II then FB, QS ktb any twi 
sectioR the consecutive circle in B and S, the ti 
to the time from Q to S. 

Becaaae the given cirole and the ciicle .-1 PBQ are a^metrical aboat the straight 
line joining their centres, the tangents PP', QQ' make equal angles with (be 
normftls PR. (js ; the lengtha PP\ QQ' are therefore proportional W PB, QS. 
The arcs PV, QQ', therefore, are also deeoribed in eqnal times. 

Let ABCD be any one co-axial circle cntcing the given circle in C, D. Then 
dCBCribiiig all the co-aiial circles, each elementary arc PP" in the larger arc CD 
has ft corresponding elementary arc <JQ' in the Binaller arc CD, and these are 
described ia ecjual times. The times therefore of describing the smaller and larger 
arcs CD are equal. 

Wherever A. B may be, let two of the co-aiial oirdea cut the given circle in 
C, D Find C", D'. It follows ttota what [hrecedea that the times of daacribing the 
area CC, DO' are eqnal. 

Ki. 4. A particle oscillatea in a cirauiar arc F.AD, see fig. of Art. 319, A 
tangent ia drawn from .J to tJie co-axial circle to cut the arc of oscillation in .V. 
A horizontal tangent to the same co-axial cuta the same arc iD 1'. It follows from 
the theorem of Art. 219, that the time of moving from A to A' is twice that 
from A to Y. Prove that this is equivalent to the theorem 
(■>■' d^ __./■* d^ 

where sin ^' = 2 sin ^ cos ^ ( 1 - jt" sin' ^)* (1 - «• ain* ^)-'. 

[Cayley'a EUiptie FuiKtioni. Art. 249.1 



CHAPTER V. 



MOTION IN ONE PLANE. 



221. The components of velocity and acceleration along the 
axes of (xiordinates, the tangent and normal to the path and in 
some other directions have been already considered in Chapter I, 
The solution of the moi-e difficult problems in dynamics requires 
however that we should have at our command a greater power 
of resolution than is given by these. We shall now investigate 
the general components for any moving axea in one plane. 

222. To avoid the continual repetition of the same argument, 
we shall use the terra vector to represent the subject under con- 
sideration, whether it be a velocity or an acceleration. 

Let us understand by a vector any quantity ivkic/i has direction 
as weU as vutgnitude, and which obeys the parallelogram law. 
Thus the radius vector of a point P ia a vector and its resolved 
parts along the axes are the coordinates x and y. Again the 
velocity of /* is a vector, and its resolved parts along the axes 
are du/rff and dyjdt. The accelemtion of i* is also a vector and 
the resolved parts are d'j^jdP and d'yjdt'. Lastly if R be any 
vector whose direction makes an angle -^ with the axis of a;, its i 
components along the axes, supposed to be rectangular, are i£ cos -^ 
and R sin yfr. 

223. Fundamental theorem. A vector R liaving been 
resolved in the directions of two rectangular axes Of, Orj whic/i 
turn round a fixed origin in a given viamter, it is required to find 
the rates at which these coviponents cn-e increasing with tlie (t'jwe. 

Let P be the position of the moving point at any time L 
Draw a straight line PQ to represent the instantaneous direction 



I 
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and magnitude of the vector R. Let w, v be the resolved parts of 
the vector in the directions of the axes Of, Oij. 





After a time dt, the point P will occupy a position P", the 
vector R will become R + dR and may be represented by the 
straight line P'Q'. The axes Of, Oj? wilt turn round through a 
amnll angle d<f> and will take the positions Of, Oij'. The resolved 
parts of R + dR along these new axes will be m + du, and v + dv. 

At the time t the component of the vector in the direction Of 
ia u. At the time t+dt the component in the same direction 
I (Le. in the direction Of not Of) is 

(w + du) cos d^ — (« + dv) sin d0. 
The rate of increase of u in the direction Of is found by sub- 
tracting the component at the time ( from that at the time t + dt 
and dividing by dt 

If we represent the rate of increase in the direction Of by m,, 
\ ire have 

_ [(u + du) cos d(^ — (v+ dv) sin d^] — u 

When we reject the squares of small quantities according to the 
rules of the differential calculus, we write unity for cos d^ft and 
' d<f> for sin d<f>. We therefore have 

^du d^ 



dt 



dt ' 



In the same way if the rate of increase in the direction (hi 
[ be Vii we have 

_ (m + du) sin dt^ + {v + dv) cos d^ — u 
' dt 

_ dif> dv 
""d("'"di- 
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934. This theorem ia of gr^at importance aJad pMticdlftT altstitioD ahoold be ■ 
given to (be meaniiig of the letters. The rate of increaBe of u id the direction of 

the miming alii ^( '^ -j;- ^^ '>'« of increase id the direction of an axis Jlred m 
ipaee which ii coiooictent with the poaitioD of 0( at the time t and which ia left 
btfiiDd when Of mavee into some other position Of is — -v^. It it iht latUr 
rate of incraue not tlu jormer whixh i' requirtd in dijiiamia. 

To mahe this point dear let as mppose thnt a represents the component 
VBlodt; of ft point P. Then 

_ /component along OfN / component along Of \ 
"~\ Mtimet + dt )~\ time ( / ' I 

, _ /comp. along Of \ /comp. ilong 0J\ 

*~^, time( + rft / \ timer )' 
Wlien it is necessar; to digCingaiiih between these two we may call the first the 
relatire rale and the second the ipaee rate of increase of the vector. 

226. There is another method of establishing the fundamental I 
theorem which is very generally used and which puts the argument 
into a more algebraic form. i 

Let the moving axia 0^ make an angle <f> with an arbitrary j 
direction Ox fixed in space. Then if fT be the component of the 1 
vector along Ox, 

U=ucoa^ — veia 
dV /du dA\ , / d<b dv\ 



1 sin<^. 



Thia gives the rate of increase in the direction of the fixed i 
axis Ox. Let Ox coincide with Of and be left behind when Of 
moves into the position Of, then .^ — though d<ft/dt is not zero, I 
By definition dUldt = u,, and therefore 
_du d(fi 
"' ~ ^ ~ ^ d( • I 

Again let Ox coincide with Otj and let it ha left behind when Oij , 
moves to Ojj'. Since <f) is the angle Of makes with Ox measured ^ 
from Ox round positively in the direction fij, the instantaneous j 
value of ^ is — ^tt though as before it is increasing at the rate J 
d^jdt. By definition dU/dt is now t>i, and hence 
dv d^ 
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aaS. Ex. 1. Tu deduce the eoinponeaU of velocity and a 
ptrpendiealiir tn the ladiiu Vector, Art. 35, 

We take the itrbitcary axis of J to coincide with the ladius vector, then ^ = S. 
BcgHrding i = r, 17-Oaa Che oompotienU of the vector r, the space compoaent» of 
the velocit; are 



dt 



^ dt dt ' 



^ dt dt' 



Taking the velocity as a second vector, the 
and the space camponeiita of the acoeleration t 



= drldt,v = rd$ldi. 



"di ''di~dt'~'\dt) ■ 
~dl'''"dl~T dl\ dt)' 



Ex. 3. To deduce the con^netM of aeeeUratioit along the langeni and u 



Art. 36. 

Taking the axis of { parallel to the tangent, v 
I lie the vector, then n representB the velocity and v = 
I tiOD are therefore 

_du dip dii itv 



have ^=^. Lei the velocity 
Thecompooeuts of accelera- 



d^^ d-p 



227. To find the components of velocity and acceleration with 
L reffafd to moving axes. 

Let the po,sition of the moving point P be given by its co- 
lordinates (f, tj) with regard to two rectangular axes Of, Oij which 
I turn round a fixed origin with an angular velocity d^jdt. Let 
!;(«, v) be the component9 of the velocity of P parallel to the 
IjnBtautaneous positiona of Of, Oj). Let (X, Y) be the components 
■ of the acceleratiou of/". The relations between (f,5j), (u.v),(X,y) 
■follow at once from the general theorem. We have 



dA 

''df 

d^ 

"dt' 



dv .f.d4> 



+ f 



dt ■ 



d4> 
"df 



-(A); 
...(B). 



I^Substituting for n, v in the latter expressions their values given 
■liy the former, we have 



'dp ' 



d0^ 
'^ dij 

(dtVdt) 



vdt\ 
Id I 



..(C). 



If the origin is also in motion, these equations require some 
K^modilication. Let p, q be the components of the space velocity 
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of the origm id the directions of tbe axes. Let ii, t continue to 
represent the componeDts of the space velocity of the point P. 

To find u, t> we add to the expresdons (A) for the relative 
component velocities the component velocities of 0, Art, 10. We 
thus have J 

;-^|-4?. "--S-ff <-> I 

These equations give the motion of P referred to a sj'steni of 

moTing axes having anj fijced origin bat always remaining parallel 

to the original moving axes. With these values of a, r, the 

lerations X, Y will continae to be expressed bj- 

lllB (B). 

USB. We may deduce the eipreseions (C) for the acceleratiicn«' 
X, Y in terms of the ctjordinates f, t/ from the theory of 
motion, explained in Art. 10. 

The motion of P in space is made up of the velocity relative 
to M together with that of M in space ; see tig. of Art. 223. Now 
OM is the radius vector of M, and the component velocities in 
the directions OM, MP are f and f^', while the accelerations in 
the same directions are 




r-H" 



Id , 



where accents represent differentiations with regard to the timft I 
Again regarding M as lixed, MP b the radius vector of P, henoa] 
the component velocities of P along MP and parallel to MO (not! 
OM) are tj' and t;0', while the accelerations in the same directions f 



->}<ft'' 



obtain the values of 



Adding together these coraponeatB, I 
X, Y already given in I 



we obviously i 
Art. 227. 

aas. aalatlva and &etiul patli. When the motioii of a point is referred lo 
moving axes Of, Ot it i» necessary to diatiDguiBh between the path in tpace and the 
path relative lo the niorini! uxei. Suppose a sheet of paper to be attached to the 
moving axeH and to tnm round the lixed point O nith them. The point P traoes 
□ut on this Bheet the relative path which is not the same as that traced out on « i 
Hbeet filed in space, J 

The aoordiuates of I' iu tlie relative motion nre {(, 7) and the diaplaeemenia 
parallel to these axes are ilf and di). The direction of the Ungent of the relative 
path and the radius of curvature of that path are therefore found hy Che ordinary 
rules of the differential oaloulus. The coordinates of F in the path in spaoe are 
alM>({, ii],but the displacements have just been proved to be iff-^rf^ and tlytt-(d^. 
There miiil be lueil ttulead 0/ rfjr and dy in the formula of the iliferenlial calculv*. 
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Let OS repiesent bj accents the difFerential coefficieats witli regard to any 
independent T&riable I. Thi foriaula oj the dijferenliai ealeuliu giviitg the tpact 
motion of P referrtd to fixtd axn may be adapted to miming axtt by jcriting «, i' 
/or x', y' Tttpectivtly. vhere « = {'-'(*', i' = i' + i#', nnrfw,, r,/or t", y" Khtre 



u, = u -P^, lf|=U +11^'. 

ThDs, if ^, X be the angles the tangents to the relative and aotual paths 
of these paths, we have 



with Of, knd |>, A be the radii ai 



ake 



(f- 



^,l_ 



-vr. 



(«' 



R 



+ K 



"')* 



Let P. i" be the 



When we app); kinematioal theorems to purely geometrieal properties in which 
the idea of time U absent, we regard t as au auiiliary arbitrary quantity introduced 
to represent the independent variable. If n'e wish the arc x to be the independent 
variable, we write t — i. 

The effect of these changes may ba exhibited \\ 
positions in apace of the moving point at 
the times I, i + di, and Of, Of the positions 
of the axis of reference at the same timBB. 
If PM, P'N be perpendiculars on Of. Of, 

0«-=f, OiV-f + df, MP = 



NP' = 



..(A). 




Let P'M', PH be perpend iculara 
and P'M' respectively. The coordinatea of 
P, P' referred to axes Of, (Jij Hied in space for 

oj/=f. oj;'=f+rff-i,rf0. ,vp= 

These vbIuob of MM\ P'H follow at once 
obbuned by projecting the broken line 0,V, Nl 
tangent Pf makes with Of and da the 
(4rl'=(P'H)» + (PH)' 

SOO. Many of the formules used in \he differential calculus may be inferred 
by resolving the accelerations in different directions. For eiample, the formnln 
for the radius of curvature iu polar coordinates may be written down by simply 
resolving the polar accelerations of Art. 35 along the tangent and equating the 
result to V'lR. The expiexsions for R In Cnrteaian moving and fixed axes may be 
obtained in the same way. 



,, .V'P' = ij + d.i + fi[* (B). 

from Art. 233, but they may he 
' on Of. Oi). U X be the angle the 
•P', we have Xaxtx^P'BjPH and 
these by aubititation from (B) lead to the same results 



SSI. IlXAmpUa. Ki. 1. The posi 
gnlar axes ^f , Qig which move so that Q desaribeK 
a given aurvevlQ while ^f is alwaj-a a tangent to 
the carve. Prove that the component velocities 
and accelerations of P are 

1.=,' + ='-.,^'. i'=.i' + f*', 
.\' = u'-r*', i'=tJ' + u^', 

t where $' is the angular velocity of f , and 41 
Deduce au expression for the rndina ol 



point F is referred to rectan- 




of the space Iooub of P. 
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Ex. 2. A partiele F U »tUehed lo Ihc eiUemi^ of « alriiie of lienglli t wfaioh 
'a being woaod on to a fixed cam aftar Uw mnaw of *n iDTolnie. Pnm thai 
the eompotieiit aco«lermCtoni of P »loag anrd petpcndieniai to tbc snai^ portioD ( 
of the itnng are reqwetivdy 

where ^' U ihe aagolai Telocity d( f . Also #' — - C/^ 

£jr. 3. AstuniDg the earth to be anitonnl; de«ciibiiig a GiteW of radius a 
about the 4an with teloeitj t', and the iod to b« moving in a itrught line in the 
plane of the earth's orbit with a luufonD Telocity >'. prove that the radios of 

cnrratoie at any point of the earth's orbit in space ii r- ' iit- ' v — ai ■ '''*** 

is the angle the line jaininj; the earth and inn makes with the direotiim of the 

ICoU. Ex- 1892.] 
Ex. 4. A fine string wonod imuid a citcle has a particle P attached to its 
extremity and the circle ie constrained to (iiru round iU centre in its ovn plane 
with a tmifociD angolar veladtj u. The particle is initially in contact with the 
circle and has a velocity V normal to the circle. If f be the length ot string 
It the time (. prove that f' = aWi>^-2or(. 



Ex. 5. A particle P h attached by a rnl PA withont mass %• 
anotber rod AB, ii times as long, which revolver aboDt the otbel 
whole motion talcing place in a hotirxintal plane. If be the i 
tods, u the angular velocity of .IB at the time (, prove that 



the extremity of 

extremity B, the 

iclination ol the 



d(*"*"rf('^ 



Vrfi 



)BS + u^ainfl)=0. 



asa. Otillqn* uua. The ueneml method of finding the re!Dlve<i velocities 
and accelerations □[ a point referred lo moving axes may be extended to oblique 
axes. Tbew extensions however are not of any great importance because oblique 
axes are seldom used in mecbaoicB. 

Let Of. Ot) be any two axes which make angles S, « with an axis Ox fixed in 
apace. These angles we shall suppoBe to be perfectly arbitrary so that the angle 
(Or) between the axes is not necessarily constant. Hee figure ot Art. 333. 

Let PQ represent any vector ; u, r its components obtained by oblique resolu- 
tion according to the parallelogram law. Let u, . r, , represent as before the rates 
of increase of the components of the vector in directions fixed in spiice but coin- 
cident with the positions of 0(, Ov at the time r. 

Let UB resolve the vector in a direction perpendicolar to Of. The reaolved 
parts of u, and v, are clearly zero and i'[Bin(^-0). Since {O|'-il0, igOij' = d^, th« 
resolution gives 

_[ (ii + rfK)gindfl-t-(B + dp)gin(»-S + (l» )]~ [PBin(^-g )l 



p,sin(9l-«l = "- 



dt 



de dv . 



,u ^ dt 



n(*-fl)-i-iTooe(*-fl)^. 
a direction perpendioular to Oi| we obtain iu the same way 
n(*-«)=-/^ + f"«n(*-S)>.<cof,(^-fl)'"' 



dt ^ dl 



''dt 
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I ire the oblique ooordinateti of P. the ipoca velocitiea u, v of P are 
r™|,-.| = (tj + l; .!„(,-.) + ,..,(♦-.) J. 

The ftdraotBge of reaoWing peipendicalarly to OC and Oq is tbnt only one of 
the aomponcnts u,, v,, eoters into the resolution. We thna obtain each indepen- 
dently of the other. If we reaoh'e in the directions <]|, Oi we obtain the values 
of u, + IT, COB (ifi - 0) and i; + u, cos (^ - S) and, from these, u, and i>, can be obtained 
by solving the equations. 

Thege valaea of ii,, Vi were Grat given by H. W. Watson [n the Math. TripoB of 
, lUl. 

ass. Bypar.a(maUr*tlona. It is seldom that we use higher diffeiential 
L'Ooeflicienta with regard to the time than the second. Art, 21. When these are 
equired the general theorem on vectors (Ait. 223) gives the eomponenta for differ' 
■ttial ooefficients of an; order. 

;/ be the coordinates of a moring point referred to fixed axes, then 
SJi,=rf"i/>;r", i\ = d'^ldl'' are the components of the spate hype r-acceleral ion of 
** order, Art. 21. Let 0|, Oq be an; set of moving aiee, the relations 
■ between the epace components of two successive orders of acceleration are 

■^•^'-~di '^'dl' '-^'-rft "^^-d(- 



A point moves along a carve with velocity v, prove that the components 
■Wong the tangent and normal ol the acceleration of the third order ace respeoUvely 

Ex. 2. A point F moves along a curve with uniform Telocity. Prove that 
= 1 oot i' where t, f are the angles the diameter of the parabola of closest 
it and the direction of the hyper- aoceletation make with the normal at P. 
IT alio that the semi-latns reotum of this parabola is p ooe* S. 



D'Alembert's Principle. 

234. When a single particle moves under the action of given 
r lorces the equations of motion may in general be found by re- 
[ solving the forces in some convenient directions. In the case 
L of a system of particles the mutual reactions must also be taken 
Kinto the account; these are in general unknown and will have 
) be eliminated from the equations. It is important to be able 
Bto write down some of the results of this elimination without 
rfirst forming the equations of motion of every particle. Various 
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been given to effect this either completely or 



methods 
partially 

When in a statical problem, we wish to avoid introduciug into 
onr equations the mutual reactions of two bodies, we treat the 
two aa one system. We resolve and take moments far the two 
bodies as if they were one. We may adopt the same method in 
dynamics. 

235. In applying this principle to dynamics, it will be found 
convenient to use the term effective force. This may be defined 
as follows. When a particle is moving as part of a system, it is 
acted on by the external forees and the reactions of the other 
particles. If we consider this particle to be separated from the 
system and all these forces removed there is some one force 
which, with the same initial conditions, would make it move in 
the same way as before. This force is called the effective force on 
the particle. 

It follows that the effective force is statically equivalent to 
the impressed forces which act on the particle and the reactions 
* of the rest, of the system, but is differently expressed. Let vi 
be the mass of the particle, (x, y) the Cart-eaian coordinates ; th<; 
components of the force which must act to produce any given 
motion have been proved to be md'x/dt' and ind^yjdP, these then 
are the components of the effective force. In the same way if v 
be the velocity and \jp the curvature of the path, the tangential 
And normal components of the effective force are mdvjdt and mi^jp. 
See Art. 68. 

236. Considering any one particle of the system, we know 
that the resolved parts of the effective forces in any directions 
are equal to the corresponding resolved parts of the impressed 
forces and the reactions. It immediately follows that the effective 
forces on each particle, if reversed, are in equilibrium with the 
impressed forces and the reactions. But, by Newton's third law, 
the mutual reactions of any two particles are in equilibrium. 
Making then any selection of tlie particles of a system, the reversed 
effective forces of those particles are in equilibriuvi witfi the eaiernal 
forces which act on thetii, excluding their mutual reactions, but 
including the pressures (if any) of the remainder of the system. 
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Q equations of motion may therefore be found (1) by 
equating the sum of the resolved parts of the effective forces in 
any convenient directions to the sum of the resolved parts of 
the external forces, (2) by equating the sum of the momenis of 
the effective forces about any point to the sum of the moments of 
the external foi-ces. 

The resolved parts and momenta of the external forces may 
be written dowu by the rules of statics. The components of the 
effective forces in various directions have been found in the 
preceding articles. The moment about any point then follows 
by multiplying that component by the length of the perpendicular 
from 0, Art. 6. 

If (a^i, ji), (j;,, y.,) &c. lire the Cartesian coordinates of a system 
of mutually attracting particles whose masses are m,, m, &c., and 
if these are acted on by the external accelerating forces (X„ T)), 
{X.„ i\) &c., the equations of resolution and moments ai-e 



-(S)= 



S.nJ, 



.-(|f).X.K. 



where the S impli 



m summation for all the particles. 



as7. 



long as we confine our nttention to raBoiutionB and moments it ia 
to include the mutual sctionn of the particles under oonaideiation. 
If howevei we Dee the principle of victual veloeities to express the conditions of 
eqnilibrinm we must remember thai tlie particles may not be rigidly connected 
together. Now the work of two equal aud opposite forces F, ~F, acting on two 
poitioles distant r from each other is proved in statics to be Fdr. It is obriona 
that this does not vanish unless the distance r is invariable. This point is impor- 
tant in using the principle of vis viva. 

The most convenient way of applying the principle of Tirtnal Velocities to 
DTnamioal problems is to use Lagrange's equations. 

238. When the selected system of particles is a rigid body, 
the mutual distances of the particles composing it are invariable. 

It is proved in statics that the position of such a body in 
space of two dimensions can be defined by three quantities usually 
called coordinates. For example, these might be the Cartesian 
coordinates of some point and the angle which some straight 
line fixed in the body makes with some straight line fixed in 
space. Three independent equations of motion, free from mutual 
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noKUXkiOB, 9rtt tbertabnt neeeanrr and sufiooic ^ determine the 
ffjmxioti oi zbe «yic«m as silt ^ime C These dtree ar& ^applied 
If die rvo resolnc&jos ami liie eqoaciaB of imxnents abare 



It ia proTed in stasia siua a s¥9S€flL *y( &roes can be reduced 
to a sngle force £ acting as some couTeniens poms O and a 
ccnjlt G. The compooentB of the force R are eqoal to the sums 
of the oomponents of all the fccces of she srstem. and the couple & 
is equal to the som of their momenss aboai 0. This i< osoally 
called Pcxnaot's method of compoondinz (xcesL We shall now 
afipl J this method to find the resnhants of a ST!«tem of efiective 



239. A system of particles, ngidlj coQnect€d. moves in space 
of two dimensoDS. The coordinates of the centre of graTitr are 
(x, y), the an|^ which a straight line fixed in the body makes 
with a fltraigfat line fixed in space is 6 and the whole mass is J£ 
It lA reqtured to prove that the efediwe force* of Ae whole syeiem 

are efpthalent to two efeetire forceM ^^* ^^ acting at the 
centre of gravity, and an effectire couple JH^ -^ , where Ml^ is a 

Or 

eonMant which depends on the form and structure of the body or 
9y$ttn^ 

Let m be the mass of anj particle of the body, x=^ + {, 
y^jf-^T) be its coordinates. Then since Sm^^/Sm, Smiy/Sm are 
the coordinates of the centre of gravity referred to the centre of 
gravity as origin, it is clear that l^iii^=0, SirnysO. 

The snm of the resolved parts of the effective forces parallel to 
the axis of x is 

The resolved part parallel to the axis of y may be found in the 
same way. These two effective forces are the same as the effective 
forces of a particle whose mass is M pUiced at the centre of gravity 
and moving with that point in space, 

240. To find the effective couple we take momcDts about 
the centre of gravity. Remembering that ^, 17 are the coordinates 
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of the particle tii when referred to the centre of gravity, the 
couple is 

Since Smf = 0, 2mij = 0, the right-hand side reduces to the first 
term. Let p, 8 be the polar coordinates of the particle m, referred 
to the centre of gravity as origin, then frfij — jjrff = pdd. The 
couple is therefore 

We shall now introduce tlie condition that the particles are 
7-igidly connected together. When this is the case the dSjdt of 
every particle is equal to d^jdt. and the length of eveiy p ie 
constant duriug the motion. For, let a be the angle the radius 
vector p of any particle m makes with the straight line fixed in 
_ the body, then fl=^ + a. Though a may be diGTerent for every 
I particle, yet its value does not change during the motion, hence 

dajdt = 0, and dOjdt = d^jdt. The effective couple is {Imp") ^ . 

241. The constant Xm(f is called the moment of inertia of 
the system about an axis drawn through the centre of gravity 
perpendicularly to the plane containing the particles. 

To Jiiui the moment of inertia of any system about any axis, 
ive multiply tite mass of every particle by the square of its distance 
from the axis and add tlie results together. 

When the particles are so close together that they form a 
continuous body, the sum is au integral. Thus for a circular 
area of radius a and density D, the area of any element is p dddp ; 
hence the moment of inertia about an axis drawn through the 
centre perpendicular to its plane is 

I where the square brackets imply that the quantity is to be taken 
L between the limits of integration. These limits being p = to a. 
Land 5 = to 2ir, the moment of inertia about the centre is Jifa*. 

■ In the same way the moment of inertia of a rectangle whose 
■ndes are 2a and 2& about an axis drawn through the centre of 
■{gravity perpendicular to its plane la | Jf (a' + ¥). 

■ S. D. 10 
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The moment of inertia of a sphere of radius a about a diameter" 
is ^Ma'. 

The moment of inertia of a triangular area about any axis is 
the same as that of three particles each one-third of its mass 
placed at the middle points of the aides. ■ 

•43. The moment ol inertia ii 



s of ipeoiiJ unpottance in rot&tiona] motions, 
s the dynamical BigniSccnoe at the foim and 

■tmctnie of the moving body. Thna all free bodies Laving eqoal moments of 

inertia rotate with eqaal angalsr accelerations when acted on by equal conpteE. 

The tronalational motion depends on the mass and the position of the centre of 

gravity. Arts. 92, 239, 

S4S. anOelanor of tb* aqaatUna. The equations of motion of a paitiela- 
moving freely are 



m 



where .V, y are the acoelerating eomponenta of the forces. Art 
now prove that when the initial values of x, y, djjdt, dyjdt i 
equations are sufficient to find x, i/ aa fnnctions of t. 

To prove tliis we replace the proposition by a more general theorem, the limit- 
ing case of which is the proposition to be established. Let r be any veiy small 
lime which we shall afterwards repUce hj dl. Let z=^(l)> y = f (')> tbeeqnati 
may be writUin in the functional forma 

*(I + 2T)-3#{l + r) + 0(( 

^i.(( + 3>■)-2^[.(i + T) + ^(( 

where X, Y are knomi functions of ^ (() and ^ (1). 

Bepresen ting the initial time by t = 0, we suppose that the four initial Talnes 

are given. Putting t = Oin(I) we deduce the valaes of #(2t), ^(2t); again putting 
t = T we obtain ip (3t), f(3i-), and bo on. Thus by a continual repetition of the 
process the values of « (tit), ^t (iit) and therefore of # {i). ^ (() can be found. 

That the solution of the two equations of motion of the second order leads to 
results which contain four arbitrary coBstaots (to he determined by the initial 
conditions) is also proved in treiitises on diOerential equations; see Forsyth's 
Diferential Equaliom, Art. 173. 



f 

I 



■ (If. 



where ncoents denote differential coefficients with regard to the time. These u«l 
usually solved by combining them together so as to obtain a perfect differenUaliX 
We then have by integration 

Fix. y.x', J,: () = C (a), 

where C is a constant. Whan an iategral b obuined in this manner then 1| 
nothing to limit the initial conditions. However the particle may be projected tl 
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equation (2), after deterniiniog the proper value of C, must be true throughout the 
vhole motion. Such an integral is called a gentrat inlegral. An integral which 
ie true onlj for special initial conditioDH ia called a particular iaugral. 

340. If auy equation Bncli as (2) be arbitrarily written down containing one 
arbitrary constant we may enquire leJiai the ihjnamieal probltm ii of which that 
equation n n general inlegral. 

To answer this we differentiate (3) and anbotitute Trom (I). We then have 



dF dF . 



dF^ 



dF 



dF 



.. (3). 



dy ^ dj:' dy- dt 

Since the atate of moCioD at any time t may be taken as the arbitrary initial 
motion the quantities x. y, x', •/' are really arbitrary. The forces X, Y must Ihere- 
fbre be each aa to mafce (3) an identity. 

To determine ,Y, 1' we differentiate (3) partially with regard to any of the four 
letters x, y, x', y', treating the others bb constants. Supposing that X, Y are 
intended to be functions of x, y only, they are constants when we diEFerentiate 
partially with regard to x', y'. In this way we may obtain, by anccesxive diOeren- 
tiations. seveml eqoations each containing .V, Yia the tirst degree. 

If these equations lead to inconsistent values of .V, 1' we infer that the given 
equation cannot be a general integral. 

It may also happen that all the equations to find .Y, Y are identical, and in 
this case the forces .V, y are to a certain extent arbitrary. Bertrand has shown 
that this can happen only when the integral (3) has the fonn 



{iy'~x'y)'+f\ 



(a= 



..(*)■ 



This therefore, when X, V are functions of x, y only, is the only general 
integral which can be oommon to several dynamical problems. Liouville'$ 
Journal, lfr52. 

Ex. 1. If x'' + y''-i/lx, i;) = C bo taken as the general int^ral, prove that 
■=ifldx, Y^dfjdy. This is the eqaation of vis viva. 

Ex. 2. Prove that xy'*=x'y — C with the upper sign cannot be a getieral 
integral; but, with the lower sign, is a general integral when the resultant force 
tends to the origin. 



The Principle of Vis Viva. 

246. To investigate the principle of vis viva for a system of 
L particles. 

Besides the external forces which act on the several particles 
we must here take into account their mutual actions and re- 
actions. 

Let m be the mass of any one particle ; x, y its coordinates ; 
let Xf y be the components of all the forces which act ou that 
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particle. The equations of motion of that particle are | 

-S-^. »2=>- <"■ 

Multiplying these by dxjdt and dyjcU respectively and addiog the \ 
results, we have j 

'^[dtdp-'-dt-d^) = [^rt-*-^-dtJ <^'- 

Summing thb for all the particles of the sj-stem, we have I 

^"'(SS-Sg)=^(^S-''S) <^)- 

The right-hand side of this equation, after multiplication by dt, is j 
the work done by the forces as the system makes a small dis- ' 
placement. Art. 185, 

Amongst the forces X, Fare included the unknown reactions 
on the several particles, but it is clear that we ■niay ovitt front the 
right-hand side all the reactions which would disappear in tht 
principle of work in statics. 

When the remaining forces are such that the work integral 

J%(Xda: + Ydy} = U+C. (4). 

where f7 is a known function of the coordinates of the pardclea,.! 
these forces are said to form a conservative system. Art. 181. 

Representing by u the velocity of the particle m, the integral 1 
of (3) becomes 

\Xmi^ = U+C (5). 

Let Ua be the same function of the initial coordinates that U la \ 

of the coordinates at the time t, and let v„ be the initial > 

of V. The equation of vis viva may also be written in the form 

\Xvi'd'~ijtmv,'=U-U, (6). 

247. The principle of vis viva is important for several I 
reasons. 

(1) The principle is of general application. The forces in i 
nature are such that there is a work function, and the unknown j 
reactions, in general, disappear from the equation. 

(2) When there is only one way in which the system can, J 
move, that motion is determined by the principle. 
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(3) The principle gives a relation between the circumatanees 
of the motioD in any stated position of the system and those at 
the initial stage. When the intermediate motion is not required 
this is particularly important, 

S4B. Tlk« Rnv* fonctlaii. The pi)UBtion of via viva can be ueefull; em- 
ployed only when the iotagrationB reoesMry to obtain the force fnnction U can be 
elteoted. It JH also importaot to notice beforeliand what foicea and reactioDB may 
be omitt«d in (onning that equation. 

The Mting forces niay be clasxifled thna, 

(1) the eitemal foroeB which act on the particles, 

(3) the mutual actions of Buch of the particles as are rigidly conneoted 
together, 

(3) the motttsl attractions of indepeadent paiticlen, 

(4) the picBBoreH due to any liied cnrve or surface on which some of the 
particles are oonetrained to move. 

The externa] forces are in general central forces tending to or from fixed points. 
It follows from Art. I8S that, when each force is some function of the distance 
&om the lixed point, the contribution of each to the work function can be 
integrated. 

Let H bo the mutual action between two particles whose instantaneons diatanoe 
apart is r, and let /I be measured positively when the action tends to inoreaae r. 
It h proved in statics that the work of both the action and reaction is Rdr. 

It follows from this that the reaction between any two particles which keep an 
invariable distance from each other throughout the motion diaappeurft from the 
eqaation of vis viva, for in anch a case ifr = 0. 

If any two independent particles repel each other with a force It which is a 
Itnown fnnction of their distance r, the contribution of this force to the work 
function can be integrated. 

// tiro partklei are connected iogethtr by a light itring, even if bent bj paasing 
over smooth pulleys, Hied or moveable, the work of the tension ia ~ Tdl, where I 
is the whole length of the string. If the length of the string is invariable the 
work ia zero. The action of an ineitensible string may therefore be omitted in 
the equation of vis viva. If the string is extensible and the tendon obeys 
Booke's law, the correaponding work can be found by integrating - Tdl, see 
Art. 18T. 

940. If one of the particlea ia eoiittraiHed to move on a tmooth fixed eurre 
wkoM equatUm iif(x, !/) = 0, let It be the normal presanre. The work of It is 
Kcos ^di; this is zero because ^, being the angle between the direction of S and 
the arc of the path, is J ■. If however the cartv ii ilielf eomtrained to mave, the 
angle ^ is not necesaarily a right angle and the work may not be zero. Since the 
equation of the moving curve will contain t. thia is usually expressed by saying 
that (fc* gtomtlrical relalioiu ikuiI tiot conlain the liote riiilicitty, if the reactioni 
are (o ditupptar. 

It the caroe or turface ii rough, the friction acts along the tangent to the path, 
and the work is zero only when the particle in contact ia 
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250. Energy. Selecting some geometrically possible ar- 
I'angement of the particles as a standard position, the work done 
by the forces ay the particles move or are moved from any other 
given arrangement to the standard position is called the potential 
energy in the given position. 

Let the standard position be called S ; let the system move 
from some given initial position A and at the time ( let its position 
be P. It has already been proved (Arts. 69, 246) that 

Kin. En. at i* - Kin. En. at .d = work A to P. 
But Pot. En. at P = work P to S. 

Pot. En. atA = work A to S. 
.-. Kin. En. at P + Pot. En. at P = Kin. En. at A + Pot. En. at A. 
It follows therefore that the sum of the kinetic and potential 
energies is constant throughout the motion. This sum is called the 
energy of the system, and it has just been proved that the energy 
of the system is constant and equal to its initial value. 

This theorem is true whatever standard position may be 
chosen, but it will be found convenient to so choose this position 
that the system may finally arrive there. When this choice is 
made the potential energy represents the whole work which can 
be obtained from the forces as the system moves to its final 
position. 

251. As a simple example, let a heavy particle fall from rest 
at the ceiling of a room to the floor ; the kinetic energy after 
falling a distance 2 is ^mv* = mgi. Let us take the floor {i.e. 
3 = A) aa the standard position, because the particle cannot 
descend any lower ; the potential energj' at the depth z is 
mg{h — z). The whole energy ia therefore ingh, which is constant 
throughout the motion. At the ceiling the energy is wholly 
potential because the particle starts from rest; on arriving at the 
floor the energy is wholly kinetic, all the available potential 
energy having been changed into kinetic energy. 

262. Degree! oT ft-eedom. If a system contain n particles 
free to move in space of two dimensions, its position can only 
be defined by the use of the 2h coordinates of the particles. 
There are evidently just %t different ways in which the particles 
can be moved, all other displacements being compounded of these. 
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The system is then said to have 2n degrees of freedom, 
of the particles are constrained to move on k given curves, or 
more generally if there are k given relations between the 2« 
coordinates, only 2n — x coordinates are necessary to fix the 
position of the system and there are then 2n — « degrees of 
freedom. The degrees of freedom of a system, may be defined to be 
the number of coordinates required to fiic its position. 

2S3. Vii Tlva of a rigid body. When some or all of the 
particles of a system are rigidly connected together a simple and 
useful expression for the vis viva can be found. Let (5, y) be 
the coordinates of the centre of gravity, (ft the angle which a 
straight tine fixed in the body makes with a straight line fixed in 
space, and M the mass. The vis viva is then 



Sj/iu"; 



=^{(S'-(S)V"©". 



< where Mk' is the constant called the moment of inertia of the 
body about the centre of gravity, see Art. 241. 

To prove this, let a: = .'" + f , y = i/ + ij be the coordinates of any 
: particle vi, then 



ince Smf = as in Art. 240 the middle term is zero. Hence 

I This equation expresses the proposition that the whole via viva 
tofa moving system, whether rigid or not, is equal to that of a particle 
t of mass M moving with the centre of gravity together with the 
I via viva of the motion relative to the centre of gravity. 

To introduce the condition that the system is rigid we change 
Erto polar coordinates by writing 

(rff )■ + (.dvY = idsy = (dp)' + ipdey. 

EBemembering that dOjdt is now the same for all the particles and 
J equal to d^jdt (Art. 240) and that dpjdt is zero, we find 
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as4. TlTimrlT* E^- I. An eudSeee light string of lengtb 21, on which are 
threaded beads of mossea ^t and m, paasefi over two Email nnooth pegs A and B 
in the same borizootal line and at a dietance apart a. one bead Ifiog in each of the 
festoons into which the string is divided b; the pegs. The lighter bead m is raised 
to the mid-point of AD and then let go. Show that the beads will jait meet if 

■^" = 2^j-^^ . [Math. TripoB. 1997.) 

We notice that only two positions of the system are contemplated in the 
problem, viz. (1) the initial position in which the bead in lies in AB, and (9} the 
positioD in which the beads are in contact. In both these cases the kinetiB energ; 
is zero. The principle of vis viva Bsserte that the change of kinetie tnergy it equal 
to the iBorh. It immediate!; follows that the work done when the sjetem passes 
from the Arst to the second position is zero. Let x be the depth below AB kt 
which the beftda meet. Then omitting the tension, Art. 218, we have 

We also have b? geometry ii^ + a^-P. Eliminating z we obtain the result. 
The circumstances of the motion when the beads in, M are at any depths y, 4 J 
below AB may also be deduced from the principle. We liave 

i(nr= + JI/E'') = mff5/ + .Vs{n-^(P-(.i); (1). 

Since the sum of lengths ioining m and il/ to J is I, we have the geometriwt ] 
equation 

^iia' + y'}-^^{ia'-^r/')^l (B). 

Differentiating the second equation, we have 

J^a'+*i;^)"'^'K+*'r)-° "'■ 

Joining this to (I) we have the valnes of v, t>' when v and ig have any values not I 
inconsistent with (2). 

Ei. 2. A particle of maaa »i has attached to it two equal weights by mean8*of I 
strings passing over polteys in the same horizontal line and is initially at rest 
way between them, fiove thut if the distance between the puUeya be Sa, the I 
velocity of m will be zero when it has fallen through a space ^ — ^^ -^ . 

[CoU. EiBm.] 

Et. S, Two pails of weights IV, w, are suspended at the ends of a rope which 
is coiled round the perfectly rough rim of a uniform oircular disc of radius a 
sopported in a vertical plane on a smooth horizontal axis, and the pails can descend 
into a well so that when one conies up the other goes down. If the pails be 
allowed to move freely under gravity, and, when the heavier has descended a 
distance b from rest, a drop of water be thrown off from the highest point of the 
rim of the disc, prove that this drop will strike the ground at a horizontal distaooe ■ 
z from the axis of the disc given by | 

a^(iir + if+ic)=4;.ji(ir-iD), I 

where W is the weight of the disc, and '1 is the vertical distance above the gronod i 

of the highest point of the rim of the disc. [Math. Tripos, 1897.] | 

The equation of via viva gives | 
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The theory of p&rabolic mation giveii x — rl. and fi 

'= Ja'. we obtiiiii the required value of j'. 

Ex. i. Two Bmall holes .-1, B are made in a smooth horinonlal table, the 

distance aput being 2a. A particle of maRH M restB on the tnbto midwa; between 

I d and II; and a patticte o( mass m hangs beneath the table, nuepended from H by 

two eqaal weightless and inextensible Btrings. passing through the two holes. 

The length of each string is a (1 -t- sec a). A blow J U applied to Jif in a direction 

perpendicular to AB; show (hat if J'^iilmag tan a, il will oscillate to and fro 

I tfarough a di«tAne« 2a tana. But if J' ia less than this quantity and equal to 

L SJImag (tan a ~ ton ff), the dislanoe tbmngh which M oscillates will be 

3n|p(p + 2);*, Vfhero p = seca-aecp, (Coll. Ei. 189*>.] 

The effeot of the blow J is to communicate au initial velocity V^JjM to t)ie 
u«s il, leaving m initially at rest. 
Ez. 5. Two partioles M, m are connected by a string passing over a smooth 
pulley, the leseer maaa tit hangs vertically, and M rosts on a plane inclined at an 
•ngle a to the vertical. .1^ starts without initial velocity from the point of the 
inclined plane vertically nnder the pulley. Prove that il will oscillate through a 

Stance — -, - , ,- " where h is the height of the pulley above the initial 
position of 3/. m is greater than .IT cob a but less tlian M. {Coll. Ex. 1697.] 

£x. 6. Two equal particles connected by a atriiig are placed in a circular 
tube. In th« circumference is a centre of force varying as the inverse distance. 
One partlole is initially at rest at its greatest distance from the centre of force, 
prove that if d, v' be the velocities with which they pass through a point 90° from 
the centre of force, <"'^''»' + (-'"''' = I. [CoU. Eiam.] 

Kx. 7. A thin spherical shell of masa jV is driven out symmetrically by an 
internal explosion. Prove that if when the shell has a radius « the outward 
velocity of each particle be 1', the fragments can never be collected by their 
rantnal attraction unlesa V'-^Mja. [Coll. Exam.] 

The attraction of a thin spherical shell on an element of itself is the same as 
if hatf the mass of the shell were collected at the centre. 

Ex. H. Three equal and similar particles repelling each other with forces 
varying aa the dietanue are connected by equal ineitensible strings and are at rest ; 
if one string be cut, the subsequent angular velocity □( either of the other strings 
will vary as »/ . e being the angle between them. [Christ's Coll.] 

Ex. 9. An elastic string of uasB »i and modulus £ rests unstretched in the 
form of a circle of radius a. It is now acted on by a repolsive force situated in 
its centre whose magnitude is /i (distance)''. Prove that the radius of the cirole 
when it next comes to rest is a root of the quadratic t'-ar = miijET. [Coll. Exam.] 

Ex. 10. A circular hoop of radius b, without mass, has a heavy particle 
rigidly attached to it at a point distant c from its centre, and its inner surface is 
constrained to roll on the outer aur&ee of a liied circle o[ radius a {b being greater 
than a), under the action of a repeUing force [rotn the centre of the Hied circle 
equal to n times the distuice. I'rove that the period of small oscillations of the 

hoop will be 2ii 
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Prove that ■hen i: = y til oacilluioiu Ikige oc ^nall hare the Bsina period : 
Ulil pn>t« fnttfaer thai in the genenl caae tke ^mof w*7 l» Ktazied u tlut it will 
«oDtiiiiie to roll with Euutoim uigalu Tdoci^ «q^ to (^/(b-a);^. 

[Math. TripM. 1886.] 

The faUawing ij a liniple (but not neecMHOf Ibe dtoHeit) cwtbod of writmg 
down the equation of tis titb in probleou of thii land. HaTJog selected aome 
indepeDdeat ramble to fix the poution of the sjitem, say. the inclination * of the 
Rtraighl line joinini; the centres C O of the two circles lo the Tertical, we find the 
ooordinatea x, y of the particle in temu of B bj projeetinf; OC. CP on the rertieal 
■ad borizoDtal. The via ivn, being Ibe stun of ■ (di/dt)' and ■■ {dfldiy. follows 
immedialclr. Eqoating the half of this nun to the force function ^mjt. C(fi + C 
we have ao eqaation giving dSldt a 

It is UwB easily seen that, if the constant C be properly ebown, the vatoe ttt _ 
dtldt ndnoM to the constant given in the qneation. To find the small osdUalioUi I 
wc differentiale the equation of via vira and tejeel the squares of 6. 

Whan c = a. the path of the particle is an epicycloid and the osciUUions 
oc small art. by Art. 211, tautochronone, 

2S6. Rotating field of force. When a particle moves in 
B field of force which rotates round the origin with a UDifiwm I 
angular velocity w, an integral of the equations of motion can beJ 
found which reduces to that of via viva when ii 

Let Of, OiJ be two rectangular axes which rotate with thel 
field of force, and let X, V he the component accelerating force&J 
We then have hy Art. 227 



d"*) 






..(I). 



Multiplying theati by df/d( and ditfdt and adding, we find 



d^d'J dTjii^ 
dt dtf dt dp 









..(2). 



We introduce the condition that the field of force rotates by" 
making X, Y such functions of f, ij only that X = dUld^ and 
Y^dUjdi}. Then [T is a function of f, ij only and not of (. The 
equation then becomes 

^(f-nV) = U-\-C 

where v is the velocity of the particle relatively to the i 
axes and r is the mdiu.s vector. 
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I We may notice that if C^ be expressed in terms of the co- 
Bflrdinates x, if referred to Bxed axes, the expression will contain t 
hlso, except when the force is central and tends to 0. 
9 The equation, when written in the form (2), is a alight ex- 
f tension of that given by Jacobi in the Comptes Rendus, Tome Hi. 
Pp.39, 1836. 

If K be the space velocity of the particle, A the angular 
momentum about referred to a unit of mass, then 

V'-2,iA=ifl-,'hi^ (4). 

I The equation of Jacobi then becomes 

^V'~nA = U + G. (5). 

W£o prove the relation (4), let p be the perpendicular from on 
Ethe tangent to the relative path. Since V is the resultant of ti 
ind nr, (the latter being perpendicular to r), we have 

V' = v' + jiV '-2v.np, A = i^ + m", 
he second equation being obtained by taking moments about 0. 
Tie equation (4) follows at once. 

An example of a rotating field of force is met ivith in 
Eutronomy. If the components of a binary star describe circles 
ftabout their common centre of gravity, the force is always the 
Mme at the same point of the rotating plane. Jacobi's integral 
lirill therefore apply to the motion of a satellite moving in that 
vplane, provided it is of such insignificant mass that the motiona of 
■ the primaries are undisturbed by its attraction. 

When the particle moves m apace of two diniensioDB and Ike field of 
force cotBtea about a perpendicular axis witli a variable angular velooily ^' we may 
obtun an exteiiBiou of the equations. 

Wb Imow that JdV/di is eqnal to the sum ol the virtual momenls of the 
foroea divided by dt. (Art. 346), hence 

=.\r+iv+*'(fv-.,.v). 

Bat dAldt = ii'-'nX by taking moments Sibout the oritiin, henoe 

i<[r= dAdu 

2 rir-*-rf7=rfr ''''■ 

where U ia a function of the moving ooordinstes ^. i;, :. When ip' is constant, ttiid 
can be integrated and »« obtain the equation (5). 

When a njtttm of particlei moving in a given rotating field of force ia under 
eonaideration. we have for eocli an equation similar to (<i). Multiplying Iheiie by 
the raaaaea of the particles and adding the products, we have on extended equation 
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of Til Tiro. If SI* tie the vis nr%, A the mgaiu moniMitoiii ot the ■] 
force fdnetion, thii eqiution ii 

T-«M = r + C (71. 

wlMTe ^' itii%e Migiilv veloeil; of the &dd mppoaed to be MnsUnt. In Ifaii tana 
n mil; omit timn I.' all the Bctions uid reaction! which disappear in the ptindple 
of rirtnaJ work. 

SftT. OorlaUa' th>w>m on r*latlir* via vtra. A ly rt em of panicle* it 
retemd U> moving aiei 0(, O17. Sappoaing the syatun at an; instant to becorne 
Cud to the moriog axes, let at calculate what would thai be the cflecttTc forces od 
the S7St«ni. It we appt; these as additiooal impressed foroes on the Kjttaa. bnl 
rctcTsed in direction, we may use the equation of vis vira to determine the idatiTe 
motion t* if the aies were fixed in space. 

Let m,. IB,, dc. be the massw of the particles; [X,. I'l). (.T,. r,i. Ac. the 
components of the impressed forces. Let also ;i, 3 be the resolved lelocities of the 
origin, then, including these m eiplained in Art. 237. the equations of motion ot 
aji</ representative particle s< are 



iS 






J 11^1 1 



Id , 



i 

inenta of the tfftetivt ] 



where (»=rf^/rf(. 

The left-hand sides of these equations measure the components of tlu cfftetitt 
forca on the particle nt. Art. S27. The coneeponding components on an imaginarj 
particle of the same tuass 111 attached to the moving ales and momentariij coin- 
ciding with the real particle are found bj treating {, 



These we represent by .!,, 
TtanspoBing these terms 1 



;-<-"{- 



-9«J 



\\ for th( 

D the otlie 



sake of brevity. 

' sides of the eqoalioi 






I ~i 

K]aBliooE of motion, we hKV^^^| 

iii-^l 



SDpply another proof of the theotero in 



Multiplying these respectively by liildt, d^jdt and adding, « 



I have, as in Art. 25S, 



Summing tbia representative equation for all the particles and integrating I 

ii..j(a)' + (J;yj=2;ui-j,iJt+(r-i'.id,i (4|. 

If the axes rotate round a Hxed origin with b uniform angular velocity, w is 
constant and p, q are zero. The equation of Coriolia then takes the simpler form 
iZi.w^=U+l,<^Zmr^ + C (6), , 





■^ABT. 260.] CORIOLIS ON VIS VIVA. 157 

I wbere r ib the dislanoe of ihe particle m from the origin and i> is its velocity rila- 
mtlvtly lo Ihe aiet. For a ejngle psitialc this is the same as Jocobi's integral. 

I( the angulai Telocity ui is not aniform and p, q not zero, the Byetem of 
Isdditional forcee (A'g, \\) ie not conserratjve and the integration in |4) cannot be 
■ •fleeted except in special coxes. Tlie equation is however still important, for the 
I flnt step in the integration of the equations (1) must be to eUminnte the nntnown 
I reactions, if any auoh exist. Now the equation (1) is free from all the ceaotioui 
F which would disappear in the principle of vertical work, and that equation therefore 
I ■applies us at ouce with one result at least af the elimination. 

For the purposes of this proposition the forces measured by A'^ , ]'„ are called 
if foreet of moving ipace. When the origin of coordinates is fixed, these take the 
rim pie form 

^'•'-""'-'S' ''.=-^+fS (•>■ 

This theorem is due to Ooriolis ; lee the Journal Potytechniqur, 1831. 

ass. LalMnt'a tteorani. Ez. A. partiole moTCfl nnder the action of a force 

whose Cartesian components are ,Y=1'"-t-, I'se" — , where f is the velocity, 
I fioTs that the equation of vis viva is v'-^ = {2-ii)U + C. 

See the BulUtin dt la SociitS MathemaliijHe, 1893, vol. txt. 

Moments and Resolutions. 

269. The equation of Moments. It' P, Q are the coni- 
I poiieiitB of the force on a single particle resolved along and 
I transverse to the radius vector, it is clear that Qr is equal to 
\ the moment of the forces about the origin. Representing this 
[ moment by M, the transverse polar equation of motion becomes 



i{' dt)=^^- 



..(1). 



When a system of mutually attracting particles moves 
\ under the action of external forces we have by adding together 
I the transverse polar equations of each particle 

d I ,de\ 



d / ^d0\ 



IM.. 



I If ii be the attraction of wj, on nt,, the reaction of m., on vii is 
^R, and the sum of the moments of these two must disappear 
I from the right-hand aide. If then the external forces are such 
I that their resultant passes through the origin, we have SJf = 0, 
r and therefore by integration 

S.'.r'^t-* (3). 
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where if is a constant. This equation expresses the proposition 
that when a sygtem of mvAually aUrading particiet moves under 
the action of external forces such that the sum of tite momenin 
about a fixed point is zero, the sum of the angular momenta of alt 
tite particles about that point is constant. For example, if any 
number of mutually attracting planets move under the influence 
of a fixed sun, the sum of their angular momenta is constant. 
See also Art. 93. 

Since xdi/-T/dx = r'dB (Art. 7), the equation (3) of momentCi 
when written in Cartesian coordinates takes the form 



H'i-'ih^ <*^ 



H 



-^{4- 



261. &igld lyrtem. When a system of particles is rigid it 
is useful to have an expression for the resultant angular mo- 
mentum about the origin. Let (i, y) be the coordinates of the 
centre of gravity, the angle a straight line fixed in the body 
makes with a straight line fixed in space, and M the mass. The 
angular momentum of the whole mass ia then 

wliere Mk? « the moment of inertia about the centre of gravii^^ 
See Art. 241. 

To prove this, let {x, y) be the coordinates of the particle n 
then ir = ic + f, J/^y + f). Remembering that 2)nf=0, XmTj^Ci 

as in Art. 239, we find by substitution that 

'S-'S)=<^'»)(-S-'4:)+^"(£S-'S) 

Since dx/dt, dyjdt are the components of the velocity of the J 
centre of gravity, the first term is the moment of the velocity 
of a particle of mass M placed at the centre of gravity and 
moving with it. The equation therefore asserts that the angular 
■momentum about any point is equal to that of the whole mass 
collected at the centre of gravity together with tlie angular miyM 
mentuni round the centre of gravity of the relative motion. 

To introduce the condition that the system is rigid we chauga 1 
to polar coordinates by writing ^d^ — -rid^ = p'dS. The second ( 



I 



SmU^- 



dd 



term then becomes Xmp^ -j . Remembering that 



! the J 
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same for every particle and equal to d^jdt (Art, 240), this term 
r l>ecomee Mfi? ^ . 



It follows that, when a rigid body is acted on by any forces 
whose moment about the origin is G, the equation of moments is 

SSI. Ex. 1. A pulicle moved in a field of (orce defined by the [orce function 

Shmr how to find tlie coordinateB r, 8 id terms of the time. 

The foroa trauBveTse to Ihe oAms vector ie Q = dVlrde. The eqaation of 
moment* therefore beoomcB 3; ( "^ j7 1 = 3 jo ■ Multiplying by AtSjdt, the inte- 
gration can be effeoted and we find 

(^^)'.«-(.)w 111. 

where J U an arbitrary conetont. This integral is equivslent to a result given by 
both Jaoobi and Bertraod. 
The equation of vis viva la 



/dr\' ./rffl\' 



2/('-) 



2F{a\ 



...(2t. 



ElimiiiftUnB d9ldt by the help of (1) we arrive at aa equation giving dljdr ai a 
ftmction of r. The determination of t in terms of r has thus been reduced to an 
Integration. The relation between B and t may then bo found from (1) by another 
integration. 

Ex. 2. A particle is placed at rest at the point 2=0, r=a in a field defined by 

a that the 



path 



-3- . Show by writing down the equations of v 
a a circle. 



263. The equation of reiolutiou. If a system of particles 
moves under the action of external force.'!, we have by resolving 
parallel to the axis of x, (Art. 236), 

„ d'a: _ _ 

where X is the typical accelerating force on the particle m. In 
this equation we may omit the mntual attractions of the particles, 
for the action and reaction being equal and opposite, these dis- 
appear in the resolution. 

If any direction fixed in space enst such that the sum of the 
components of the impressed forces in that direction is zero, we 
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can take the axb of x parallel to that direction. We then have I 

Sj»X = 0, .-. Em J = ^. I 

whei'c jd is a constant. This result is the same as that already! 
arrived at, and more fully stated, in Art. 92. 1 

264. Summary of method* of integration. When the" 
system of particles moves in a given field of force the equation 
of via viva in general supplies one integral of the equations of 
motion. If the flystem has only one degree of freedom, this 
integral is sufficient to determine the motion. 

When another integral is required, there is no general method I 
of proceeding. We usually search if there is any direction fixed j 
in space in which the sum of the resolved parts of the forces ia .1 
zero, or any fixed point about which the sum of the moments is 1 
zero. In either of these cases an additional integral is supplied I 
by the methods of Arts. 263 and 260. The first case usually 1 
occurs when the acting force is gravity, the second when the 1 
force is central. I 

When these methods fiiil we have recourse to some artifice I 
suited to the problem. Suppose that we have some reason for J 
believing that a particle describes a certain path, we constrain I 
the particle by a smooth curve. If the pressure can be made I 
zero by the proper initial conditions, the constraint may be I 
removed and the particle will describe the path freely, Art. 193. I 

aea. Ibumplaa. Ei. 1. Tno particles, ol masties ni, il, placed oil a Hmoath I 

table, are connected by a etriag ol length a + b, which passea throagh a fine ring I 

lixed at a point O on the tablu. Th« particli^a are projected with velocities V and I 

r parpen dioulnrty to the portions of the etring attached to them, and the initial I 

leogthB are leepectively a and b. Find the motion. I 

Let (r, t)t (p, 0) be the polar coordinates of m and SI at tha time t, B7 tb* I 

prinoipLea of augnlar momentDo) and vis viva, we have I 

hJ-J.k,. ^a=« m. I 

-m"'Q'\"'m'*'m\-—*"'-' «• I 

We have alio the geometrical equation -M 

r+P=a+b (8). I 

SUminattng p. e, ^, we find ■ 

,...„„(J)%--%,5?1,=....«.= ,.,. 
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be BepoTBled and thus I uiJi be 
itegration oannol be Kenenll; 



In tbU differentiBl eqaBtinn, the variables oi 
eipreBsed in terms of r b.v &n integral. The 

eSected. 

If the BjBtem oscillate, the extreme post tioOE nte determined b; putting drjdt: 
We IhiiB have 



(«- 



[nn' + ,i/r'i=o .. 



• {5|. 



Since the left-hand side \a positiie when r = and r=.a + b and vaniehea when 
r = ii there is a siKond positive root less than n + b. This aeeond root ma; be 
jinived to be greater or Ibbh than a according as inU'la in greater or lesa than 
Mflb, These valuea of T datennine the extreme poaitionii of the B?atem. We 
notice that if K be very small, the eaoond root is very neatly eqnal to a + b. 

If r = Othe particle .1/ arrivea at the origin, but the appearance when r=a + b 
of the eingular form 0/0 in the ec[aation (6) is a watniug that the motion ohangeB 
ilp character in thin case. In fact if the third term on the left-hand aide of (4) iB 
removed, the velodt.v of arrival at ia finite inetead of being infinitely great. 

To find the tension T at the string, wa use the radial equation of motion for 
one of the particles. This gives 

(Pr /day T 



IiiflBrenliatins {i) we find drjdt in tenna of r and after some slight rednotiona 
Mm (U'al F^b' \ 

The Ktring theceforo does not become slack. 

Kx. 2. Two particles whose masses are in the ratio 1 : 2 lie on a omooth 
horizontal table, and are connected by a string that passiis through a small ring in 
the table: the string is stretehod and the Jiartiolos are equidirjtant from tbe ring: 
the lighter particle is then projected at right angles to its portion of the string. 
Prove that the other particle will strike the ring with half the initial velocity of 
(he first particle. [Coll. Ei, 181)6.] 

Kx. 3. One A at two partiolee of equal mau. without weight, and connected 
by an inelastic string moves in a straight groove. The other B is projected parallel 
to the groove, the string being stretehed. Prove that tbe greatest tension is four 
times the least. [Coll. Ex.] 

Iteduce A to rest, then B is acted on by T and T cos 6, the latter being parallel 
to the groove, where e is the an^le AD makes with the groove. The particle B now 
deecribes a circle, and the normal and tangential resolntions give the angular 
velocity and the tension. 

Kt. i. Two particles in, M. are connected by a string, of length u + b, which 
passes through a hole in a smooth table; M hangs vertically at a depth b below 
the hole, m is projected horizontally and perpendicularly to the string with velocity 
V from a point on the table distant a from the hole. Prove that il M jast rise to 
tbe table, mVl2ab + b*) = 2Mgbia + b)'. Prove also that if M oscillatee, 

mn + aAffln ^3 (flf >ml"fl'(i»)*. 
What is tbe motion if mV^Wga.? 

B. D. 11 
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Ex. 6. Two imatl apbereB at DmatmH m and 2m oie filed at the ends of ■ ' 
waightleea rigid rod AB vhiah ia free to turn about its middle poiot ; thi 
sphere reata on a horizontal table, the rod making an angle 30°with it. If a sphere 
of mass m falling vertioall; with velooit; u strike the lighter sphere directly, prove 
that the Impulse vhioh the heavier aphere ultimate!; givea to the table is 
I mu (I + «). where t is the ooefEcient oF restitution between the two spheres, the 
table being perfectly inelaalie. [Coll. Ei. 1693.] 

At the Gist impact we take oiomenta for the two partiales m, 2m about O to 
avoid the reaction at 0. We therefore have aniv'ii = itacDaa. in(u'-u)i:: - R where 
a-30°. At the moment of greatest compreasion the velocity of approach ol the 
oentras is zero, .~. ti' = v'cosa, and li^lmv. Since the complete value of if U 
found by multiptjiug this by 1 -I- ;, the velocity of either end of the rod after impact 
ia j^ucoBa(l-fr). The balls hi and 2m. rotate with the rod round O through some 
angle, and 2m flnally hits the table with a velocity c'. Taking the same equation 
of moments aa before ii'iicoBa = 3mi''i(. .-. fl' = imn (l+i). 

Ex. 6. One end of a string of length I is attached to a small riug of muau m 
whioh can slide freely on a smooth horizontal wire, and the other end supports a 
heavy particle of mass in'. If this particle be held ilisplaced iu the vertical plane 
containing the groove, the string being straight and then let go, prove that the 
path of m' is part of an ellipse whose aemi-axea are I, ImUm + m'), the major aiis 
being vertical. [Coll. Ei. ie<l6.] 

Only the horizontal reeolution and the Reometrical equation are required. 

Ex. 7. A reotangalar block of wood of mass M is free to slide between two 
smooth horizontal plaoes, and in it is inserted a smooth tube in the shape of a 
quadrant of a circle of radius a, one of the bounding radii lying along the lower 
plane, and the other being vertical. A particle of mass m is shot into tbe tnbe 
horiEontally with velocity V, rebounda from the lower plane, and leaves the tube 
ogun with a relative velocity V, prove that 

F'= = (T' - 2ffu (1 - e^ iil + ,H)iai, 
where e ia the coefficient of restitution Cor the lower plane. [Coll. Ex. 1696.] 

Ex. 8. If in the case of three equal particles tbe units are ao chosen that tbe 

energy integral is Kt'i'+o^' + t',') — v y . where ru is the distance 

between the putidcs whose velocitii^s are v, and I'g, and if r in a positive constant, 
the greatest possible value of the angular momentum of the system about its 
centre of inertia is ^ ,^(2r). (Math. Tripos, 1893.] 

fix. 6. Two equal particles are initially at rast in two smooth tubes at right 
angles to each other. Prove that wlutever be their positions and whatever their 
law of attraction, they will reach the intersection of the tubes together. 

[Coll. El.] 

Ex. 10. Three mutually attracting particles, of masses in,, ni,, pi,, are placed at 
reat within three Gled smooth tubes Ox. Oi/, (): at right angles to each other. The 
attraction between uny two, say m, , iil,. is iiia,m^T^ where r^ is the distance. It 
the triangle joining the particles always remains similar to its initial form, pmve 
that tbe initial distances satisfy the equations 

nij + rn, m, m;,n«|-iii„ m, + iitg - nij* 



I 
I 
I 
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9V8. Donbla onnrara. Ki, A cube, of mass 31, constrained to slide on 
B Bmooth horizontal (able, bas a fine tube A CIS cut through it in the vertical plane 
throngb its centre of gravity, the eitreuitiee A, B being on the eamo harixontal 
line and the tangents at A, II horizontal A particle, of mass m, ia projected into 
the tube at J with velocity V, deduce analytically from the equations of linear 
momentum and vis viva that the velocity of emergence at I) \a also V. 

Let u. V be the velocities o[ the cube and particle at emergence. The principle-' 
referred to give 



iiu + 



Mil' + 



^mV\ 



Tbeee give two solatioM, viz. (1) « = 0. v = V. and (2) ,i = 2mf'IS. c^i«i~M)VIS, 
where S = jn + il. To interpret these wo notice that there are two sets ot initial 
conditions which give (he same linear momeatuin and vis viva. These mie 
determined by the values of u. v just written down. We have therefore raally 
Hnlved two problems and have thus obtained two results. 

To distinguish the solutioos, we investigate the intenoediate motion. Let P be 
any point in the tube and let p be the tangent of the angle the tangent makes with 
the horizon. If u, r now represent the borizontal velocities at P, the some two 
principles give 

J/« + mo = m r, AIu' + m (v^+pV) = m V '. 
where j.' = it- h is the relative veloci^. These give 

r ( „/, ,«+m\"*J 
"iU.\'"V*' M ) I 
Now v=r initially whenp-0, hence the radical most have the positive sign and 
mnst keep that sign until it vanishes. On emergenoe therefore, when p is again 
xero, v = V. The negative sigu of the mdieol evidently gives the initial oonditions 
of the other problem. 

aST. Bodlw wltbaut mua. J-:x. 1. A heavy bead is free to slide along h 
rod whose ends move without friction on a horizontal circle : prove that when 
the mass of the rod is negligible compared with that of the bead, the bead will, 
when started, continue to slide along the rod with an aooeleration varying invursely 
as the cube of its distance from the middle point. [Math. Tripos. 1887.] 

The reaction between the rod and the particle is zero beesuse the rod iias no 
moss. To prove this, let Jt be the reaction. .V the nias» of the rod, then, taking 
momenta obout the centre o( the circle, we have HlK'dujdt — Rp, where lo is thi- 
angular velocity of the rod. Hence R-0 when J/ = 0. 

The particle P, being not acted on by any horizontal fotae, describes a straight 
liue in space with uniform velocity b. If i be the distance of P from the middle 
point C of the rod ; a. r, the perpendicalan from on the path and on the rod, we 
have i» + e» = OP" = o' + ff'. 



This gives 



^xldV=b''{a'-r')jr'. 



Ex. 2. A rigid wire without mass is tonncd into an are ol an equianguhr spirnl 
and oarriex a heavy particle fixed in the pole. If the convexity of the ivire bi' 
placed in contact with o perfectly roogb horizontal plane prove that the point 
of contact will move with a umform aooeleration equal to ^cota, where a is thu 
angle ot the spiral. [Math. Tripos, 1660.) 

11—2 
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Let P, Q he the resolved aacelenting (oreea j 

acting on the partiole reapeoliTel; sloDg and perpendicalar to the ndinn vei 

Let P be regarded na podtire mhen nelins Imuardt the origin. The cqnstioiu ol I 



To find the path ne etimiaate 
T'dBldt and iategration, as iu Art. 



eooDd equation, after multiplication b^ 



{^■sr- 



For the sake of brevity ne represent the right-hand side bj H'. Pnttmg alaV'S 
^ 1/r, we find dfl/dl =H«'. We then have 

ilr 1 dii dfl „(hi 



n the first equation of motion 



ReplaoiEg if* b7 its Tftlne given in (3), 



(S-)(>-/»4S4- 



-..(a). 



This in Laplace't differential eqaalfon of tlu path of thf partieU. The torsea 
P, Q being given in terms of the ooordinatea ii, 9, of the moving particls, this 
equation, when solved, will detenniDe n as s function of 9. and thns lead to the 
equation ot the path. To find the motion along the path ve use equation (9). 
Sabetitnting in that equation tba value ot ii in terms of e ve find by integration tha 
time t at vbioh the pHrtiole ocenpisH aey given position. 

The polar differential eqaation of the path cannot be integrated except for j 
special forms of the forces P. Q. It Q — d, the equation takes the form 






AV •• 



Tliis can be int^crated when P is a fnnotion of ti alone, a ease nhich is considered j 
in the chapter on central forces. It can nlao be integraled when F—u'F{S). t1 
method of solution being that nhown in Art, 122. 

When P = u'F{e) the equation is linear. If one solution of the differential | 
equation is known, say ii^#(d), the general integral maybe determined by anbati- 
tutingu = i^(S). After intSRiation we find t = J +i) )[*(«)]-' (ifl. 

ae». When P^u^f (fl), Q = u'f{e). tilt differential ejim 
the linear fona 

(^+»)l**+VWI+/'(»)^-fie)'.=o (5). 

The various caees in whieh this equation can be integrated a 
in treatises on Differential Equations. 
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By moltipljiDg the equation bj tbe proper (aotor «e cui rnaku tbe leftJund 

side ft perfect diSerenlial. CoaverBel; okooeiiig any lactoi, we can lind the relation 
between P and Q that thiB may be the proper integrating tkotor. If we wish 
Ihe relation bttircen I', Q to be indeprmleut of the iailial condifiotu, the teimB 
ann turning f,3 ^ ^ factor must be made a peireut differential independently uf the 
tennB. The coefficient o( k* in - 



Ti + u and this i 



made a perfect 



renuuning t 

differential b; either of the factors alQ0 or oob0. The remaining terms muit 
therefore also become a perfeat differentitil b; the same factor. The condition that 
dM <PL 



L ~ + il ^ + Nu ia i pertaot diflerentiBlia iV- — + — = 0, and the integral ii 

'«'"'• '»'S+(''-sf)"' 

Hnltiplying equation (5J b; sin S, the product is a perfect differentia] if 

;2/{e) -f(e)[«in«-^ lain fl/' (8)1 +3^ lain 8/(9)! =0. 

which rediwag at onoe to -,= -J^ ^ + 3cotfl^ (6). 

The integral, BiDee/'(0) = Q/u*, becomeB 

fh>-i--2 j^^de\{ sax e^- COB ga'S -^aineu = C (7). 

where C is a oonBtont. This Ib a linear eqnation of the flrsl order and can be 
integrated a second time when Qju' it given ae a (unction of S. The determiautiim 
of the path can tlitre/ore be redactd to integration when the relation (0) it aaliafifd. 
lu the same way, if we niultiply {o) by caatf, we lind that the ptodoct la 



dSu' 



...(81, 



(..«/f.«)(.,4:..n ..)-?.. 



a perfeat diQerential if ri = 5i ir^ - 3 tun 9 ^, 

and the integral is 

which is linear and can be integrated a second time. 

Another cane in whioli the integration of (i) can be effected may be dednced 
Cram Art. -iti2. The equation (3) ia 

If then •^=/(u|+2|.^[l«, the integral in 

jj*'^ + a|^.'"'[ j(Sy^"i ^■■^J/W -d-' + a''' J^-Itf+C (10). 

370. Kx, 1. U P^a'F{B) and <^=i'tan9, prove that u=Jsin0 is a par- 
ticular Bolutiou of the linear equation (G). Thenoe obtain the genera) integral 
by putting iis^^aint', where : is a function of 6 which ia detennined by solving 
• linear ei]uatiun o! the first order. 

£.t. 3. A particle movee under the forces 



prove that au integral of its mot 



P = pu»(3 + acos2e), 



\a2e; 
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Ir the CarteaiaD s 



Q=^u>ainn0. 

[CoU. Eum. 1892.] 
erattng foreeB X, Y are anreBtrioted, prova that 



the ilifTerentinl equation of the path is 

,.+»|.vi,g+.Y4-r=.. 

where A ian constant deponding on the initial oonditioDH. 

Prove also that tbo determination of p as s function or x can be reduoed to 
int^ration when both A', 1' are functions o( x only. 

Kx, 4. If A' and Yji/ are tnnotionH of x only, the differential equation ot the 
path is linear. Prove that it can be integrated when y = y-^, and that the fint 



"d^" 



integral it 



iA + 3jXdx)£-Xg 
Y dX SX 



the dinerential eqaation can be integratad 



I'roTc also that when 
S 
and that the firet integral is 

(^ -I- 2 iXdx) x^-(A + 2 jXdx i-xX)y = C. 

Ex. S. Prove that the Cartesian eqaationn ot motion ( 
integrated when the force fonotioD eatisGeB 



iPU 



^U 



To prove this 
where a, a' are th 



dx' dy' dxdy ' 

that V = piy + ax) + ii>(y + a-x). 

»re the roots of a* - *n = 1 . We then change the variablea to i = y + ax 

a'x. The new coordinates {, 7 are also reotangnlar. The eqaatloni 

become dr(ldC=ip' H), (Pij/iJl' = ^(ir). which may be solved bb in 



£z. 6. If the direction of the acting force is always a tangent to the direction 
of motion, ae in the caee of a resiEting medinm, prove that the path is a straight 
Hne. Consider the resolution along the normat. 

Ex. 7. If th'i direction oF the force- is always perpendicnUr to the path, prove 

that the velocity is constant. 



Superposition of Motions. 

271. A particle is constrftinod to describe a fixed curve. When 
projected from a point A ivith a velocity u, under the actioa of 
aoy forces the velocity and pressure at any point P are i/, and R,. 
When projected with a velocity m, from the same point A under 
a second system of forces the velocity and pressure at P are «, 
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iiiid B,. When the particle is projected from A with a velocity 
« such that u* =«,' + «,', and moves under the action of both 
systems of forces, the velocity and pressure at P are v and R. 
It is required to prove that 

To prove this we write down the two equations for each of 
the three types of motion. Representing for the sake of brevity 
the normal components of accelerating force by N„ N^, JV, + JV,, 
we have 
V,' - M,' = 2/(X,(ie + Y4y), v,-/p = JV, + R,lm, 

i-^ -u'' =2}{(x,+x,)dx+(y,+ r,)rf(/i, i^/p =JVi+J\^,+ie/m. 

the limits of integration being always from the point A to P. 

The results follow at once by subtracting from the third 
equation the sum of the other two. 

272. The following corollary will be found useful. 

A particle can describe a curve freely under the action of 
ceitain forces, the velocity at some point A being tt,. If the 
particle is now constrained to describe the same curve the velocity 
at A being changed to it,, then the pressure at any point P is 
dp, where p is the radius of curvature at P, and C is the 
constant m (w,* - u,'). 

To prove this we notice that when the velocity at .^ is », and 
the forces act on the particle, the pressure ia iJ] = 0. If the 
velocity at A were u' and no forces acted on the particle, the 
pressure at P would be mu''jp. Superimposing these two states 
imd putting u'' = v^ — iti*, the theorem follows at once. 

STa. We may also dedaoe the followiDg tbeorem due to Oesian Bonnet. It a 
particle can tre«l; describe the same curve uader two differunt ByBtema of tones, 
the veloeitieB at some poinl A being respectively h, and u,, tbeo the partiole can 
dogeribe the same path under both sjatems of forces provided the vatocityat A lav, 
vrhete u' = U]*-l-Uj'. Since any point may be taken as the point of projection this 
relation between the velocities holds at all points o[ the curve. LiouvilWi 
Jonmal, Tome ix. page 113. 

974. The [ollooing example of Ossian Bonnet's theorem is important. It 
wilt be shown in the chapter on central forces that a particle P will desoribe an 
ellipse freely about a centre of force in one fooiis H^, whose law of attraotion ia 
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!t,jr,', provided the velooity of projection at >qj point S is giveii by 



The same ellipse cbu bIbo be desaribed about a oeotre of foree in the other toaaa 
J7j «ho«e Uw of attrkctioQ is fi^jr,' provided the velocity v, bae the correipoDdiDg 
valne. It immediately foUovrs that the particle can drtcribe the ellipie freely about ' 
both centret of foree ai:ling limullaneotuly, provided (1) the velocity i> kt any point 
A is given b; 



-a-y^ 



and (3) the direolion of projeetion at A bisects externally the angle between the 
tooal diataneee. 

According; to thie mode of proof both the centres of force ahoold be attraotive, 
for it ig evident that an ellipse could not be freely described about a single centre 
of repulsive force sitnated in either foous. But Che law of eontinuit; shows that 
this limitation is nnneoeaeary. Supposing ^ and /n, to have arbitral? poaitive 
values, it has been proved that the eqnatione of motion of a particle moving freelj 
under both cenlreB of foroe become satiatied when this value of k' is siibatilnted iu 
tbem. The eiiaations contain only the firat powers of »i, utid n^ (see Art. 271) and 
□an be aatisfied only by the vanishing of the coctScients of these qaantities. They 
will therefore still be eatislied if we change the signs of either ^, or ;l, . 

In the fasae way we may introduce other changes into the theorem, provided ' 
always we can obtain a dynamical interpretation of the result. 

STSt Ex. 1. Prove that a particle can describe an ellipse freely under the 
action of three centres of force ; one in each focus attractiog as the inverse square 
and the third in the centre atlroeling as the direct distance. Find also the velocity 
of projection. 

Ex. 2. Farticles of maaseH iii,, ni^. &c. projected from the same point in the ■ 
same direction with velocities ii,, il,, lee. under the aetioD of given forces Fj, F], 
Ao. describe the same curve. Show that a particle of mass M projected in the ' 
same dircctioo with a velocity V under the simultaneous actioD of all the forces < 
F„ Fj, Ao, will also describe the same curve, provided 
.Ul"' = i<i,Ui» + m,»,»+,.,. 
Ouian Bonnet, Note iv. to Lagrange's ilicanlqat. 

Ex. 9. A bead it projected along n smooth elliptical wire under the action of 
two oenttes of force, one in each focns, and attracting inversely ae the square of i 
the distance. U TP, TQ be any two Ungents to the ellipse, prove that the presanre 
when the bead is at P : pressure when the bead is at i? : : TQ* : TP". 

Initial Tetisiona and radii of Curvature. 
276. Particles, of given masses, are connected together by in- 
elastic rods or strings of given lengths and are projected in any 
given manner consistent mtk these constraints. It is required to 
find the initial valves of the tensions and the radii of curvatures qf J 
the paths. 



ART. 277.] IMTIAr. TENSIONS. 1 (i9 

The peculiarity of the problems on initial motion is that the 
velocities and directions of motion of all the particles are known. 
' It will thus not be necessary to integrate the differential equations 
I of motion, for the results of these integrations are given. 

Supposing that there are n particles, we shall require besides 
Ithe 2n equations of motion a geometrical equation corresponding 
f to each reaction. 

To show how the geometrical equations may be formed, let 
. na suppose that two particles iri,, m^ are connected by a rod or 
KBtntight string of length I. The component velocities of the 
I, two particles in the direction of the string being necessarily equal, 
riiieir relative velocity is the difference of their component velocities 
iperpendiculai- to the rod ; let these be V,, K,. If be the angle 
ftiie rod makes with some fixed straight line, the geometrical 



L equation i 



(it 
aplest 



v,~v,. 



The simplest method of obtaining the relative equations of 
Imotion is perhaps to reduce m, to rest. To effect this we apply to 
lOth particles (l)an acceleration equal and opposite to that of »i,, 
■and (2) an initial velocity equal nnd opposite to that of ni,. The 
path of ni, being now a circle whose centre is at mi and whose 
radius is I, the relative accelei'ations are those for a circnlar 
motion. (Art. 39.) 

Let X,, X, be the components along the rod of junction of all 
the forces and tensions which act on jti,, wis respectively. We 
then have (Art, 3.5) 

I 



'(t)'- 



..(1). 



In this way we may form as many equations as there an? re- 
actiona By solving these the initial values of the reactions become 
known. 

If the angular accelerations of the rods are also required, let 
Fi, F, be the component forces perpendicular to the rod which 
act on 7/ii, nir Then 

,rf^_F,_F, 



rfC 



..(2). 



277. To find tJie curvatures of the paths, we refer to the eqmt- 
tiona of mutton in space. The velocity and direction of motion of 
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each particle being known, we may conveniently use the but— a 
gential and normal resolutions. We thus have 2n equations 0*m 
the form M 

-r"- 'i'' <^'' 

where N, T are linear functions of the forces and tensions which 
act on the particle in. 

These reactions having been foimd by considering the relative 
motion, we substitute in (3). The first of these determines the 
radius of curvature p of the path of m, and the second the tan- 
gential acceleration, if that be required. 

When any one of the particles is constrained to deacr^e a giwa 
curve, the initial pressure of that curve is one of the uoknown 
reactions. This pressure will be determined by the normal resolu- 
tion of (3) since the radius of cuivature of the path is the same 
lis that of the constraining curve. 

278. If some or all the particles start from rest, the equations 
of relative motion are simplified, for we then have ^' = where the 
accent denotes d/dt. Since however the direction of motion of a 
free particle at rest is not given, the tangential and normal resolu- 
tioTis are then inappropriate. We can however use the CartesiaD 
or polar resolutions in space. Since ^ = 0, the polar resolutions 
reduce to t" and r$" which are very simple forms. Wc must 
however bear in mind that if we require to differentiate the 
equations of motion this simplification must not be introduced 
until all the differentiations have been effected, Art. 281. We 
may also use Lagrange's equations, when the curvatures and not 
the tensions are required. These modifications of the general 
method are more especially useful in Rigid Dynamics and are 
discussed in the first volume of the author's treatise on that 
subject, 

a7B. ■nmiOM, Kr. I. Pnrtioles are attached to a Btring at anequil 
distancoB, and placed in the form of an UDcloeed polygon ou » smooth table. The 
particles are then set id motion without impacts and are acted on h; any forces. It 
is reqnited to find the initial tensions and curvatures. 

Lot ABCD &a. be an? consecutive particles, and let the tensions ot AD, BCAc. 
be r,, r,, 4o. 1*1 the given forces be F,, J,, *c. and let them act in directions 
making angles a, fi, ttc. with AB. BC.&o. Let lid^i]iU, l^^f^dt, i:o. stand tor 
tbe known diSerence of the velocities of the oonaeoutive particles resolved perpea- _ 
dioular to the rod or string joining them. ^J 
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The particle U b«iiig reduced to real 
along CB, T.Jm, alonj( CU, r./in. parallel t 




impregged aoueleralitiB forces f'Joij, and 
reUtively to £, va have Tor tbe particle C 



- df - m.. 



, C- iJ ai 



D(C+7) + 



i ain ^, 



where A, B, C, &p. are the internal angles of the pol;eon, The seoond resolution 
ma; be omitted if the ani^ilar accelerations of the several portions of string a 
not required. 

An equation, corresponding to the lirHt of these, can be written down for each 
of tbe It particles, beginoiug at either end. except the last. We thus form (n - 
eqnatiuns to find the (n- I) tensionB. 

To And the initial radius of curvature of the path in space of any partiolo C 
we resolve along the oormal to tbe path. Let the directions of motion ot the 
particles be A A', BB", Sm, and let Cj, Cj, Ac. be tbe velocities of the particles. Then 

^-?-''= T, KU DCC'+ r.iin flCC - F,8in (DCC' - -,). 
Pi 

It tbe particle ?», in initially ut rest, ff—O and the last equation faik to deter- 
mine ^. The initial tensions may still be deduced from the first equation. The 
initial direction ot motion of the particle coincides with the direction of the 
resultant force and is therefore known when the initial tensions have been found. 
The tangential aooeleratiou Is also known for the satae reason. The detetni nation 
of the radius of curvature requires further coniiideratioa. 

Ex, 2. Heavy portieleB, whose maasoE begtanin^ at the lovrest are m^, ikj, Ao., 
are placed with their connecting strings on a Rmooth curve in a vertical plana. 
Find tbe iuitia! tensions. 

In this problem the arc between any two particles remains constant, ao that 
the tangential accclerationK of all the Hlrings are equal. Let this common aooelera- 
tion be/. Taking all the particles an one system, the tensions do not appear in the 
resulting equation, we have therefore 

(nti + nij + &0.)/= -WiJ-sin^, -nijaaiu fj-*o,, 
whna ^,. ^,, ice. are the angles tbe tauReats at the particles make with the 
horison. 

ConaideHng the lowest particle, we have 

«,/=-».,.., sin ,t, + T,. 
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tCHAP. 1 



lm,T-,if^ -»jj;»iD^,- Mjifuiif.+ r,, 
■od K> OD. Thai all the Imnotu I",. T-. Av. lure bwn foawL 

If mny tennnB u netiative. that iitriiie iaim«dik(«lj' beeones lUek. W« li 
Doliee that the inituU tenrioiu an iDdepeadent ot the Teloeitio of Uw puiiclo. 

To find the initul reacUoni, ve ase the nomul reaoltitioiiB. If r be the initial 



nlotitj ot the partick m, we tboi fin4 



mr' 



x^ + R. 



£z. S. Three equal partidea are eontieoted b; a string of length a t b bo that 
one ot them h u diMaoces a, b bom the other two. ThlB one is held fiied and 
the otbera are deacribinK eirele* abont it with the same angalar velocity bo that the 
Htriog is Htraight. Prote that if the partiole that waa held fixed is wt free the 
leusiona io the tvo parts of the atring are altered in the ratios ia + b : ia and 
2h + a:3b. (Coll. El. 1M7.] 

f.r, 4. Three oqoa) particles tied together by three eqaal threads are rotating 
abont their ceDtre of gravity. Prove that if aae ol the threads break, the onrvu- 
tnres of the paths instantaneous I j become 3/5, 6/o, 3/Stha respectirel;, of their 
former common value. (Coll. Ei. 1893.) 

Ki. a. Two particles are fastened al two adjacent points of a dosed loop ot 
■tring without weight which hangs in eqnitibriam over tno smooth horizontal 
parallel tails. Proie that when the short piece of string between the partielea i^ 
cnt the prodaet of the tensions before and after the cutting is eqnal to the product 
of the weights of the particles. [Coll. Ex. 1896.] 

Er. 6. Two particles of eqnal weight arc connected b; a strbg of length I 
which becomes straight just when it is vertical. Immediatel; before this insta-nt 
the upper particle is moving horizontally with velocity ^gl, and the lower is 
moving vertically downwards with the same velocity. Prove that the radina ttf 
cttTTatare of the curve which the upper particle begins to describe is iVs'^'- 

[CoU. Ex. 1897.] 

Just after the impulse the upper particle begitiK to move in a direction inclined 
tan*' 1/2 to the horiaon. 

Kx. 7. Two equal particles A, /i, are connected by a string of length I, th« 
middle point C of which is held at reaton a smooth horizontal table. The particles 
desetibe the same circle on the table with the same velocity in the same direction, 
and the angle ,lCfl is right. The point C being released, prove that tbe radii ot 
oorratare of their patbe jusl after the string becomes tight are -'i^SIli and infinity. 

/>. 8, Pour small smooth rings of eitual mass are attached at equal intervals 
to a string, and rest on a smooth circular wire whose plane is vertical and whose 
rsdiui is equal to one-third of the length of the siring, so that the string joining 
tbe two uppermost is horizontal, and tlie line joining the otber two is the horizontal 
diameter. If the string is cut between o 
of the middle ones, prove that the tenaio 
immediately diminished in the ratio 9 : 6 

Ex. 9. Six equal rings are attached a 
reightlesa string, and the extreme rings a 



:e of the eitreme particles and the nearer 

D the horizontal part ot the string is 

[Coll. Ex. 1695.) 

it equal intervals to pointa of a uniform 

e tree to slide on a smooth horizontal 



rod. U the e 



nitinlly held ho that the parts of tbe string 
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ftttucbed to them make angles n witb tbe vertioal, and Chen let go, the tcnsJOD ja 
(he horizontal put of the Htting will be JnatantADeonqly diminiehod in the ratio at 
SM'a to l + sin'<t. [Coll. Ex. iaS9.] 

Es. 10. Three partiotes A, B, C are in a straight line attoolied to points on a 
string and are moving in a plane with equal velocities at lii^ht angles to this line, 
their masses being m, m', m respectively. If B come in contact with a perfectly 
elastio fixed obstacle, prove (hat tbe initial ladius of curvature of the paths which 
A andC begin to describe is ju. v^hwe AIS = ]IC = a. [Coll. Ex. 1H93.] 

The particle B rebounds with velocity i\ By oonsidehne tbe relative motion of 
A and B we have 4i''/k= r/wi. By considering the space motion of A, v''lp = Tlin. 

Ex. 11. A tight string without mass passes through two smooth rings A, B, 
on a horizontal table. Particles ot masses p, q respectively are attached to the 
endH and a particle of mass nt to a point O between A and B. It m be projected 
liorizon tally perpendicularly to the string, the initial radius of ourrature p of its 
pathis given by (m+p + j)/p = p/a- 9/6, where OA^a, OB = b. [CoU. Ex. 1898.] 

Kx. 12. A circular wire of mass H ts held at rest in a vertical plane, on a 
smooth horizontal table, a omooth dni^ of miuti m being anpported on it by a string 
which passes round the wire to its highest point and from there horizontally to a 
Gxed point to which it is attached. 1( the wire be set free, show that the pressure 



of tbe ring on it is immediately diminiBhed by amonnt -^ — i 
tb« angtilar dJEtonee ot the ring from the highest point of the 



,'J8' 






[Coll. Ei. 1897.] 

Br. 13. Two particle* P, P* of masses m, m' respectively are attached to the 
ends of a string passing over a pulley A and are held respectively on two inclined 
planes each of angle a placed back to baak with their highest edge vertically 
miller tbe pulley. If each utring makes an angle ff with tbe plane, prove that the 
heavier particle will at once pull the other oFT tbe plane if 

m'lm < 2 tan a tan ,9 - 1, [Coll. Ex. 1886.] 

Ex. ii. Two particles of masses in, M are attached at tbe points B, C ot v. 
string ABC, the end A being fixed. The two portions AB, BC rest on a smooth 
horizontal table, the angle at B being a. Tbe particle 31 has a velocity commuui- 
catod to it in a direction perpendioular to BC. Prove that if the strings remain 
tight, tbe initial radius of curvature of the locus of .If in c (1 -I'lisiu'a), where 
n = Af/m and DC=a. [Coll, Ex. 1895.] 

280. To find the initial radiuH of curvature wfien iJte particle 
starts from rest. In thia problem it may be necessary to use 
dififerential coefficients of a higher ofder than the second. Let 
tc, y be the Cartesian coordinates of a particle, then representing 
differential coefficients with regard to the time by accents 

which takea a singular form when the component velocities a^, y' 
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are zero. Putting u = x'y" — i/'x", we have after differeoliation 

u' =a!y"-yV", 

«" -y^ -i/v+j^'y" -,'/"■■'■'", 

»"'=x'y- ~ i/V + 2 (x"f - H''"^")- 
For the sake of brevity let the initial value of any quantity be I 
denoted by the aufl&x zero, thus Wo' represents the initial value j 
of of'. Using Taylor's theorem and remembering that a'„' = Ot,r 
^„' = 0, we have 

Similarly (^'' + y'')' = (iCo"' + 1/„"')* P + &c. 

If the particle start from rest the initial radius of curvature J 
IB therefore zero. But if the circumHtances of the problem are I 
fiuch that lEs'y"' — W'yo" = 0, the radius of curvature is given by 

Thb is the general formula when the axes of x, y have any I 
position B. 

If the axis of y be taken in the direction of the resultant J 
force Xb' = 0, and if we then also have x^'" = 0, the expression for ] 
the radius of curvature takes the simple form 

If Fg be the initial rcBultant force on the particle, X the tran»- 1 
verse force, the formula when X^ = 0, X^' = may be written 



p = 3 



X'" 



The corresponding formula tor p in polar coordinates maybe J 
obtained in the same way. We have when )■ (r"&" — r"'0") = J 
initially, 

P 
where the lettera are supposed to have their initial values, 
initial value of r" = 0, this takes the simpler form 

fl 1\ _ 



<-^^ 
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281, Let n particles P„ P,, &c. at rest, be acted on by giveu 
forces and be connected by tc geometrical relations. To find the 
initial radius of curvature of the path of any one particle P wu 
proceed in the following manner, though in special cases a simpler 
process may be used. We differentiate the dynamical equations 
twice and reduce each to its initial form by writing for all the 
coordinates (xi, y,), {x^, y.j), &c. their initial values, and for 
{"h'l yi')> ^<^- zero. We differentiate the geometrical equations 
four times and reduce each to its initial form. We then have 
sufiGcient equations to find the initial values of x", x'", ic", &c.. 
R, R', R", &c. where R is any reaction. Lastly solving these for 
the coordinates of the particular particle under consideration we 
substitute in the standard formula for p. 

This process may sometimes be shortened by eliminating the 
tensions (if these are not required) before differentiation. We 
thus avoid introducing their differential coefficients into the 
work. 

asa. Sborur ■IMlu>dB. We oaD BometimeB aimpllfy the geometrical relu- 
tioiu b; introdocing subsldjar; qiiantitiea, bbj 6. ip, &c. In this vny we can 
eipiesa all the coordinates (x,, ^,), &c. in teimB of 6, 0, Ao. by equations of thi: 

x=f{9,4.,&a.). y = f(e, *, Ac) (1). 

where 9, ip. Sic. ivie independent vatiablen. SiibBtitBting in thfl dynamical eqofttiolln 
and eliminatioR the reactions, we have 2n - c equations or the second order to 
determine 8, ifi, Ac. in tecme of t. Their tliminatiant tiioy he avoided and the 
reiulf ihnrtl)! written ifoirri by uting I^graiige't equalioiii. Lagrango'a method ia 
desoribed in chap. vii. 

These equations, however obtained, contain 0. S', B"; #, ^'. #", &a. and b.v 
difrcrentiatian we can find as many higher differential equations as are required. 

Since 8', ^', ilte. are ebto, we find by differentiation 

where suHiics as ueual indicate partial differential coefHcients, thus ff=ilfldB. 
There are similar eipressions for the diCFerential ooetScianta of ij. Substituting in 
the standard form for p, we obtain the required radius of curvature. 

asa. We notice that if the paitiel differential coeiriaieuts /f, /^, •Ac are zero 
the initial value of x'' does Dot depend on any higher differential coefficienta of 
9, 4t, itc, than the second, and these are given at onoe by the equations of motion. 
Sinoe p-Siflx". when the axis of y is taken parallel to the resultant force ou 
the particle, the radiut oj curvature can (h«n lie found loitAoul difftrmtiatiag the 
tquatioui of notiDti, 
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\\ie geumetrical meaniog of tbeeqiiatioiiB/f = 0, .f^-0. &c. clearly is that dildt=0 
III! ever; geometricallj possible displaottDeut o( the system. The point. n-hoK 
initinl radius of oarvatiiTe is required, must begin to move parallel to the axis of y 
hou'ever lbs systeni is diiiplaoed. 

se4. SzamplH. Ex, 1. A psTtide is plaoad at rest at Ibe origin and is 
acted on by forces X. Y parallel to the axes. It X, ¥ are expanded in povers of ( 
and the lowest povers are A'=/', }'— ii. show that the path near the origin ia 
g" = vtx' and that tbe radios of enrvatnre is zero. If X— ^/t', Y~g, the path is a 
paraboln irbose radius of oarvatnre is %-//■ We ootice that in the (iiEt of these 



□ the B> 

Ex. 3. A particle is at rest on a plane, and forces X, 1' i 
Lei on it. If theae forcea are fonctioiia of the coordinatefi x, i 
nitial rodins of carvatare of the path is 

Tlii« resnlt follows from Art. 380. 

Er. 3. Two heavy particles are attached t 



I the plane begin to 
only, prove that tbe 



[Coll. Ex. 189S.I 



points R, C of a string, one 
A A lieing Gied. Prove that if the string AUC is initially horizontal, the initiat 
radii of carvatiire of the paths of B and C are equal. 

Prove also that if there are n partioles on the horizontal string, all the initial 
radii ot curvature are equal. If AH, BC were two equal heavy rods, hinged at 
IS. and having A Gxed, prove that the initial radii of curvature at B and C are 

In tbil problem we nee beforehand that it will be unnecessary to differentiate 
the equations of motion. Take tbe angles 0, tji, which the strings make with the 
initial position AliC as the independent variables, Art. 283, 

Ex. 4. Two heavy particles P, i), are connected by a strinp which paaseB 
throngh a smooth fixed ring O, the portions OP, OQ of the string making anglei 
&, fi. with the vertical. If the maeses m, M of P, Q. satisfy the condition 
mco6 8 = .'lf coB^, the initial radius ot onrvalure of the path of P is given by 



a'e sin' 4 



M 



where r = OP and I is the length of the string. 

Take the polar equatioos of motion, eliminate tbe tension and differentiate 
twioe. We tlius find the initial values- ot 6". r", r''; mnoe r"=0 the polar formula 
for fi is much simplified. 

Ex. 5, A uniform rod, moveable about one end O which is fixed, is hold in a 
horizontal position by being passed through a small ring of equal weight; show 
that if the ring is initially at tbe middle point of the rod, when it is released 
the initial radius of curvatuie of its path is d times the length ot tbe rod. 

[Coll. Ex. 1887.] 

Taking as origin, the polar equation of motion of the particle shows that the 
initial values of r", r'" are zero, while that of r"-g0" + 2re"^. Taking n 
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E have T- [(M*' + ^nr^?^ = (Ma+m^)[;ooBe. This gives the 
The length of (he radina of omvatnre follows bj thtt 



Ex, r>. Three particles whose masses are m, , m,, m, are placed at rest at tha 
oomera of a triangle ABC, and mutually attract each other with roroea which varj 
according to some power o[ the diatajice. It ^,111^^,, m^nt^F,, m^nijbF, are the 
Torcea, prove that the initial radius of curvature p of the path of C in given b; 



— = -mjusin^i- m^\'' + miF,{F,- Fi) - FF,'} 
+ m,6sinfl|-n,„F,» + .«^,(f,-FJ-QF,'!, 
where f, # are the angles CA, CS make with the reenltant force on C. 
F^'=dF,lda. F,' = dFJdb, 
P = (inj + mjaf, + m, (i^,c oosfl + f,fc oos C), 
Q = (mi + «.,)6f„ + m,(fVooeJ+F,aco«C), 
and B it the reaulCant force on V. 

Deduce that the Initial radii of ourvature of the three paths arc infinite when 
the triangle is equiUteril. 

Small osciUatio7is with one degree 0/ freedom. 

286. The theory of small cscillabions has already been dis- 
cussed in the chapter on Rectilinear Motion so far as systems 
with one degree of freedom are concerned. In this section a 
series of examples will be found showing the method of proceeding 
in cases somewhat more extended. 

The particle, or system of particles, is supposed to be either 
in equilibrium or in some given state of motion. A slight 
disturbance being given, we express the displacements of the 
several particles at any subsequent time t from their positions 
in the state of equilibrium or motion by quantities x, y, &c. 
These are supposed to be so small that their squares can be 
neglected. If required, corrections are afterwards introduced 
for the errors thus caused. 

We fonn the equations of motion either by resolving and 
taking moments or by Lagrange's method. By neglecting the 
squares of the displacements these equations are made linear in 
x. y, z, &c. They are also linear in regard to the reactions be- 
tween the several particles. Eliminating the latter we obtain 
linear equations which can in general be completely solved. The 
solution when obtained will enable ua to determine whether the 
B. D, 12 
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system oscillates about its undisturbed state or departs widely 
from it oa the slightest disturbance. 

The principle of vis viva supplies an equation which has the 
advantage of being free from the unknown reactions, but it has 
the disadvantage that its terms contain the sqvares of the velo- 
cities, that is, the terms may be of the order we neglect, Being 
an accurate equation, it may sometimes be restored to the first 
order by differentiating it with regard to t and dividing by some 
small quantity. Generally the solution is more easily arrived at 
by iising the equations of naotion which contain the second 
differential coefficients with regard to t 

Xsa. Bxamplaa. Ex. 1. Two particles wliosH masses are m. m' are oon- 
neoted b; a string which parses throngb a small hole in a smooth horizont&l table. 
The particle m' hangs vertically, while in in projected on the table perpendicularly 
to the stiing with such a Teloeity that m' is stationar}!. If a small diaturbanoe is 
given to the sfBteni no that »i' makes vertical oscJUHtiooa, prove that the period )■ 

2* . / — where c ia the mean radius vector of the path of nt. 

V <^ 

Let r, be the polar coordinates of m, : the depth of m', i the length of Ihs 
Btiing and T the tenaion. The equations of motion alter the disturbance are 



I 



dfl '\dt) m' r dtydl) "• 



The second equation gives r'dSldl — A, where A is a 
dependR on the disturbanoe. Eliminatiog T, i and dBldt 



'=c + f where c is aconati 
o small that its square ci 



t which is OS yet arbitrary except that the variabls | 
be neglected. 



Let UB now choose c to be such that the right-hand tide of the equation is i 
then tnh' = n'c^!). Substituting for h we find 

(....,„..,. „...;^,,^ 

Since i ia wholl; periodic and has no constant term, its mean valne it : 
wbea taken either for any long time or for the period of oscillation. It foUowa 
that r = c is the mean radius vector of the path of m after the disturbance. This 
ianot necessarily the same as the radius of the circle described before disturbanoe; 
whether it is so or not depends on the nature of the disturbance given to 

Let the particle tn before diaturbaiice be desoribing a circle of radius a 
velocity V, then laVIa = vi'g, each being the tension of the string ; and the au) 
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momentum of m is mT". If the dtsturbaace be given b; a vertical blow li ap- 
plied to the parliole m', this rencta on nt l; an impuUiTe tension, and, the moment 
of this about O being zero, the angular mouientum of m is unaltersd. In this 
caae we have h-Vit and we find e = a. If the diBtarbanoe be given by a tranavarae 
blow II appliad at m, the velocity of «i is changed to i" where F'- V^BIm. In 
this case h= Va and r is not equal to a. 

Ei. 3. A particle of masi in ia attaehed to two points A, B by two elastic 
strings each having the B«me modalus E and nataral length t. If the particle b« 
displaced parallel to this line, pFOve tkat the time of oscillation Ik 2r^{mll3E), 

[Coll. Ex. 1806.] 

E^. it. A heavy particle hangs in aquilibriam suspended h; an elastic string 
whose niodalaa is three times the weight of the particle. The partiole is slightly 
displaced in a direction making an angle cot~'4 with the boriroutat and is then 
released. Prove that the partiole will oscillate in an arc of a email parabola 
terminated by the ends of the latas rectum. [Math. Tripos, IBtlT.] 

Ex, i, A straight rod All without weight is in u vertical position, wicb its 
lower end A hinged to a fiied point, anil a weight attached to the upper end li. 
To I) are attached three similar elastic strings equally stretched to a length k times 
their natural length and eijually inclined to one another, their other ends being 
attached to three liied points in the horizontal plane through IS. Show that, when 
the strings ot>ey Hooke's law, the condition for stability of equilibrium is that the 
weight must not exceed thot which, when Buspended by one of the stringB. would 
cause an increase of leuj-ih equal to j(2 -1/*).4B. Show thai, when this condition 
is fulfilled, the system can perform small vibrations parallel to any vertical plane. 

(Math. Tripos. 1888.] 

Ex. 5. A smooth ring F can slide freely on a string which is suspended from 
two fixed points A and li not in the same horizontal line. If P be disturbed, find 
the time of a small oscillation in Che vertical plane passing through A and B. It 
T be the time, (Tj2ir)-g = i (rr'|'/(r + r') ((r+ /)" - ic", 1, where r, r' are the distances 
JP. BF in eiiuUibrium and AB=ie. 

Kx. 6. A rod of masB M hangs iu a horizontal position supported by two equal 
vertical elastic strings, modulus X and nataral length n. Prove that if the rod 
receive a small displacement parallel to itself, the period of a horizontal oscillation 

""''* ICoU.E.. 1897.] 

Ex. 7. A particle of mass m is attached to an elastic string stretched between 
two points fixed in a smooth board of mass M, and the board is free to slide on > 
smooth table. Prove that the period in which the particle oscillates is less than 
it would be if tbe board were fixed in the ratio 1 : J(l -f-m/.V). [Coll. Ex. 189S.I 

Seduce the board to rest, 

Ex. 8. A ring of moss tun is Tree to slide on a smooth horizontal wire, and a 
string tied to it passes through a small ring vertically below the wire at a depth h, 
and supports a particle of mass m. Prove that If the first mass be released when 
the upper part of the string makes an angle a with the vertical, and i[ be tbs 
inclination after a time r, the equation of motion is 

/i(B + sin>e)(rffl/d()' = 2i/coa'fl(seca-seoB). 
Prove hence that the small oscillations about the position of equilibrium will be 
BynchronoUH with a simple pendulum of length nh. [Coll. Ex. 18B6.] J 

13—2 A 
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Kx, V. A aianf is lowering a heavy bodf and the chain is paid oat with & 
UDiroroi velocity V. Prove that the small lateral oBCillationi of the bodj h* 
dotermined by 



nbere r is the leDgtli of the cliain at any time and 8 its inolisMion to the rertickl, 
the weight □( the chain bein^ neglected. 
Alio if ff^'r = j, 2^/flr = j'r, proTe that 

Be of BeBsel'a functions. See Gray and Mathews* 
[CoU. Ex. 1896.] 

£'7. 10. A gravitating Bolid of revolatiou is cut by a plane perpendicular to 
the lOM. A paiCiole is foetened by a fine string of length [ to a point in the prolon- 
gation of the axis, no that when the string is perpendicular to the plane section 
the particle just does nut touch the plane at its centre O. Assuming the conditiooa 
such that when the particle is slightly disturbed the motion is that of a simple 
pendulum, prove that the time T of a small oseiUation is given by l(2ir/r)'- R -4- \lie 
where U ja the force exertvd by the solid on a unit mass at O and E' is the spoM 
variation of the force at O. taken ontside the solid, along the axis. [Coll. Ex. 1693.] 

Small oscillations uritli two or more deifrees of freedom. 

287. Osclllationfl about equilibrium. A particle is in 
equilibrium under the action offorcesX, Y which are given func- 
tions of the coordinates. A slight disturbance being given, it it 
required to determine whether the particle osciUatea and Uie nature 
of the vtotion. 

Let a, b be the coordinates of the position of equilibnum, 
a + x, b + g, the coordinates at any time (. We shall assume as 
the standard case that x and y are small throughout the motion. 
Solving the equations of motion we shall express x, g in terms 
of t. By examining the results we shall determine whether and 
how nearly the subsequent motion follows the standanl form. 

We shall suppose that the forces A', Y can be expanded in 
integer powers of x, y, viz. 

X = Jjc + %. Y = B-x + Cy (1). 

where we have rejected the higher powers in our first approximar- 
tion. There are uo constant terms because X, Y vanish in the 
position of equilibrium. Taking the mass of the particle as unity^ 
the equations of motion are 
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To solve these we let S represent dldt, 

.-. (&-A)x-By = 0, -Rt 
Eliminating y, we have the two forms 
I S'-A, -B 
I -B\ 8=-f' 
The firat of these is a differential equation with constant co- 
efficients. Its solution can be written down by the usual rules 
given in treatises on differential equations. The solution contains 
four arbitrary coniitants, and the value of y follows from that of x, 
without the introduction of any new constants. 

The usual method is to assume as a trial solution x=Le'^. 
Substituting we arrive at the biquadratic 

m'~(A + C)nC^AC-BB' = G (5); 

.■. m>=i[J + C±V{(J -C)' + 4BB'|]. 
Assuming that no two roots are equal, let the four values of m 
be ± Trt, ± n ; then 

ar = L,e^ + Z^-"' + JlfiC"" + Jtfjfi-"' (6), 

where Z, , L. &c. are four arbitrary constants and the values of m 
may be real or imaginary. 

It is at once obvious, if m be positive or of the form r±pf/— I, 
where r is positive, that the value of ,c will become large by efflux 
of time. /( is there/ore necessary for an osciUatonj motion thai 
all the real roots and the real parts of the imayinary roots of tJia 
determiiiatttal equation (o) should be negative. 

Since the sum of the four roots of (5) is zero, some of the I'eal 
parts must be positive unless the four roots are of the form 
±p\/ — 1. It is therefore necessary for an oscillatory motion that 
both the roots of tlie quadratic (5) should be real and n^ative. 
The algebraical conditions for this are, that both {A — Cy + iBB" 
and AC— BB should be positive and A + C negative. 

As our solution represents the motion only when x and y 
remain small, it is unnecessary for us here to consider any case 
except that in which the roots of (5) take the forma «('=-/)*, 
n' = - ij'. The motion is then given by 

x=L sin (pt + a) + M sin (qt + j3)| 
y = L' sin {pt + a) + M' sin (qt + &)\ 



..(7). 



I 
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^, if arc the roots <4 

<p!' + At(pi' + r)-SB' = 0... 
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amm. 1/ B. » bn Ou —me tif. tk, nau ^ tki 
if tmk ^ Ike mJM> f>= - J. />= - C. T« 

'. ttmt •^—lica u pualn r whta ^^ 
oIhb ^ ka« ddMV o( the MfMStHg laloM^ 

b b BlMt HMI«MH MriU lO BobM 

ralsM ^ sad C am •qoal tmi Am» Aa < 

If AC-BB-=0 the bigndntic t^ faM t 

rtwiiUlli ft«faatao( tte mow efokboa reguded m • qaabati 

irUh Ttfurd tv ljh< trigemm^Tical ttrwu. We dm find 

i(jr-(y*.^)x= <,.»-^«iin(,«-i-fflt "^ 

Patting t=0, »e ai once h&re the values ot Lsia^ Slaa^ in t«nn* of Ae 
ilriti*! T»laM nf tbe coordinates, Differentiatin); irith regard to r and again potting 
1*0, we Hod f. COBS, ilcot^ia tenna of the inilial Tclooities. 

9M). BqtMl roots. The cage in which the eqoation (5) has equal roots haa 
ban vieepted. ThU oocnra when either (.1 -(.T + 4BB' = or AC-BB'^0. 
When />. B' have the aame sif^ the fint alternative r^uirea A =C and either B or 
if eqiial to zero. In the second altematiTe the e<|iiatiOQ haa tvo zero roots. 

Bteepting when both /{ and B' are zeco, the eolntion of the dynamical eqoationa 
(V) ii known to contain temu ot the Tonn (L(4-//|r-'. U m is poBitire or zero 
(or haa its real part poeitife or zero), this term viU increase indeSnitelj' with (. 
1[ howeTer the real part ot ni is negative and not zero, aajr eqiul to ~ r, tbe maii- 
miim valtis ot Lie-" ia Lire. Since L i« so small that ita sqnare can be neglected, 
thin lann in the aolntion will always remain small except nhen r alto is until. 
The txitUnce of equal mo/, in the dflemiinantal eqwilioH |.5) dofi not thereforr 
luetttarily implj/ that the otciilalian becrmet Utrne. 

t9X, Before disturbance the particle P was in equilibriom at the origin undw 
the inUDsiioe ot the forces A'. Y given by (1) Art. 287. When AC-BB". tbe 
•qnationa X = Q, Y=fi are witixGed by valnes ot x. y other than zero. These lis 
on tliB straight line Ax-^By^O. The dynamical ngnificaMe of the conditio* 
ACxBB' ii Ihmfore that thrre are other poiitiont of equilibrium in Iht immediate 
neighbourhood of the origin. The roots ot equation (8) being p' = 0, q^= -A-0, 
the Talnea of x. y take the form 

JT = L|t + L. + JW sin («( + ft, 
B!i=-Amt + L.)-CMiin{qt-r0]. 

The Hivl torniB repreaent a uniform motion along the line ot equilibrium, 
while the trigonometrical temiB represent on oaoillation in tbe direction By= -^ Cm. 
Whether the particle will travel far or not along the line ot equilibrium nill depend 
on the nature of the forcea when x. ij bE^come large. 
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292. Principal oiciUationa. Let the type of motion be 
that represented by such equations as (7). By giving the particle 
the proper initial conditions it may be made to move in either 
of the ways defined by the following partial solutions 

a=L 8in(/)( + a), y = L' Bin(p( + a) (10), 

.r = 3f sin (qi + /9), y = M' sin {qt + ff) (11). 

Each of these is called a principal oscillation and all the modes 
of oscillation included in (7) are compounded of these two. The 
dynmiiicat peculiarity of a pnndpal oscillation is the singleness 
of the period. 

The Holution (10) ia sometimeB taken m the trial aolution Initekd of tha 
exponential aaed iu obtainiog (5). PractiokU; we then begin the lolntion by 
Gnding the prindp&l OBoillationB and finBllf combine these into the geneltl 
Bolulion (7). 

The paths of the paiticle when describing the principal oscil- 
lations are the two straight lines 

Ly^L'x. My = M'x (12). 

In each oscillation the ratio of the coordinates, being equal to 
L'lL or M'jM, is constant throughout the motion. We have by 
(7), using the values of ^* + g', p^, given by the coefficients of 
the quadratic (8), 

I'M' _ {^-^A)(i{' + A ) B' 

LM~ ~7^ B ^''*'- 

It follows that when B, B have the same sign, the ratios L'lL, 
M'jM have opposite signs. In one principal oscillation, the co- 
ordinates X, y increase together; in the other, when one increai^es 
the other decreases. 

We also notice that when fi' = B, the two straight lines (12) 
are at right angles. 

The directiODS or these rectilinear oscillations may be obtained withoat invei>- 
tigating the motion. The lines must be bo placed that if the partiole be dieplaoed 
along either, the perpendionlar force rnnat be 3iero. The lioeB ate therefore 
given by 

.Yk-I'j^O; .-. By^+[A-C]xy~B-x>=0. 
These lines are real when {A-C]''-^iBB' la poeitive. This oondition ia 
satisfied when the roots ol the detetminantal equation (S) are real or of the Form 



293. When the coordinates are such that only one varies along 
each principal oscillation, they are called principal coordinates. 
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Refening to the eqoatioos (9), we see that if we pat 

f, ^ will be the priiicipal coordinates. This tiansfbrnuitioD of ] 
ooonliDates is always possible, so long as pr and 9* are real and ] 
nneqaaL 

W* majklao diaooTci the prineipiU cootdinaHs wiilunit FrarioaatjfiBdiBglfeal 
*b1bm of r^, ^. W* dednee bom the equttom (3) 

£(.+ l,| = UtXlll(:.*|i^,). 

by Baing an indetormifute mnllipliei X. If now «e write (B-t-XOfU +XJ^=1 
w« we that x-f-Xf win be m trieonoaietrical fnoction with one penod. We haves 
qnadnlie to find X; rff'Mwitinn the roota b; X,. X,, the principal coordiiiaMa an 
(=r + \g, ^=i-kXji. or an; mnltiplee of the«e. 

294. Conaerr a t l Te forces. When the forxea which ad. ox 
tht particle art consereatitt, the solution admits of some simplifica- 
tionfi. Let U be the force function, then, since dU;dx and dU^dy 
vanish in the position of equilibrium, we hare by Taylor's theorem, 

C=r,+ i{4.(' + iBj^» + Cy')+ (1). 

It follows that the equations of motion are 



d*c 



= X^A^ + By. g=r 



B* + Cy {ty 

tint 



Comparing these with the (brmer valnes of X, Y. 
B' = B. 

If we turn the axes round the origin we know bv conies that 
the equation (1) can be alwaj's cleared of the term containing the 
product 2y. Representing the new coordinates bj f, % let the 
expresaon for {T become I 

0'=P, + ia'f» + CV)+ (3X 

where A' + G' = A+C. A'C = AC- B*. The equations of motion 
are then 

g.^-t, g.r, (4V 

The motion is oscillatoiy for all displacements or fan none 
according as A', C are both negative or both positive. If A' is 
negative and C positive, the motion b oscillatory for a displace- 
ment along the axis of { and not wholly oscillatory for other 
displacements. 
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The level curves of the field of force are obtained by equating 
17 to a constant ; ia the neij^hbonrhood of the position of equili- 
brium, these become the conic^t 

Aa^ + IBmy + Cf = N, or A'^ + C'tf = N. 
The lines of the principal oscillations are the directions of the 
principal diameters of the limiting level conic, and the periods 
of the principal oscillations are proportional to the lengths of the 
diameters along which the particle moves. 

180. Tha ravT«MDtatlT« partlela. The ioTestigatioD of the smnll oeciU»- 
tions of B partiale in a (jiven fiald of force has n more extended ftpplicntion to 
d;iifuiiicail problems thirn appears at lirst night. SiippoBe. for example, that a 
ayatem. oonBisting of Beveral partjclee conneuled toRether by georoetrioBl relatiouB, 
hax two degrees of freedom. Let tb<- position of this system be defined by the 
two eooidiuateit z, \j. The equations giving the small oBcillationa. oftet tlie etimi- 
Dfttion of the reactions, take the form 



+ ^1?. 



B'.c + Cj), 



beeauae the sqoaji^B of ^ and y are neglected. If B = B' these are the equatioas of 
motion ot a single particle moving in the field of force defined by 

V - Va = HA;^ + 2Bilf +Cy'). 
The investigations giveo in Art. 292 and Art. 294 apply therefore to both problems. 
To eibibit the motion of an oscillating eystem to the eye, we take its ooordi- 
nates .r, y to be also the Cartesian coordinates of an imaginary psrtiole which 
moves freely in the field of force U. We represent by a figure the level oonics. the 
path of this repreHentative particle, and skeltih the positions of the principal 
OBcillatione. The special peculiarities of the motion will then become apparent in 
the figure. 

296, Test of stability*. Let the field of fui-ce in which 
the particle moves be given by the function U. Since dUjdx and • 
dJJjdy vanish in the position of equilibrium, U must be at that 
point a maximum or a minimum. In the neighbourhood we have 

U- l\ = \{Aj? + 2Bxy-irCf)+ ... 
If AC — B"- is positive, (7 is a maximum or a minimum for all 
displacements according as the common sign of A and C is nega- 
tive or positive, and if XC — 5* is negative, U iaa maximum for 

* The energy test of the stability of a position of equilibrium is given b7 
Lagrange in the Miainiqtte Analytiqiu. He gives both this proof and that in 
Art. 297. The demonstration for the general case of a system of bodies has been 
much simplified by Leieone-Diriohlet in CrrlU't Journal, VH6, and LioumlWi 
.lintntut, 1X47. See the anther's Higid Dynumict, vol. i.j the corresponding teat 
for the stability of a state of motion is in vol. n. 
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some and a niinimum for other displacements. It follows from I 
Art. 294 that the motion of the particle, when disturbed fro 
position of equilibrium, will be wholly oscillatory if U is a rea$ ] 
miuximum at that point. The jMiiicle will oscillate for some dis' | 
placements and not for others if V has a stationary value, and wilt ] 
)iot oscillate for any displacement if U is a real ti 



We have here assumed that all the coefficients A, B, C are I 
not zero. When this happens the cubic terms in the erpression | 
for U govern the series. The etiuations of motion (2) of Art. S 
will then have terms of the second order of small quantities oa j 
their right-hand sides. 

Besides this it' AC-iP = 0, the quadratic terms of the ( 
pression for U take the fonn of a perfect square, viz. (Ax + Byf/A, 
In this case the forces X = dU/dx and Y=dU/dy contain the 1 
common factor Ax + By so that there are other positions of 1 
equilibrium in the neigh ho ui-hood of the origin, see Art. 291. To I 
determine the motion, even approximately, it is necessary to take ] 
account of the powers of u; y of the higher oi-ders. 

The geometrical theory of maxima and minima has a cor- I 
responding peculiarity, for it is shown in the Differential Calculus J 
that further conditions, involving the higher powers, are necessary j 
for a maximum or minimum. 

The following investigation shows how far this con-espoudenoe J 
extends. 

297. Let a particle be in equilibrium at a point 1\ whose 
coordinates are a^o, ^oi ^^d let U =f{x,y) be the work function. 
Let the particle be projected with a small velocity v, from a point 
Pi, whose coordinates are a^, y,, very near to Pj,. The equation of 
vis viva gives (Art. 246) 

t;' = r,' + 2(f -i/,) (1). 

= t..' + 2(f7-P.) (2), 

where r„» = ri* + 2([r,- t^,) (3). 

Let f^ be a maximum at the point P^ for all directions of 
displacement, then £/'i < U,, and v^ is a small positive quantity. 
As the particle recedes from P„, Uo — U increases, but the equation 
(2) shows that the particle cannot go so far that U^— U becomes 
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I greater than the small quantity ^i\'. The equilibrium is therefore 
stable for displacements in all directions. 

Let 17 be a minimum at P„ for all directions of displacement, 
then as the particle moves from P^ the diflerence U— U^ increases. 
So far as the principle of vis viva is concerned, there is nothing 
to prevent the particle from receding indefinitely from P„. 

Let f/ be a maximum for some directions of displacement 
and a minimum for others. The particle cannot recede far from 
P, in the directions for which t/" is a maximum, but there ie 
nothing to restrict the motion in the other directions. 

99B. f.'.r, A paiticle /' is in oqullibrium under the nction ot a syBtetn of 
fixed attracting bodien sitaated in one plane, the law of attraction being the 
inTerse cth [wver of the distance. Prove that, if <:> 1, the eqQihbrinm of P oaonot 
be stable for all displacements in thnt plane, thongh it mDf be Htable tor some and 
unstable for other diaptacemenlx. If (<:1, the equilibrium cannot be unatable 
for all displacements in that plane. 

To prove thia lei ni, be any particle of the attracting mass, coordinates /. g ; 
let I, n be tile coordiQalea of I', The potential of nt, at i' is by de&oition 

Ui = — — , where r, is the distance of m, from I'. We then lind by a partial 

(«-l)r,'-' 

^'''' ^'''i _ (" - ^> "'■ 



Summing thin for all the patticles of the si 



The right-hand side is positive or i 

Taking the eqniUbriiun posilici 

of tnotions lor the axes. Art. 394, i 

where J' = d'(//dx', C' = il'Vlds^. 



igative according au n > 1 or « '; 1. 
of P for the origin and the pnnci 
9 see b; Taylor's Theorem 

[t is evident that (' cannot be a 



Is positive and cannot be a 

is negative. The result also follows 



all displacements in tbe plane ef i-y if A' 
lor all displacements in the plane if this 
&om Art. 3H(!. 

299. Bani«r cunres. It is clear that this line of argument 
may be extended to apply to cases in which there is no given 
position of equilibrium in the neighbourhood of the point of 
projection. Let the particle be projected from any point P, with 
any velocity v, in any direction. Throughout the subsequent 
motion we have 

,■; = !.,' + 2 (fr_(f,), 
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whcrt! U is !i given function of x, y and U, is its value at th«J 
point of projection. 1 

If we equate the right- hand side of this equation to zero, wal 
obtain the equation of a curve traced on the field of force atl 
which the velocity of the particle, if it arrive there, is zero. I 
Thia cwve ia there/ore a barrier to the motion, which the partieteA 
caiinitt pass. 

If thu boiTier curve be closed as in Art. 297, the particle ia. 
Its it were, imprisoned, and cannot recede from its initial position 
beyond the limits of the curve. Some applications of this theorem 
will be given in the chapter on central forces. 

The right-hand side of the equation will in general have 
opposite signs on the two sides of the barrier. 'WTien this is 
the case the particle, if it reach the barrier in any finite time, 
must necessarily return, because the left-hand side of the equatdou 
cannot be negative. 

If the right-hand siide of the equation have the same sign oo 
both sides of the barrier, that sign must be positive, and U mnst 
be a minimum at all points of the barrier. The particle is 
therefore approaching a position of equilibrium and arrives there 
with velocity equal to zero. The particle therefore will remain 
on the barrier, see Art. 99. 

The barrier is evidently a level curve of the field of force 
Mid, as the particle approaches it, the resultant force must be 
norma] to the barrier. Just before the particle arrives at its 
position of zero velocity, the tangential component of the velocity 
must be zero, for this component cannot be destroyed by the 
f(a>ce. The path cannot therefore touch the barrier, but must 
meet it perpendicularly or at a cusp. 



Er. I. Tvu heary putiein at mMMM m, m', mn MlMbail 
lo the point* J, B of a liglit ekatic ilriae. Tb* iwet ntreMity O ia lati lad 
tiM ftriae ■■ in tqwiannBi ia > nrtiMl po» i »oa. A mmU vwtiMl fetortMM 
kains im*. iarf tk« oMillatiiMK. 

Ut «; r W tiK 4va> sT H. ■' Mov O; •. fc (b* i M to tfchrf Iw^fa af (U, 
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SEVERAL DEOREES OF FREEDOM. 



the coQRUiitB A, 1; being ioCroduoed to caiioel the right'liand aides of the eqaatioQa 



eqoUibriuiD v&luea q( x, y. We tben Bud 



J, !/ = * mate iPx/di'^O, ^IdC-Q, these 



("J^-^ -?)("'''''-!) = ?.' 



r,=l- 



..(3}. 



One piiDoipHl oscillatian ii given by (3) and the other b; usiog umtead of ji', 
the other root of the qasdr&tic. It follows that in one oBoillatiDH the two particlea 
are aInsjB moving in the same directioca, that ia both are moviug ujiwards or both 
dowawarda. In the other when one moves upnacda the other moves downwards. 

Ex. 2. Two heavj particles, of masses hi, ii, are attached to the points A, B 
of a light ineiteDBible string, the npper eitremit; being fixed. Prove that ths 
periods of the small lateral oscillations are 2ir/p and irjq where p and q are tb« 



Lsof 



- ^-=0, 



and OJ =a, AB = b. Prove also that the magnitudes of the principal oscUlationt 
in the incUnations of the upper and lower strintia to the vertical are in the ratio 
(g - 6/i'l/ap'. Show that in one principal oaoillation (he two partiolea are on the 
game side of the vertical through Q and in the other on opposite sides. 

Kx. 3. Two particles .U, irt, are connected by a dne string, a lecond string 
connects the particle ni to a fixed point, and the strings hang vertically* (I) m 
ill held slightly pulled aside a distance h from the position of eqnilibrinm, and, 
being let go, the system performH small oscillations ; (3) .U is betd slightly pulled 
aside n distance I:, without disturbance of m, and beiug let go the system performs 
small oBcillaCtons. Prove that the angular motion of the tower string in the first 
ease will be the same as that of the upper string in the second if Mk = (yi-v ni) h. 

[Math. Tripos, 1888.] 

¥.x. 4. Three beads, the masses of which are m, m', m", can slide along the 
cides of a smooth triangle ABC and attract each other with forces which vary as 
the dietaoca. Find the positions of equilibrium and prove that if slightly disturbed 
the periods Sr/p of oscillation are given by 

(j.'-a)(p'-ffl{p''-7)-mW(p^-<.)oosM-m"m(p'-^)cos>fi 

- jHju' (ji' - -,) cos' C - 2mm'jn" cos A coh« cos C=0. 
where a, p, t represent m" + m'. tji-i-m", iii'-i-wi respectively. 

Ex, 5. A particle F of unit mass is placed at the centre of a smooth cironlar 
horizontal table ol radius a. Three airings, attached to the particle, pass over 
smooth pulleys A, B. C at the edge of the table and support three particles of 
masses m, . tii,,m,; the pulleys being so placed that the particle F is in equihbrium. 
A small disturbance being given, prove that the periods of the oscillations are 
2t/p, where 






->i4)(m, + m,-in,l{>fi, + w,-»ij, 




If a kod b mn poBtire, thai is il botli the |itii >e i| ml lectiana *» €0ow*« np- 
«afda, Um niotioii i» oadHmtarj and the tvo psiodi of osoDktiaiu an ftr/^af 
•ad trlJbg, Tbe particle, by definition, peifonns a prindpal oadUatka wkca ila 
notioa has bat one period. Thu oocim wiien 

(1) 1 = 0. y = BimU/bffl^fn. (3) )r=0, * = J liii V»»«+«)- 
Tbi directiona of that oaeiUalioii* are the tangents to tbe prindp*! Mttiotw. 

£'. 3. A pftrtiele rest* on a smooth enr&ee Khicb U made lo levohe irith 
Itaifbnn angular lelocitT u about tbe Tertieal nonaal vhicfa passes throng Ibc 
panicle. 8b>7ir that tbe eqnilibriuni ia stable (1) it the cnrvatnre is ijuclMtk 
npirardi. and w does not lie between certain limits, or (3) if tbe cnnatiire is anti- 
daatie and tbe doimwsrd principal rsdins is greater tban tbe npward principal 
ndioa, and tt exceeds a wrbun lialL Find the limits of u in each case. 

[Uath. Tripos, 1^88.] | 

Taking as aies the tangents to tbe prindpal sections, the equations of o 
(Alt. 337) Mdnoe to 



--"-2":;^ = 






df 



-u^ + 3w— ^ -gby. 



To soIts these we pot x=LtitHpt-t-a), ^ = Z.'eos(/if + a). We thsn obtain ftj 
•luadratie for jA and the r&tio L'jL. 

The path of the particle relatively to the moring sarboe when perfonning ti 
principal oicillstiun dcIiDei] b; either value ot ffi is the ellipse (^J -^(pj^^L-l 
The two ellipH!" unt ccBiiul. 

•03. Th* litanlBclsaey of tlia OrK a ppr o il matlon. In forming 
oijuatioDS uf motion in Arts, 3H7, 294. we liave rejected I)ie squares of r and f, ] 
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But tmlesB the extent o( tbe oBuillntioD is indefinitel; small, the rejected lermi 
have Boiae vBluea, nod it may be, that they seasibly affect tbe reeiilta of the firxt 
appro lima lioD, See Art. 141. 

SOS. Tu hod a second approiitnation we include in the eqantions (2) or Art. 
2S7 the temtB of tbe Eecond order. We write thexe in the form 

-B'i + (P-C)a = fV + 2Fj:(/ + F^'f ' '■ 

Taking as our first approximation 

.r = I.sin(pl + a) + .« «n(jl + ^)l 

tf-7.'8ln(p/ + o) + .V'sin(,( + jS)f ' '' 

«e substitate these in the riijht-hand tiidee ot (1), The equations take the rorm 

-B'j + (i'-OV = £y«inl« + M)f ^ '' 

where X may liave any one of the lalnes 0, 3j), 3^, p^q and P, Q oontaio tha 
■qnarea of the small qnantitieB L, M, L', .V. To solve these equatiomi. vte con- 
sider only the specimen term of {3} and aBsaroe 

i = Zsin(jH + a) + ;U sin(<,(+^) + R ain(M + ^)l 

y = i'«in(p( + o) + .U'Bin(j[ + 3) + K'Hin(M + ,.)f ' '' 

We lind by an easy Hnbstitution J 

. „_ -i'(V' + t-) + QB PB'- Q{\'-i-A) \ 

(X« + J) (V f C^) - llB- ' {\' + A) (\H C) ' BB' " 

It appears that R, R' are very amati quantities of the second order, eioept when 
X is Bach that the common denominator is small, and in this case R, if my 
become very great, Tbe roots of the denominator are V-=p', \^ = q*, and the 
denominator is small when \ is uearly equal to either p oi q. This requires either 
that ooe of thu too frequencies p. q ehould be small or that one should be nearl;r 
doable (he other. 

If for example p is nearly equal to 2g and tbe nomeratora of li, If, are not 
thereby made small, the terms define^l hy \=p- y and \ = 2q will considerably in- 
flnencc the motion, the other terms prod oc inn no perceptible effect. Up = 2q exactly 
the denominator is zero and both R, R' take infinite values. The dynamical meaning 
of the infinite term is that tbe expressions (2J do not represent the motion with 
gnffident accuracy {except initially) to be a first approximation, The corrections 
to these expressions are found to become infinite and if we desire a solution we 
must seek some other first approximation. 

a04. OaoUlaaoit about Maady moUoD. Ex. 1. The conBtitnenM of ■ 

multiple star describe circles about their centre of gravity with a uniform 
angalHr velocity ii, tbe several bodies always keeping at the same distances from 
each other. A planet P, of iiuignificaiU via'i, freely describes a circle of radius u, 
centre O, with tbe same angular velocity, under the attraction of tbe other bodies. 
It is required to find the oscillations of P when disturbed from this stitte of 



Let 



i'=a(l-t.r), 9 = ul + y be the polar coordinates of the planet P 
lift the work fanetion in the revolving field of force be 

V-U„=A„x + Bu>i + mi'-fiBx!i + Cy')-i-&i: (1), 



any 
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at til points in the nei^hbourbood of the cirpuUr motion. Since that motion is 
poMibte onlj in that part of the field in which the force tends to O and ia egoal to 
ii'b. it is clear that. ^o= -a*B= and H„ = 0. 

SttbBtitQtiog the values of r. e in the polar eqnations 

df \dtj -adx' f dtydt/~rdy ' '' 

we find tb(^ linear eqaatione 

(2a'n8-S)* + (a*a«-C)y=0( * '■ 

A prtooipHi oBcillation is therefore given by 

x^Leoipl + L'ainpi. ^ = af ooipl + Jtf'ainpt.. (i), 

2a% pL-~BL -2a«™pL-fli.' 

*-~rfy?C~' ^ i^i + C~ f^*' 

(uV+'l+aV)lnV + C)-B'-*'''n"p' = (6). 

The path of the partlaln when describing a principal oecillation relativelj to 
its andisturbed path ia the conio 

iay + A + a'n'')T' + 2Bxy + {a'y + C)y'=*"^'^'^{L' + L-') (7), 

the ratio and directions of the axea being independent of the diaturbanoe. In tin | 
limiting case in which n = the conic reduces to two straight lines. 

When the multiple star ha-i lino conntiluriiti A, B, whose masses are M, M', tht " 
planet P can describe a circular orbit only when I^p-* sin APO = iI'p'~*9ail 
where ii = AP. p' = BP and the law of force is the inverse nth power of the diatanoe. 
Since ia the centre of gravity of M. W thia proves that either the angle APO is 
zero or p— p'. except when ■= - 1. The planet P must therefore be either it 
straight line AB or at the comer C of the eqoilaleral triangle ABC. 

When the planet /* is in the straight line AB at a point C such that the sum of I 
the attractions of A and B on it is equal to n' . OC. the planet can desotibe a cirota J 
aboot O with the aame periodic time as A and B. This motion ia unstable. 

When the planet P is at the third comer C of the eqoihtteral triangle ABC, ths | 

circular motion is stable when ,>tjt =■ ^ ( 5 — ) ■ 

These two resttlts ma; be obtained in several ways. Putting p. p' fur th* J 
diatancea of P from the two primaries the work [unction is 

■ -iKp" p" I 
Expressing this in terms of r, 9, and expanding in powers of x, y, including tl 
terms of the second order, the valnea of ^, £, C in eqnation (1) beoome known. ' 
The periods are then given by (6). 

Instead of asiog the work fnnotioa, we may determine the foroea dUladx and 
dUjrdij by resolving the attraetiuns of the primaries along and perpendicular to 
the radius vector ol P. This method hai the advantage thai the task of calculating 
the temu 0/ the lecond order bemme.i unneceuary. 

Lastly, we may nse the Cartesian equations referred to moving axes which .1 
rotate round O with a uniform angular velocity n, OC bcdng the axit of {jJ 
Art. 327. J 
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In all these methods, the asaainptioD that the mftHB ot tbe plaiiet P U inrigiiia- 
eant compared with that of either of the attractinit bodies Rreatly simplifies tbe 
analysis. It doea oot seem neoessBTy ta examine these cues more fully here, as 
the results and the method of proceeding when this assumption is not mnde will be 
oonxideced fiirther on. 

Ex, 2, If in tbe lant example the attracting primaries either coincide or are 
so arranged that the Geld of force is represented bj ['- f'o = .4„i + iy(j;"; prove 
that other circular orbits in the immediaEe neighbourhood of the given one ars 
possible paths for the particle P, Art. 891. Prove alxo that after disturbance the 
oieillation ot P aboat the mtan cireubjr path is given by 

i = Lcos(pt + «). p!)= - 2hL sin (pt + a), 

where p'=^a^-Aja\ the osoillation having only one period. 

Ex. 3. Tvo eqnal centres of force S. s; wheae Httraotioa is up*, rotate round 
the middle point O of the line of junction with a uniform angular velocity n. 
A particle in equilibrium at is slightly dietarbed, prove that the periods of the 
■mall oscillation are given by (p^ + n> - p) {p* -H n* - n^) =^ 4n'p* where fi = 2fib* ' ' and 
8S'=2b. Xheuee deduce the conditions that the equilibrium should be stable. 



Prc^lema requiring Finite Differences. 

aos. Ex. 1. A light elastic string of length nl and coefficient of etastioity 
E is loaded with n particles each of roaaa m. ranged at intervals I along it begin- 
ning at one extremity. If it be hung up by the other extremity, prove that the 
periods of its vertical oscillations will be given by the formula 

ir ^-^ . cosec ' ^ ^, where i=0. 1, 2...»-l*. [Math. Tripos, 1871.] 

Let X be the distance ot tbe xtb partiole from the fixed end O ; T the tenaion 
above, T^+i UiAt below, the particle. We then have 

mx." = iMff + r.^,-r, (1), 

Kti by Hooke's law for elastic strings 

r. = £(^!-^-lJ (8). 

The equation of motion is therefore 

V-ff='^<'.-M-K+'.-l) (3)- 

where c' = £/Irn. We assume as the trial solution 

j:, = ft, + .Y.8in(p( + (4), 

whore /i^ and A'^ are two functions of c which are independent o( t, andp, (ue 
independent of both < and U Substituting we find 

i.i,~3A' +.1: 

■ " "] ..(5). 

-2ft, + ft,_,= - 



I 
I 



* The Mlation ia given at greater length than is neoessary (or this example, 
order to illastrate the varioni eases which may arise. 

R. D. 13 
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To BOlre the Brat of these linear equations of differenoea we follow the dbubI roleit I 
Taking X^ = Aa' as a trial aolation, where A and ii are two coDBtante, ne get after ' 
subfltitntiOD and redtiotion 

a-2+!.-J 16), J 

-^ >'■- V('-fi)+£«'-' I')- I 

Let these values of □ be caJled a and ^. Then 1 

i',= Jn" + Bj3" (8). 1 

We notics that when either p = or 2e the equation <fl) has equal roaU, via. a = I 
or -1. The theory of lioeai equations shows that the terms dependius on then ] 
valaeB ol p take a different form. viz. I 

.V,= W + B<){±1)" (9). I 

The complete valne of x^ maj' be wiitten in the form I 

+ Z(J,=- + B^)Bin(p( + cp) (lOf, I 

whae £ implies sammation for all existing vslaes of ;i. I 

We have yet to etamine the conditions at the urtremitiea of the BtrinR. Th« 1 
formnla (2) does not express the tension of the highest string unless we suppose I 
that Xg = 0. Again the tension below the lowest particle most be zero and thia I 
leqniiei that T^^, =0. The equation (3) will therefore express the motion of ever^ j 
particle from «=1 to tr=n only if we make j 

Tn = 0, '^l-^n^l -...- (!!)■ I 

Since ^o^O /or nil valtut of 1, it Collowa from (10) that I 

h, + J„=0, .-(^ = 0. Af + Bf^O (12). I 

Since i»fi-XB = Ii we see in the same way that I 

'Wi-''»+^'u='' JBt=0, -■)„«"■'■ + flp^+' = .<^" + ilp^" (13). I 

Eliminating the ratio AplBp we have 1 

"■*'-|9^' = »"-/*" (H). 

It p>-2c we see by (7) that both a uidfS are real negative quantities. The equation ] 

(11) has then one side positive and the other negative, since the integers n, n + X I 

cannot be both even or both odd. Hence p must be Iei>H than 2c, letp — 2csin0, I 

henoe a = oos2(l + ain2fl J-1, p = cos2#-Bin2fl^- 1 (15). ] 

The equation (14) now gives 8in(3n-i-2) $ = BinSii0, excladingp = we have I 

2n+ia' &~ 2"n + 12 ''"'' I 

where i has any integer value. It is however only necessary to include the values 
( = to 1 = 1- 1. The values of $ indicated by i = t' and Su - i' are supplementary, 
while the values of sin fl indicated byi = »' and i' + 2n + l ace equal with opposite 
signs. The value >*=» is excluded becaase the value p = 2c has been already taken 
account of. J 

The oBcillatious of the leth particle are therefore given by I 

i. = H. + ZCpBinaicflHin(p( + «,) (17), I 

Where H^=\i-A,-i-B^, and Cp=2Jp^-l. I 
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The value of k^ might be detennined by solving the eeoond equation of 
differeDOGH (5), asiog the ralea of linear eqnations adapted to that equation. But 
it ia evident that in the poHitioD of equilibriiuu of the eystem, when there ia no 
OBcilhLtiou, ever; C,> — 0, sod therefore that poaition is determined by J^. — H,. 
This enables ub to dednce H^ Ttoiu the elemeatoty rulea of Statics. 

We notice that in eiiuilibriura, T^=mg, r„_, = 2rHa, 4c., r^ = (n + 1 -«) mff, 
Hen<ie b; Hooke'B law 

Adding these for all valnes of jt &oai ■= 1 to ■ = «, and remembering that Ht, = (i 
by (12), we find 

".'{'^'-^-l^-i-^ m- 

The equation (IT) sbowB that the motion of every particle is compounded of n 
principal or simple harmonic oecillations. The periods of these ate unequal and 
are repreaeiitud by 2jr/p where p hua the valuea given in (16). 

Soppose the eystem to be perfoimiog the principal oaciUation defined by the 
value of 8 — irj2y. By ooDBidering the signs of sin2jid in (17) we Bee that all the 
porticleB determined by K^y are moving in the same direction as the highe«t 
particle, those determined by K->y but <i2y are moving in the opposite dlrectioQ, 
those given by k>2y but -ciy are moving at on; time in the same direction, and 

Ex. 2. A smooth circular cylinder is liied vrith Us axis horizontal at a height 
h above the edge of a table. A light string has a series of particles attached to it 
over a part of its length, the particles being each of mass hi and distant a apart. 
The portion of the string to which the particles ore attached is coiled up on the 
table, and the rest is carried over the cylinder, and a mass M attached to the 
further end of it. The system is held so that the lirst particle is juat in contact 
n'ith the table, the free portions of the string being vertical, and is then allowed 
t« move from rest; prove that if t' be the velocity of the system immediately after 
the nth particle is dragged ioto motion (na<:/i), then 

,j _ (fi - IJ^u 6 JP -MSh - l|m' 

Supposing the string of particles to be replaced by a uniform chain deduce tiom 
the above result the velocity of the eystem after a length x of the chain has been 
dragged into motion. H I be the length of the chain and 11 the moss, then, if I he 
less than h, the amount of energy that will have been dissipated by the time the 

chain leaves the table will be ^ 'wt" ' ^^''"" ^'- ^^''■i 

It D„ represent the velocity required, we deduce from vis viva and linear 
momentnm at the next impact the equation 

Writing the left-hand side ^ (n-h I) ~#(n), we find ^ (n-t- 1) -^(1) by summing 
from 11 = 1 to n. Remembering that l'i — 0, thisgirea v^. The energy dissipated ia 
found by subtracting the semi vis viva, viz. ^ (K + ^)v', from the work done by 
gravity, viz. [H - J n) Ig. 

13—3 
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Ex. 'i, A train ol an engine and n carriages running with a Telocity u, II ' 
brought to rest by applying the brakes to Ibe engine alone, the steam being cut oft. 
There ib a encoession of impacts between the buffers of eaoh carriage and the next I 
following. Prove that the vetooity v of the engine immediately after the rth impaot 
is giTen by 

nhere i>i in the nasa of any carriage, M that of the engine, a the distance between 
the aucceasive buffers when the coapling chains are tight, / the retardation tha 
brake would produce in the engine alone. [Coll. Ex.] ' 

Ex. i. A heavy particle falls from rest at a given altitude h in a medioin 
whose resistance varies as the square of the velocity. On arriving at the gronnd 
it la immediately reflected upwards with a ooeBicieot of elasticity 0. Show that 
the whole space described from the initial position to the ground at the nth impact 



i' 



Sflft 



log 1 + 



«('' 



-1) 






If u^ be the height described iusl after the nth rebound, i 

To solve this equation of diSerences ne put »„=l + l/ti',. The equation then takes 
a standard tonn with constant coefficients. The whole space described is fonnd by 
taking the logarithm of the product Ui,tf,U2...UH_i. 

Thie problem was first solved by Euler in his Sltchanica , vol. I. prop. 5S, for 
the ease in which ^ = 1. An extension by Dordoni, Mttitorie dtlla Societa Italiana, 
1816, page 162. is mentioned in Walton's Mechanical ProhUmi, chap. u. page 317. 
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Elementary Theorems, 

306. To find the polar equations of motion of a particle 
describing an 07-bit about a centre of force. 

Let the plane of the motion be the plane of reference and let 
the origin be at the centre of force. Let F be the accelerating 
force at any point meaaured positively towards the origin. Then 
by Art. 35, 

S-KD'-^ liH"}-"- <>> 

The latter equation gives by integration 

r^0/dt = h (2). 

where h is an arbitraiy constant whose value depends on the 
initial conditions. 

This important equation can be put into other forms of which 
much use is made. Let v be the velocity of the particle, p the 
perpendicular drawn from the origin on the tangent Let A be 
the ai-ea described by the polar radius as it moves from some 
initial position to that which it has at the time /, Then (Art. 7) 

fd0 = 2dA=pds. 
Remembering that v = dsldt, we see that the equation (2) may be 
written in either of the forms 



..(3). 



"-p' df-^"- 

The first of these shows that the wlocity ai any point of the orbit 
is invei'sely proportional to the perpendicular drawn from the centre 
on the tangent The second, by integration between the limits 
( = (j to i, shows that the polar area traced out by the radius vector 
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M proportional to the time of describing it. We also see that the 
constant k represents twice the polar area described in a unit of 
time. Both these are Newtonian theorems. 

We also infer that in a central orbit, the angular velocity d0/dt 
always keeps one sign and never vanishes at a finite distance &om 
the origin. The radius vector therefore continually turns round 
the origin in the same directioTu 

307. Convereely, we may show that if a particle so move that 
the radius vector drawn from the origin describes areas propor- 
tional to the time the resultant force always tends to the origin 
and is therefore a central force. To prove this let F and be 
the components of the accelerating force along and perpendicular 
to the radius vector. Taking the transversal resolution, we have 

vdtXdt) ^■ 
As already explained T^d=2dA, and if the ai'ea A bear a constant 
ratio to the time, say A = at, we have at once r^ffjdt = 2a and 
therefore G = 0. 

308. If m is the mass of the particle, its linear momentum 
is viv and this being directed along the tangent to the path, the 
moment of the momentum about the centre of force is mv.p. 
The moment of the momentum ia called the angular momentuvi 
(Art. 79) and we see that in a c&itral orbit the angular ■moraentwm 
about Hie centre of force is constant and equal to vili. When we 
are concerned only with a single particle its mass is usually taken 
to be unity, and A then represents the angular momentum. 

309- To find the polar equation of tite orbit we must eliminate J 
( from the equations (1). Let T = \ju, then, as in Art. 3 
dr^ 
dt 

.dhi 



I 



1 dudd _ ,du 

~u'deTt~~ de' 



Substituting this viilue of iprjdP and the value of dB/dt = All* I 
. ,„, - civ fdSy 






_ F 
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' When the polar equation of the path is given in the form 
wfiS) the equation (i) determines F m terms of u and ff. 
Since the attractive forces of the bodies which form the solar 
system are in general functions of the distance only we should 
elitniDate ff by using the known polar equation of the path. We 
thus find F as a function of u only. 

Strictly this expression for F only holds for points situated ou 
the given path, but if the initial conditions are arbitraiy, the path 
may be varied and the law of force may be extended to hold for 
other parts of space. 

When the force F is given aa a function of r or iju, the 
equation (4) is a differential equation of the form js =*/'(")■ 
This differential equation has been already solved in Art. 97. 

^It is evident &om dynamical considerations that when the 
central force is attractive, i.e. when F is positive, the orbit must 
lie concave to the centre of force, and when F is negative the 
orbit must be convex. By looking at equation (4) we immediately 
verify the theorem in the differential calculus that a curve is 

concave or convex to the origin according aa .^ + u is positive or 
negative. 

310. To apply the tangential and normal resolutions to a 
central orbit. 

Referring to Art. 36 we have the two equations 

V^ = ~FcQS<f,, ~ = Fsm<b (5), 

ds P 

where <t> 19 the angle behind the radius vector when the particle 
moves in the direction in which s is measured. Writing drjda for 
coB^ and integrating we have 

^=G-2fFdr (G). 

where (7 is a constant whose value depends on the initial con- 
ditions. This equation is obviously the equation of vis viva, 
Alt. 246. The integral has a minus sign because the central force 
is, as usual, measured positively towards the origin, while the 
radius vector is measured positively from the origin. 



If we substitute for 
we deduce 
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> its value k/p given by (3) and differentiate 



m- 

ery useful when the 



This expression for the central force F i 
orbit is given in the form p =f{r). 

311. Considering the normal resolution (5), we have an ex- 
pression for V which is useful when both the law of force and the 
path are knowiL' It has the advantage of giving the velocity 
without requiring the previous determination of either of the 
constants C or A. If x is one-iiuarter of the chord of curvature of 
the path drawn in the direction of the centre of force we may 
write the equation in either of the forms 

ii^ = Fpsin4.= iFx (8). 

This is usually read ; the velocity at any point is that dxie to ons- 
quarter ofUte diord of curvature. 

When the particle describes a circle about a centre of force 
in the centre ain = 1 and p is the radius r. The velocity given 
by the normal resolution, viz. v'/r^F, is often called tlie velocity 
in a circle at a distance r/rom the centre of force. 

312. The velocity acquired by a particle which travels from 
rest at an infinite distance from the centre of force to any given 
position P is called the velocity from infinity. Referring to the 
equation of vis viva (6), let 

)■" ' n - 1 r*^' 

Now « = when r = oo ; hence, if n is greater than unity, we 
have = 0. The velocity from inBnity to the distance r = R is 

therefore given by tf" = — ^ pS^- ^^ -^^ l^^- 

If n is less than unity the value of is infinite. Instead 
of the velocity from infinity we use the velocity acquired by the 
particle in travelling from rest at the given point P to tfie origin 
under the attraction of the central force. In this case v = when 



I 



_V_ 



The velocity to the , 



origin (where r = 0) is then given by «* = 7?-". 
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When the force varies as the inverse cube of the distance, 
i.e. F= fi/r', we notice that the velocity in a circle and the velocity 
from infinity are equal. When the force varies as the distance, 
i.e. F=/ir, the velocity in a circle is equal to that to the origin. 
When the force varies inversely as the distance, ie. F = fi.lr, both 
the velocity from infinity and the velocity to the origin are infinite. 

313. The conitanti. The two constants h and may be 
determined from the initial conditions when these are known. 
Let the particle be projected from a point P at an initial distance 
R from the origin with a velocity V, let (3 be the angle the 
direction of projection makes with the initial radius vector. The 
tangent at P makes two angles with the radius vector OP, respec- 
tively equal to ^ and tt — ^. When a distinction has to be made 
it is usual to take ^ equal to the angle behind the radius vector 
when P travels along the curve in the positive direction (i.e. the 
direction which makes the independent variable increase). The 
angle y8 is called the angh of projection. We evidently have 

k = vp=VRsmB. If F=u//-, wehave tp»=C+ ^, 

It follows that, if w>l and the velocity from infinity is T^i, 
C= T'-r,'; if n<l, C= F"'+ F,' where V^is the velocity to the 
origin. 

We may obtain another interpretation for the constant C. 

Selecting any standard distance r=a, the potential energy at a 
distance r is 



I (-F)dr=- 



1 ' 



-' r^'J (n-l)a" 
See Art. 250. It follows that ^C plus Ar — 



■"2 2- 

- is equal to the 



whole energy of the motion. Hevce by taking the standard position 
at infinity or the origin according as nis greater or less than unity, 
ive may viake JC eqiial to the whole energy. 

314. When a point P on the orbit is such that the' radius 
vector OP is perpendicular to the tangent, the point P is called 
an apse. 

When OP ie a maximum the apse is sometimes called an 
apocentre. and when a minimum a pericentre. 
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315. Summary. As the forraulie we have arrived at : 
the fundamental ones in the theory of central forces, it is useful 
to make a short summary before proceeding further. There are 
three elements to be considered: (1) the law of force, (2) the 
equations of the path, (3) the velocity and time of describing 
an arc. Any one of these elements being given, the other two 
can be deduced by dynamical considerations. There are therefore 
three sets of equations; firstly, equations (4) and (7) connect the ■ 
force and path, so that either being known the other can be ] 
deduced; secondly, equation (6) connects the force and velocity; 
thirdly, equations (2) and (3) connect the path with the motion 1 
in that path. 

The equations of one of these sets are mere algebraic trans- I 
formations of each other, any one being given the others can J 
be found from it by reasoning which is purely matheniaticaL I 
But an equation of one set cannot be deduced from an equation I 
of another set in this manner, because each set depends on different 1 
dynamical facts. 

316. Dlmensloni. It is important to notice the dimensions I 
of the various .symbols used. The accelerating force F, like that I 
of gravity, i.e. g, is one dimension in space and — 2 in time. We 1 
see this by examining any formula which contains F or g, say I 
B = J^' or — F cos <f> = d'sldt\ The force F will in general vary ' 
as some power of the distance from the centre of force, say 
F = filr" where ^ is a constant which measures the strength of 
the central force. The quantity fi = Fr" is therefore n + l dimen- 
sions in space and — 2 in time. The velocity v = dajdt is one 
dimension in space and — 1 in time. The constant k = vp la%\ 
dimensions in space and — 1 in time. See Art, 151. 

S17. rorcv slvsn, And tlM orUt. Ex. 1. The Faroe beiug 

a, particle is projected from an initial distance a, with a velocity which la to tl 
velocit}' in n circle at the same distance a? ^2 to V3< ^^^ '"Ble of projection bwnf J 
45°. Find the path described. 

Putting a - I/c the differential equation of molioD ta, by Ait. 309, 



KS")="^" 



+*"»; 



aiitnnce r after B time -- Ju'log -^-5- ' + r^{T'-a'l\ . [Math. Tripon.] 



ART. 318.] VAHIOFS OUBITS. 203 

When u=e, the coDditions of the question give r' = fF/c and h = vBiDpic \rhere 
ain'p=i> see Arts. 311, 313. We therefore have C=0, ft'=n. The equation now 
TedQcas to 

m'4> •■■/*=''-■ 

Bepliicing u b; 1/r and meaBiuing from tho initial radius OA in Buob t. diiection 
that r and increase together, thia leada to r =1 (1 + 0|. 

From the equation i-'dejitl = h, we infer that the time trom a distance a to r is 

Ex. 2. A particle moves under the action of a central force (i(ii'~ )a^u'), the 
velocit]' of projection being (25^/8ii')', and the angle of projection sin~'}. Prove 
that the polar equation of the path is 3o^ = (*r^-a=Ke + C)'. [Coll. Ex. 1892,1 

Ex. 3. When the central acceleration is ^ (u'-t-u'ii') and the velocity at the 
apBidal distance a is eqnol to ^iila, prove that the orbit is r = acn0(mod ^J). 

{CoU. Er. 1897.] 

Ex. 4. The central force being F=3>iu*(l -a'li'). the particle is projected 
from an apse at a distance a with a velocity ^fija. Prove that it will be at a 

Ex, S. A particle, acted on by two centres of force both situated at the origin 
respectively F — /iu' and F' = n'u'. is projected from an initial distance <i with a 
velooitj equal to that from infinity, the angle of projection being tan~'i/3. It 
the forces are eqoal at the point of projection, the path is a0 = {r-a)^2. 

Ex. 6. A particle, acted on by the central force F-ii'/(B). is initially projected 
in any manner. Prove that the radius vector can be expressed as a fuciotion of B 
if the integrals of cost)/ (C) and sin 0/(0) can be found. [Use the method of 
Art. 123.] 

818. Orbit 0TBn, llnd tha Ittrca. Ex. 1. A particle deierihet a givm 
circle aliout ii centrr of force on the citcumfertnee. It it reqairtd to find the fair of 
force and the moliuii. Neirton'i problem. 

Let O be the centre of foree. C the centre of the circle, P the particle at the 
time (. Let a be the radius of the circle, OP = r. If p = OY be the perpendicniar 
on the tangent, we have (since the angles OFY, OAP^re equal) p = r'l2a. Hence 
naing (7) of Art. 310, we have 

— i-.^^"?^" i>i- 

If we suppose the magnitude of the force to be given at a unit of distance from 
the centre of force we write this in the form F=:^, where ^ ia a known constant 
sometimes called the magnitude or strength of the force. The constant k is then 
determined by the equation 

ma'=^ (2), 

The velocity at any point P ii found by the normal resolution. Art. 810, 

'^'^•"""'^b •■■"\/M I"- 

By Art. 313 thia velocity is equal to that from infinity. 
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To find the time of dMcdbing &□; arc AP, where A ie the eitremity of ti 
diameter opposite to the centre of foToe, we aae the eqaatioD J = Jfi(, Alt, 80B,.4 
Since the area JO/* IB made up □( the triangle OCPand the sector ^CT, we ban , 

where d^the angle AOP. Subetitntine for A 



=2a' ^-(2# + rin3fl) .. 



.. (*). 



It appears from this that the particle will arrive at the centre ot force a 
a Unite lime obtained hy wnting B^iw. The particle arriTee with an inGnile f 
velocity doe to the iofinite force at that point. 

Let the force at all points of space act towards the point O and vary aa th* 
inverse Aftb power of the diatanee from 0. It ia required to find Ihe neetiiary and 
myficient ctmdition that a particle projected Jram a giren point P in a given direclion 
FT irith a given velocity V nwj dfierihe a rirrle patting through 0. It is ohvioas 
from (3) that it is neoessary that r' = Jfi/i-' where r = OP; we shall now prove that 
this is also luffioient. 

Deacribe the circle which passes through and toaches FT at F. The partiele 
which describes this circle freely satisfies the given conditions at P. If then the 
given particle does not also dencribe the circle we should have two particles 
projected from P in the same direction, with equal velocities, acted on. by the same 
forces, describing diflerent paths; which is impossible; Art. 249. 

We notice that a change in the direction of projection FT affects the size of 
the circle described, but not the tact that the path is a circle. _ 

Ei. 2. A particle moves in a 'circle aboot a centre of force in the circnm* | 
terence. the force being attractive and equal to iir". Prove that the resistance of 
theraedium in which the pnrticle moves is :t^ (u + 5)r"sio B, where oob # = r/2a. 
Use the normal and langcntiai resolutions. (Coll. Ex.] 

Ex. 3. A particle of unit mass describes a circle about a given centre ot force 
O situated ou the circumference. If the particle at any point F is acted on by an 
impulse 2ii cos ^ in a direction making an angle r - ^ with the direction of motion 
FT, show that the new orbit is also a circle and prove that the ratio of the radii is 
cos 2# 4- sin i^ cot S. where 8 is the angle OPT. 

Ex. 4. The force being F = ^u', a particle when projected from a point P with 
an initial velocity V. eqaal to that from infinity, deeeribes the circle r = 3acoa0; 
investigate the path when the initial Telocity is V{\.-iry), where y is so small that 



Proceeding as in Art. 317, v 



!find 



.A- 



The conditions of the question give 



where e^lfia and e = 



nitially. Patting ti = eseo4 + c>i and neglecting tlwl 



OOB^ff dTj COS'S -2 01 
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Each side beiog a porfeut differeatial, we find 

And K is determined from the oondition that it=0 when 8 = a; 






+ 4Bi 



1.). 



' 2u 



baver = Sa(iOH0 (I-i; coaB), 

«inS--ycosS + ^_^^^(ooBe + iSBiiiff + lBin"Soosfl). 

tberefoie not be 



It has been asBumed that cos a is not amall, the point P 
eloee to (he centre of force. It eaiiily [oUowh that when 

S^^ir-K + ir-f Bee' a, 
the distanoe of the particle trom the centre of force is of the order of small 
quanlitiea neglected above. 

Kx. 5. An; number of particles are projected in all directions from a given 
point P each with the velocity from infinity, the central force being i^^^^u'. Prove 
that their Iocqb at any instant ie {8 being measured from OP) 

(r'+c'-2rrco8fllM . {<^ + c'] eosa-2cr\ _ 

Bin^fl " ~Y *""" rs + i^-fer COB *("''' 
where OP=e and ^ ia a oouatant depending on the time elapsed. 

•!•. Ex. 1. A partielt deieriba an equiangular tpirul of anglt a under the 
Action ^fa eetOre qf/oret in the pole, prove that 



"Vft 



-v''' 



where t is the time of deBcrifaiog the arc bounded by the radii vectores r,, r,. Con- 
versely, a particle being projected from any point in any direction will describe an 
equisjigular spiral about a oentre of force whose law is J''=^/r', provided the 
velocity of projeetion ia ^V/r, i.e. is equal to that from infinity. 

Assumiog p — rsina we follow the same hue of reasoning as in Ex. 1 of 
Art. 318. 

Ex. a. A particle acted on by a central force moves in a medium in which the 
resistance is ifvel.}', and describes an equiangular spiral, the pole being the 

centre of force. Prove that the central force varies as 3'~^"*"i where a is the 

angle of the spiral. [Math. Tripos, 1660.] 

sao. Ex. A particle lieimbf the cuive r~=(i cos ii0-i-'> sin nS, under the 
aetlono/a centre of force In the origin. Prove thai 

We notice (1) that the exponents of r are independent of n. (2) that, when m -l- 1 is 
positive, the velocity at any point is that due to infinity. Art. 312. 

Supposing the law of force and the velocity of projection to be given by these 
formnlit, let the particle be projected from any point P in any direction PT. The 



CEimtAL FOKCE8. 
I^m. a, I are delenniiied b; 



[chap. 1 



(;)■'■ 



»"<-+i) - (•'+»■) 



"('-3= 



I 



ji^t li IW iMiililimn tbU tbeenrre mast pass throagh Pand toaoh PT. 

W«^d th»l h'ukI -^ -/R^cot>0 have the same sigD. where if = op 

^ i* llM an^ of projectioD. When the siga of n- tboB determined becomoi I 
lero the curve obviouBl; changee into 



■ben ta'y = a'- b* and (•" ifl the limit of bn when b 

It ia luelnl to notice the tollooiiig geometrical properties of the cnrre. If j J 
be the perpendicular on the tangent. ^ the angle the radina vector makea with th>] 

tanijeui 

m , „ In' a' + i' m'-n" 1 

'^ n p" m' r*""* «' r* 

This eumplo inclades man; interesting eaeea. Putting in = 2, n = 2, we Baa | 
that the lemniscate of BeraonUi could be described about a centre of force i) 
□ode varjing aa the inverse Beventh power of the distance. Putting m^n, we | 
have the path when the force variee as the inverse (2ni + 3)tli power and the vi 
is that from infinity. Writing m-i, ii = i, we fiud Ibe path is a eardioid when 1 
the central force varies as the inverse fourth power and the velocity is that from | 
infinity. Writing m — 1, n = l, the path is a oircte described about a centre ol foroa | 
on the ctrcnmfereaoe. 

aai. E-i. 1. A partleU dacriba a circle about a eerUri 
iU plant. It U required to find llie law of force and the matiat, 

Let O be the centre of force, C the centre of the circle, a i 
Taking the equations of Art. SIO, we have 



of force eituattd im \ 



iradiUH and CO-e, 



= f^ 



M r 



.-. F = - 
in, by substitution, express F and v in I 



-(2) ^ + H- 



{T' + B)'- 
where BaW = >i and B = a*-e'. When £ = 0, the law of force reduces to the inverts J 
fifth power, and the velocity becomes the same as that found in Art. 318. 

If this Uw of force be supposed to liold throughout the plane of the circle, the 
values of >i and B are given. In order that the orbit may be a circle it is necessai; 
that the velocity of projection should antiafy the above value of p, i.e. should be 
equal to the velocity from infinity. The diiection of projection being also given, 
the angular momentum h (Art. 313) is alao known. The vbIubb of a and c follow 
at once from the equatious given above and must be real. | 

Newton, when diicusaing this problem, auppoeea that the centre of force llee 
inside the circle. It follows that II is positive, and at no point of space con either 
the force or velocity be infinite. 

When the oeotre of force is outside the circle, one portion of the orbit is 
concave and the otlier convex to the centre of force. We must therefore sap] 
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that the force is Bttraetive in the Grst and r«pnUive in the other part. Writing 
i!= - b=, we have fi' = r"-n', and therefore li is the length of either of the tangents 
drawn from the centre of force to the circle, and the toroe ohanges sign thiongh 
infinity nhen the particle paaeea the circle whose rudiiie is b, 

S;tvetiter, in the Phil. Mag. ISB.'., points out that the reaitlUnt attraction of a 
oircular plate, whoae elemente attract according to the lav of the inferBC Qfth 

power, at an external point P aitnated m its plane, a _^^ „ ^ where ji ia the msBB 

of the plate, i its radius and r the distance of P from the centre. The circle 
described by P under the attraction of this plate cuts the rim orthogonally. 

Let the particle P be constrained to move on a emooth plane under the action 
of a centre of force situated at a point C distant b' from the plane, the law of 
torce being the iaverse fifth povw. The component of force in the plane is 
J'= - .,,„ , where r is the distance of P from the projection of (he centre of 
force on the plane. Putting B — b"^, it appears from what precedes that, it the 
velocity of projection is equal to that from infinity, the path ot the particle on the 
plane is a circle. The length of the chord bisected by the point O \a constant for 
all the circles aud equal to 3b'. 

Ei. 2. A particle moves under the action of a centre of force F=fi«'. Frovs 
that all the circles which can be described either pass through a fixed point or hare 
a fixed point for centre. 

•aa. Ex. I. A particle mova under the action of a centre of /ant whoie 
attraetioH it F=y.'' -jr^^and the velocity at any point it equal to that front it\finil]f. 
It it reguired tojind the path. 



The equation ot vi 



■a {Art. 810) givw 
v'=C-2jFdr-. 



...(1). 



r'+B 

Since this formula is independent of the path and it is given that v U seio when r 
ia infinite we aee that C— 0. Substituting for v its value hjp, ths equation of the 
path beoomes 

r' + B^ip', iA'=^ (2). 

The curve required is therefore such that a linear relation cxiBts between }^ and 
r'. There are several species ol curves which possesB this property distinguished 
from each other by the values of B and i. 

One Buch curve is known to be an epicycloid. Supposing the radii ot the fixed 
and rolling circles to be u and b, we have at the cusp T = a, p=0 and at the vertex 
p and r are each ei|ual to a + 2b. We thus find 



_ (,i+2h)'-« 
- ia + abf 



...{3). 



The law of force and the conditions of projeotjon being given both D and A< are 

known. It the force is attraotive. B negative, and u/A' less than unity, the path is 
an epicycloid, the values ot a and b being given by (3|. 

Changing the sign of b the epicycloid becomes a hypocycloid and in this case 
we leoTD from (B) that i and /i are negative. When therefore the force is repulsive, 
and II negative, the path is a hypocyuloid. 
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The remainias species ate moie easily separated by pottiiie the equation (2) 
into the fonn p = ip, a resalt wbicb /ollovs at onoe from the ideotitf fi = rdrltlp,. 
Bemembering that p^p-riPplilif^ the diAerential equation becomes 

$""-'>'=» 

1 eattl; dednee the oycloidal species givas 1 



When i IB less than unity or ii 
abore, UfP=l-i, we find 

p = L tin pip + MBotp:Jf. 
If the axis ol x pass through the cuap, ve have p = when ^ = and p = 
vhen ^ = ir. Heuce Z. = u-v2b and M—0, 

When t is greatei than auity ™e have the forms 

j) = Le'* + .l/c"'*, p = Li- + it 

where a*=i-l and the second form ocoum vfhen i = l. Since in any con 
projection of the ladins vector on the tangent is dpfdip, «e find by elementuy J 
geometiy 

"■'•<%)'• "*='i- <«■ 

where ^ ia the angle behind the radius vector. Since 9 = 1^-6, we can in thli 
way expreei the pokr coordinates 1- and B in terms of the subsidiary angle ip. 

Substituting in (2) we find that ia'LM=Ii, so that L and il have the name ot 
oppoiiite signs according as the given quantity Ii is positive or negative. When | 
£^0, either L or JU is nero, and since, by (6), tan^ is then constant the c 
an equiangular spiral. 

To trace the forme of the eiponentiivl spirals it ii 




that the equation (5) may aai 



symnietrlcal form. 



of z ronod the origin s 
We then have 

p^i.(.'*±<-*) (7}. 

where the upper or lower sign is to be taken according as B is positive or negative. 
When B is poeilive there is an apse nhose position is found by putting p-r in (3), 
whence {i-l)r' = !l. When D is negative there is a cusp at the point detenninod 
byp = 0, i.e. at 1^= - B. These spirals were tirst dtsoussed by Fuisseux (with ft 
diflerent object in view) in Liouville't Jaunial, 1844. I 

By using a proposition in the theory of attractions we may put some of (h» ' 
preceding problems in another light. It may be shown that the resultant attraction 
of a thin circular ring, whose elements attract according to the law of the inverse 
oobe, at any point P in the plane of the ring is , u-^,,,, where |i is the mass ot 
the ring, c its radius and r the distance of P from the centre. The pins 
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HigD is to be taken accoidicg aa P in without or witbia the ring, (see TowDseiid 
iu Iha Quarterly Journal, 1879). The path of the particle P moving oader the 
attraotion of the ring had nov been found provided the velocity of projection is 
equal to that from iafinit;. 

Again, when a particle P is constrained to move on n smooth plane under the 
action of a centre of force C Bituated at a distance <; from the plane, the law of 



force being the iuierae cube, the component of 



the plan 



B the dJBl 



e of P from the projection of the centre of force o 



" (H + =■)•• 



Ex. 8. If 1 be the arc AP of anj path measured from a fiied point A, show 
that t(i- \)li diftera from the projection of the radiue vector OP on the tangent at 
P by a constant quantity which ia zero when A is an apee. 

Ex. 3. Show that the polar area traced out by a radius vector OP is equal to 
i times the corresponding polar area of the pedal. Theuce show that the time of 
describing any arc is given by /i( = ijp'd^. 

saa. Farallal forces. Ex. 1. A particle dtieribet o emtml conic under tht 
action of a furer E Itnding alaat/t in a jixtd dirretion. It ii requirrd la find F. 
^^k Let the conic be referred to oonjogate diameters OA, OB; the force acting 



paraUel to BO. Let the angle AOB^w. 0-4=a', OB = b'. Let ON=i, PN = s be 
the coordinates of P. Then 

d»i/(«'=0, <PifldC= ~F. 
The first equation givBB i = ilt. where J ia the oSIiju* component of velocity parallel 
to X. Hence A is the resultant velocity at B. We then have 

The component of velocity at right angles to the force is constant. Representing 
lis component by F, and remembering that the resultant velocit}' at B is A. we 




-:.>)*, 



U fl, 6 81 



' the semi-B 



IS of the oonic the eipFesaion for the force becomes 



F'fc'» 



F'f 1 



can bi 



o'' sin" US'* "a'6' y'' 

It follows that the foret tnding in a giptn direction In/ tuhich a c 

dttcribfd variei inveriely a* Ihr cube of the chord along vihich the force actt. This 

re«nlt may also be obtained withoat difficulty by taking the normal resolution of 



Ex. 2. It the tangent to the conic 
and [', prove that the velocity at P is i 



,t P intersect the conjugate diameters in 
. Jr , TUfa'*. 
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Ki. 3. K pdrticle describeE the curve y = f{x) freely under the a 
force F whose direction ie parallel to the axis of y; prove F=A'(Pifldx', 

Ex. i. Show that a pajticle ean describe a complete cycloid (reel; under the 
Botioo of a force lending towards the Htrai^ht tine joining the cueps and varjiDg 
inversely a» the square of the diBlance. Prove also that the eqnare of tlie velocity 
varies inversely as the distance. 

9%*, E.r. Two masses M, m are coanected by a string which passes through J 
a hole in a smooth horiKont*! plane, the mass m hanging vertically. Prove U 
,1/ describee oq the plane a curve whose diQerential equation is 






Prove alio that the tension of the Btring ia -jj {g + hV). [Coll. Exam.] I 



Law of tlie direct dtslance. 

326. A particle ts acted ore by a centre uj'/orce .ntuated in 1 
the origin whose acceleration is F = fir where r is the radiv* ] 
vector. It is required to find the possible orbits. 

Taking any Cartesian axes, we notice that the resolved parts [ 
of the force in these directions are fuc and ^y. The equations of | 
motion are therefore 

d^xjdP = — fix. d^yjdt* = ~ ilij (1). 

We observe that though the axes of coordinates are arbitrary, 
the equations (1) are independent; one containing only x, the 
other only y. We infer that the general principle enunciated for 
parabolic motion may also be applied here. The circumstances 
of the motion parallel to any fixed direction are independent of 
those in other directions and may he deduced from the corresponding j 
formidte/or rectilinear motion. 

Supposing that the force is attractive in the standard case, 
fi is positive and the solutions of (1) are 

x= A cos -^ fit + A' sin i/nt, i/ = Bcos^/it + B'siti -J fit. 

Pls there is nothing to prevent us from using oblique axes, let ' 
UB take the initial radius vector as the axis of x and let the axis ' 
of y be parallel to the direction of initial motion. If R and Y \ 
be the initial distance and velocity, we have when ( = 0, 

x=R, dxjdt = ; y = 0. dyjdt = V. 
Thesegive R = A, = A', = B. F=BV^ 
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The motion is therefore determined by 

x = R cos ijfit, y = R' sin -Jfti, 
where V=RWfi- Eliminating t, we obviously arrive at the 
equation of a conic having its centre at the centre of force and 
R, R' for semi-conjugate diameters, 

I/fi ia positive, the centre of force is attractive and the orbit 
must be at every point concave to the origin. The orbit is tkere- 
foi'e an ellipse. 1/ n is negative, the central force repels, and Hie 
orbit, being convex to the origin, ia a hyperbola. Since the centre 
of the conic is always at the centre of force the orbit can be a 
parabola only when the centre of force is infinitely distant. If the 
force at the particle is then finite, the coefficient /i must be zero. 
The finite changes of r as the particle moves about do not affect 
the value of ^?-. The force on the particle is then constant in 
magnitude and fixed in direction. 

When fi is negative, we put ft = — n'. The solution of the 
differential equations then becomes 

where V = iR'-Jfi.' and i=-J — \, It ia evident that iR' is real. 

326. Since any point of the orbit may be taken an the point 
of projection, we deduce from the equation V=>JfiR, that the 
velocity v at any point P of the ellipse is given by v = t/fiR' where 
R' is semi-conjugate of OP. If r be the radius vector of the 
moving particle this equation may also be written u' = ^ (a' + 6* — r') 
where a and b are the semi-axes. 

■ Since yp = Aandpfl'=re(i, wesee that (ft« constant h iah = ^/iab. 

I If the principal diameters are taken as the axes of coordinates, 
we have x=acos<f), y = bsm<l>, where (p is the eccentric angle of 
the particle. It immediately follows that tlie particle so moves 
that <j) = >Jixt When i^ has increased by 2it the particle has made 
a complete circuit and returned to its former position. The 
periodic time is therefore ^irj-Jti.. It appears from this that the 
periodic time is independent of all the conditions of projection 
and is the same for all ellipses. It depetids solely on the strength 
H of the central force. 

In general the time of describing any arc PP" is the difference 
of the eccentric angles at P and P' divided by ^/i. 

U— 3 
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When the orbit is a hyperbola we have 

x = ^a(e*' + €-*■), i/ = i6(e*'-e-*-). 
where 0' is an auxiliary angle. It immediately follows that 
if>' = ',//i't where fi' is positive and e(]ual to — /*. 

327. When the velocity V and angle ff of projection as well j 
as the initial distance R are given, the semi-axes a, b of the c 
described may be deduced from the equations 



i'y9 



a= + 6==Jf + 



These give real values to a' and b". The angle 6 which the major ] 
axis makes with the initial distance is given by 

Since V=-J^R, it is evident that the problem of finding the 1 
particular conic described when R and V are giveu is the same I 
as the geometrical problem of constructing a conic when two semi- 
conjugate diametei's R, Rf are given in position and magnitvde. 
This useful construction is given in most books on geometrical 



83B. Rererring to the eqtuttiona (1) of Art. B2S we see that the motion 
ellipse about a centre of force F = ht a the resaltunt of two rectiltneaT hftrmonio | 
oscillations aloog two arbitrary directionn Qx, Oy reprpsented bj' 

The rSBultitDt of any number of rectilinear harmonic osoillnticns (performed in 
equal times) along arbitrary strugbt linen OA. OB, ftc. may be found by reaolving 
tLe displace men t3 of each along t«o arbitrary axes and compounding the sums of 
the componeutB. The reanlting motion ie therefore an elliptic motion with O (or 

Ex, Investigate the conditions that the resultant of two rectilinear harmonio I 
oBoillations, of equal periods, whose directions make an angle $. shoald be (1) ■ 
rectilinear. (S) ■ circular motion. Prove that in the first case their auglea m 
phases must be equal; in the second their amplitudes must be equal and their 1 
phased diSer by r - 5. The radiuH is ii sin S. 

•39, Ex. 1. If OP, OQ are conjugate diameters of an ellipse, prove that th* ] 
time from P to ^ is one-qnarter of the whole periodio lime. Tbia follows ai 
from the fact that the area FOQ is one-quarter of the area of the ellipse. 

Ex. 2. Prove that in a hyperbolia orbit the time from the extremity of Ch« j 
major axis to a point whose distance from that oiis is equal to the minor i 
the poine for all hyperbolas. 
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Ex. S. If the circle of curvatare at ftny poiDt P of sn ellipse cut the curve 
Bgaia in y, and A i« the eitremity of the msjor axU nearest lo P, prove that the 
time fruni Qlo Ait three tlmeB the time from A to P. 

Since tp = ^'iit, Alt. 326, the theorems in cootcs which, like this one, &re con- 
cerned with eccentrio angles m»j nt once be translated into djaamios, 

Ex. i. Two tangents TP, TQ are drawn bo an ellipse, prove that the Tslocitiea 
at P and Q are proportional to the lengths of the tangentH. (Foi these tangents 
are known to he proportional lo the parallel diametera.] 

S80. rolBt to Point. To find tht dirtft'ioni in vhieh a particle mutt be 
priijetted frmn a given point P leilh a given neloeity T. m oi to paa tkrough another 

I given point Q. 
Let r,, r, be the diataneea of P. Q from the centre of force 0, Let OP he 
prodnoed to D where D ia auoh that the velooit}' V ol projecUoa at P is equal to 

that acquired by a particle starting from test at I> and moving to P under the 
action of the centre of force. Let OD=k. Then since V = u [a' + bf - r,'), the 
eoin of the sqnares of anj two semi. conjugates of the trajectory ie k\ 

Bisect PQ in S and let O.V=j:, }iP = SQ = ij. From the equation of the 

.: u*-(i=(i'-j,s + i') + *3£' = 

Since i, y, k are given, this quadratic gives two values ol a 
there are two directions of projeation which iatialy the given conditiona. 

Let these directioni of projection from P intersect OS produced in T and T, 
then since a'= ON . OT, the quadratic give« the positions of T and T. We also 
haveOr.or = fc',and ST.yT^y'. 

The roots of the qoadratic (1) are tmagiinar; if x + y>k. Frodaoe f O to P' 
where OP' = OP, the roots of the quadratic are imaginary unless Q lie within the 
ellipse whose foci are P, P'and semi-major axis a' = k, Tkit cllipte i> I/k Ijoundary 
of aU the poiitiont of Q ichieh can lie reachfd by a parlieU projected from P aith t/ie 
given vetoci'y. It is also the euvelope of all the trajectories. 

Ex. 1. If two circles be described having their centres at O and N and their 
radii equal to k and y respectively, prove (1) that their radical axis will intersect 
ON produced io the middle point Jt of IT'; (3) that Br» is equal to the product of 
the segments of any chord drawn from It to either cirele. 




...(1). 
', showing that 
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=PQ OB an; ttni^ tine P^ ■lliif k 

UMBiMinwIiniHlglott 

of pwiwtioB fnm^at ri^ BiiglM in m point TwIhA liH • 



noTtlwci 



fnn knows gMMCtikil pfopcftiM o( tbecU^te. 




« ol lb* eosic. 



dw fhtn of *hkli Ike autt'i ortit ii 4. 

[OoLBx.] 

Ad tf^ae on dw fitidat t*™"!; it 

thkt tbe roM^ied pMt of Um vtiod^ 
that the loin tendi to Qm ' 
pUih. THpML] I 

Er. 3. A p*tticlc dMcnbea an eUiprc, th« force tending to tbe centre; ptowm ] 
IhM if tbe circle of eurratBte at any point P eat the ellipae in Q, tbe taae» i 
tnuuit fnnn Q to P through A and F to Q through B aie in the aamc nUio w tl 
lima of tnnait from J to P and P to fi, wbeie A and B are the eitremitiea of il 
major and minor axe* and P liei between A and B. 

Ex. i. A particle ii attracted to a Sied point irith a force (i times it* distam 
bom th« point and more« in a medinin in vhieh the tenitaiiee U it limea tbe 1 
*eloeit;i pTote that, if tbe particle is projected idth Tclocitf i' at a dictanoe • [ 
trnin tbe Gied point, the equation of the path «ben referred to axes along Um I 
initial ladiua and pftiallel to the direction of projection ie 

I lui-i 2angllivi -akgi-i-nlog {r'/a* + jiy'/c' - kzyfar 
where «' = ,.-*'/<■ [CoU. Kl 1887.] 

Ki. S, Three eenlrea of foree of eqnal inteniity are ritnaled one at e«eb 
comer of a triangle ABC and attract according to the direct diataooe. A partkd* 
moving nnder their combined influence describes an eliipM vhioh toachec the udea ■ 
of the triangle ABC. Prove that the pointa of contact are the middle points of I 
the ridea, and that the relocitiea al theie points are proportional to the sides. 

[Math. Tripos, 18^.} 

Ex- 6. If any number of particleB be moving in an ellipse about a force in the 
ncntre, and tbe force snddenl; cease to act, show that after the lapse of (I/ar)th 
part of the period of a complete levolation all the particles will be in a similar 
eoneentric and similarl)' «itiiiited ellipse. (Math. Tiipo». 1850.] 

Ex. 7. A particle moves in an ellipse under a centre of force in the centre. 
When tbe particle arrives at the eitremit}' of tbe major axis tbe force ceases to 
act until the particle has moved through a distaoce eqaal to the »emi-minor axis ; 
it then acts tor a qnarter ol tbe periodic time in the ellipse. Prove that if it again 
ceases to act for the same time as before, the particle will have arrived at the other 



end of the 






(Art. 325.1 



[Math. T^ipo^ 1860.] 
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Ex. 8. An eUstic string; passes through a tmootb xtraigbt tube whose length 
id the natural length ol the ntriog. It ie then polled out equall; at both etida 
UDtil itB length ie iocreaBed b; ^2 times iia origiual length. Two equal perfectly 
elastic balls are attached to the extremities and projected with equal velooitjes at 
right angles to the string, and so as to impinge on each other. Prove that the 
time of impact is independent of the velocity of projection, and that after impact 
each ball will move in a alraighC line, assuming thai the tension of the string ia 
proportional to the extension throughout the motion. [Math. Tripos, IdSO.] 

Kr. 9. A point is moving in an equiangular spiral, its acceleration alvayi 
tending to Che pole S; when it arrives at a point P the taw of ROoelerBtiOQ ia 
changed to that of the direct distance, the actual acceleration being unaltered. 
Prove that the point P will now move in an ellipse whose axes make equal 
angles with SP and the tangent to the spiral at P, and that the ratio of these axes 
la tan ^a : 1 where a is the angle of the spiral. 

Ex. 10. A. series of particles which attract one another with foroes vaiTing 
directly as the masses and distance are under the attraction of a Hied centre of 
fotce also varying directly as the distaoce; prove that if they are projected in 
parallel directions from points lying on a rodiua vector passing through the oentre 
of force with velocities inversely proportional to their diiitances from the centre of 
force, they wit! at any subsequent time lie on a hyperbola. [Math. Tripos, 1886.) 

Ki. 11. A particle starting from rest at a point A moves under the action of a 
oentre of force situated at S whoee magnitude is equal to ^ . [distance from S). It 
arrives at A after an interval T and the centre of force is then suddenly transferred 
to some other point S' without altering its magnitude. If the particle be at a point 
S at the termination of a second interval T equal to the former, prove that the 
straight lines SS' and AB bisect each other. If at thin instant the centre of force 
be suddenly transferred back to itK oiiginaS position S, prove that at the end of a 
third interval T the particle will be at .S". If at that instant the centre of force 
ceased to act, the particle will describe a path which paaaes through its original 
position A. 

Ex. IS. If Ibe central force is attractive and proportional to u'l(ca + ooa$)', 
prove that the otbit is one of the conies given by the equation 

(L'ri + 0OS Sf = a+b cos 2{9 + a). (Coll. Ei. 1896.] 

Putting cii + coad — U. the differential equation of the path becomes the aama 
as that for a central force varying aa the distance 1/ V. The solution is tberetbre 
known to be the form given above. 

Ex. 13. A particle moves under s central force F=na^ll + k*sin'B)'K Find 
the ochil and interpret the result neometricolly. [Math. Tripos.) 

Ei. 14. A smooth horizontal plane revolves with angular velocity u about a 
Tsrtioal axis to a point of which ia attached the end of a weightless string, 
extensible according to Hooke's law and of natural length d just sufficient to reach 
the plane. The string is stretched and after passing through a small ring at the 
point where the axis meets the plane is attached to a particle of maas in which 
moves on the plane. Show that, if the mass be initially at rest relative to the 
plane, it will describe on the plane a hypocycloid generated by the rolling ot a 
circle ot radius ia ',1 - u imd\-']- \ on a circle of radius □, where a ia the initial 
extension and X the coeffioient of elasticity of the string. 

[Math. Tripos, 1887.) 
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lioD IB Xrlmd — itr (say). Tlie path in space ia therelora 



e b&viiig a 

rotBtiDg plane ve apply to the paiticle a velocity ur trtuiaverse to r backwardB. If 
p' he the perpendicular from the centre on the reioltant of i' aud mr, we have by 
laking moment b about the centre 

Sabstitnting for v' and vp their valaeB in eUiptie motion we find I 

TbiB is a linear relation between r' and p'^ and the carve will be an epicycloid 
i[ the radii of the coriespondinK circles are real (Art. 322). To find the radius of 
the fixed circle, ve put p'-O; thii gives tbe ndina r = n. To find the radiu 
c of the rolling circle, we pul p' = r, and r = a + 2c; thia gives the ceqnired valiw j 
of e. If c ie negative the carve is a hypocyoloid. 



Law of the inverse square of the distance. 

332. A particle is acted on hy a centre of force situated in the ' 
origin whose acceleration is F = /i,u* where v. is tfie reciprocal of tlia 
radius vector. It is required to find the possible orbits. 

We have the differential equation (Art. 309) 
<f4i . F u 



-U); 



where A and a are the coustauts of integration. Comparing tbis ] 
with the equation of a conic 

lu= I + ecosi0- a) (2). 

where I is the Bemi-latus rectum, we see that the orbit is a conio j 
having one focus at the centre of force. We also have h' = /iL 

Conversely, if the orbit is a conic with the centre of force in 
one focus, the law of force must be the inverse square. To prove 
tbis, we let (2) be the given equation of the orbit; substituting 
in tbe left-hand side of equation (1) we find F=fiu\ where /i bu 
been written for the constant h'jl. 

333. The velocity. The relations between the conic and ] 
the force are more easily deduced from the equation 
^d \_^^ 

'' dr p' T^' 



F=-V.- 
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the force being attractive in the standard case, 



V 



= ^:ff^. 




where C is the constant of integration. The p and r equation of 
an ellipse having a focus 8 at the origin is 



where I = b^ja is the eemi-latua rectum 
we have the standard formnlie 



Comparing these equationy, 



A' = ^i. C=-^, ,-. «■ = 



...(A). 



We change from the ellipse to the hyperbola by making the 
centre C pass through infinity to the other side of the origin S, 
we therefore put — a for a ; also i' becomes — b'', the semi-latus 
rectum remaining positive and equal to b'^/a'. We now have 

h' = ^l, (7=^. .-. tf = ^{- + -}l (B). 

In passing from that hranch of the hyperbola which in concave 
to the centre of force to the convex branch, the radius vector r 
changes sign through infinity from positive to negative. Before 
comparing the equation of the orbit with that of the hyperbola 
we should write —r' for r in the latter. Also since this branch 
ia convex to the origin the force is repulsive and fi is negative, 1ft 
us put ft^ — fi'. Comparing the formulie 

we have 



A' = ;t7, 0='=-,, .-. ii= = 
a 

In the paralmla, a is infinite, and 



r a! 



..(0). 
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All these formula may be included m the standard form (AM 
of the ellipse if we understand that on the concave branch of the 1 
hyperbola the major axis is by interpretation negative; on the I 
convex branch, the radius vector being made positive, the major I 
axis is positive while the semi-latus rectum / and the strength ft \ 
are negative. 

334. Construction of the orbit. When the velocity V 
and the distance R are known at any point P of the orbit (say, 
the initial portion), we may determine the curve in the following 
manner. Let tlie force be attractive. The orbit is now concave 
to the centre of force and /n is positive. Comparing the formul* 
(A), (B) and (D) and remembering that the velocity V, from 
infinity to the initial position is given by V,' = 2/i/fli (Art. 312), 
we see that the orbit w an ellipse, pa,rabola or the cmicave branch 
of a hyperbola according an the velodtt/ is less than, equal to, or 
greater than that from infinity. We notice that this criterion is 
independent of the angle of projection at P. Let the force be 
repulsive. Since the path is convex to the centre 
orbit is the convex branch of a hyperbola. 

335. Having ascertained the nature of the orbit we have ■ 
next to determine the lengths of the major axis and latus rectum. 
Supposing the ellipse to be the standard case, we have by (A), ! 
1 2 F' 



~R 



We notice that the length a is independent of the 

angle of projection. If then paHicles are projected from the sain^ 
point vritlt equal velocities the major a^ea of the orbits described art ' 
equal. 

If ^ be the angle of projection (Art. 313) we have p = Rsm^ i 
and h= Vp. The constant h and the semi-latus rectum I are 
therefore found from 7i = VR sin ^, h- = fit. 

336. Tfie position in space of tlte major ajeis may be found in { 
vanons ways. Let S be the focus occupied by the centre of force 
and A the extremity of the major axis nearest to i:». 

We may find ff from the analytical equation of the curve 

ljr = \ + e cos 8, 

where 6 is the angle the initial radius vector SP makes with SA. 
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We may also use a geometrical construction. The focus S 
and the tangent PT at P being known, we can draw a straight 
line Pffeo that .S'/*, PH make equal angles with PT. the direction 
of PS depending on whether the curve is an ellipse or hyperbola. 
If the point ff is then determined so that SP + PH = '2a, where 
a has been already found, it is clear that B is the empty focus. 
If the curve is a hyperbola, these lengths (as already explained) 
must have their proper signs. The position of the major axis 
is then found by joining iS and H, and a being known the 
eccentricity e is equal to SHjiu. 

aai. Ex. 1. The initial dietance of s p&rtioie fiom the csaXte o( force 
being r, and the initial radial and tranaverse velocities being I'l and I'., prove 
that the latuB rectum 21 and the angle which the radius vector r makex 



■e given by -^ = 



V,^.^t' 



Ex. i. Prove that there are two diveetions in whioli a particle can be projected 
[rotn a given point P with a given velocity V, bo that the line of apses may have 
a given direction Sx m apace, and Qnd a geometrical conEtruetion for these 
directions. 

Since V is given, a is known. With centre P and radius 2a ~r describe a 
circle ontting Sx in H. W. The required directions bisect externally the angles 
SFH. SPH". 



Let be either of Che angleg the direi 
Art. 319. The quadratic pviag the Ivo vn 



.t /' makes with SP, 



<'-> 



where B ia the angle PSx, This fotlowB from Ex. 1 by vrriticR I 
V,= V lin 0. The quadratic may also be written iu the fona 



in(9 + fl) = Q-l^t( 



Ex. a. Three focal radii SP, SQ, SR ot an elliptic orbit and the angles 
between them are given. Show that the elliptioitymaybe found from the equation 
64 = oA', where i is the area PWB, i' the area of a triangle whose sides are 
3Sq' . SR^ sin i QSR and two similar expresaions. [Math. Tripos, 1893.} 

Let P", Q'. Jl" be the points on the amiliary circle which correspond to P, y, li. 
We first find by elementary conies the length of the side (^'It' in terms of SQ, SR 
and the contained angle. The resalt shone that the side Q'R' is equal to the 
corresponding side of the triangle i' after multiplication by ajb. Since the areas 
of the trianoles PQIt. P'Q'R' are known to be in the ratio b/<i, the result follows 



Ex. i. Two particles P, Q describe the same orbit about a cei 
Prove that throughont the motion the area contained by the radii vi 



•e ot force O. 
lores OP, Oq 
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attracting each other) deBCribe k ^ 
wra varies invereely aa 



Thence deduce that if a ring o( meteors 
closed orbit, tbe angular dislance between c 
the sqoare of tbeir distance from 0. 

Ex. 0. Two particles P, Q describe adjacent elliptic orbits uf small ecoentticitj' 
in eqaal times, the centre of force being in the focns and the major axes coincident 
in direction. Supposini; the particies to be stmultaaeousty at correaponding 
ap«e>, prove that the angle ^ which PQ makes with the line of apsei » given hj 
cot ^= - 3 cosec 2nt + cot SriC, and tind when ^ 



338. Element! of an orbit. To fix the position in Hpace 
of an elliptic orbit desciibed about a focus we must know the 
values oi six cmistants, called the elements of the orbit. 

These are (1) the angle which the radius vector from the 
given focus to the nearer extremity of the major axis makes with 
some determinate line in the plane of the orbit, the angle being 
measured in the positive direction ; (2) the length of the major 
axis; (3) the eccentricity; (4) a co^gspt usually called the epoch 
to fix the longitude of the particle atche time f=0. This con- 
stant will be considered later on. 

To determine the plane of the orbit we require two more 
constants. Taking the focus aa origin, let some rectangular axes 
be given in position. Let the plane of the orbit intersect the 
plane of xy in the straight line N'SN. This line is called the 
line of nodes, and that node at which the particle passes to the 
positive aide of the plane of x^ is called the ascending node. We 
require (5) the angle the radius vector to the ascending node 
makes with the axis of x, and (6) the inclination of the plane of 
the orbit to the plane of xi/. 

339. Point to Point. To project a particle with a ijivea 
velocity V from a gwen point P ao thai it shall pass tfirough 
another given point Q. 



I 




Let r„ I'a be the distances SP.SQ. The velocity at P being given, 
the major axis 2a is also known from the formula V'-' ■• 
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With centres P andQ, describe two circles of radii 2a — )■,, 2a — r^; 
these intersect in two points H, H'. Either of these may be the 
empty focus. The three sides of the equal tnanglea PQH, PQH' 
are therefore knowrt. 

There are two directions of projection which satisfy the given 
conditions. These directions are the bisectors of the supplements 
of the angles UPH, SPH'. Let &, ^ be the angles of pi-ojection 
at P (measured behind the radius vector 8P, see Art. 313), then 
^ + ff is equal to the supplement of SPQ, and ^~ ^' is equal to 
the known angle HPQ. 

The range PQ on a given straight line is the greatest possible 
when M, H' coincide and lie on the straight line PQ. We then 
have w 

PQ = PH+QH=ia-r.- r.,. 
This equation requires that the semi-major axis should be one- 
quarter of the perimeter of the triangle SPQ. 

Since two consecutive trajectories whose foci are in the neigh- 
bourhood of PQ intersect in Q, the locus of Q as the range PQ 
tarns round P is the envelope of all trajectories from a given point 
P with a given velocity. Since PQ + QS = ia — r, this locvs is 
another ellipse having its foci at P and S. Each trajectory touches 
the enveloping ellipse in the point where the straight line joining 
P to the empty focus of the trajectory cuts either curve. 



S«0. Ez. 1. 



Prove tlutt the semi-major 
r of the envelopinit ellipse m 



2u' = 



ixii a', the eccentricity e' and the 
! given by 



= 3a(2<i- 



Ej-. 3. If the variation of gravity is taken account of and the r 
the air neRieoled, prove that the least velocity with which a abol could be projected 
from the pole so as to meet the earth's sarface at the equator ie about 4J miles per 
ieeond, and that the angle of eleration is a2i^ [Coll. Ei. 1S92.) 

Ex. 8. If ■ particle when projected from P^ passes through two other points 
i*!! ^11 prove that the eemi-Utua rectum 1 is fri^en by either of the equalities 

U = r^Ai + r,A, + r,Ai^7r,r,r, sin a, «iti a, sin a,, 

where r,.r,, r„ are the djatanoes ,SP,, SP,,SP,; A^, A,, A, are the ftreai of the 

triangles P^SF,, P,-SP,. P,SP,; a,, a,, bj the angles at the focus S and A U the 

area of the triangle P^P^Fy, Prove also that the eccentricity is given by 

e-'(ZA)-'= 2 (.-1 , sec a^ - 32 {A,A. secniaeeojCOaa^. 

341. Time of describing any arc. The time of de.scribing 
the whole ellipse, usually called the periodic time, can be deduced 



22S THE INTEBSi: 8QUABE. [CHAP. 1 

at fmce from ihe formula A =ild. (Art. 306). Putting .4 = Trail 



2v I 



and /(' = ftlfia, (Art. 332), we find that tlie pei-iodic time ■■ 

It appears from this that the penod is independent of the 1 
minor axis and depends only on the strength ft, of the centre of I 
force and on the length of the major axis. 

If « be the mean angular velocity in the orbit, the mean being 
taken with legard to time, the period is 1-7rln. It follows that 



342. Tu jind the time of describing mvj arc AP of an elliptio t 
01-bit. 

Let a be the fix^us occupied by the centre of force, AQA' the 
auxiliary circle and QPN an ordinate. If j1 is the extremity of | 
the major axis nearest to S, the angle ASP is called ihe true I 
anomtihi and is sometimes represented by the letter v, i.e. the j 
angle ASP = v. The angle ACQ is the eccentric angle of P a 
in astronomy is called the eccentric anomaly ; it is iisiially repre- I 
sented by u, i.e. the angle ACQ = u. Thus the true anomaly w 
measured at the centre of force, the eccentric anomaly n at the 
centre of the orbit. 

When the particle is a planet the extremities A, A' of the | 
major axis are called the perihelton and aplielion; when the particle J 
is the moon the same points are called perigee and apogee. They 1 
are also called tlie apses. Art. 314. 

Representing the time of describing the arc AP by t, and the ] 
mean angular velocity of the particle by n, the product nt is 1 
called the mean anomaly, and is generally represented by w, i.e. 
m =s nt. To represent this angle geometrically we let a second 
particle describe a circle, having its centre at S, with a uniform 
motion in the same period as the given particle describes the 
ellipse. The actual angular velocity of this particle is therefore | 
II. If A and Q' are its positions at the times t = and ( = (, the < 
angle ^.S'(3' = ,i(. 

The true and mean anomalies are the important angles in the I 
theory of elliptic motion. The eccentric anomaly is introduced 1 
as an auxiliary angle because, by its help, very simple expressions i 
can be found for the other two anomalies and for the radius vector. ] 
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The difference between the true and the mean anomaly, or 
V - VI, IB called the equati&ii of the ceiUre, and is positive fi-om the 
nearer apse to the farther and negative from the farther to the 
neai-er. 

Using the geometrical theorem that the ratio of the axvctASP 
of the ellipse to the corresponding area ASQ of the circle is 
constant for all positions of P and equal to 6/a, we have, if 
A = area ASP. 



A = - (area ACQ- area SCQ) 



= ^ - (a'a — a'es 



u). 



Since A — l^hi, h? = fi-i^ja, n'' = f^ja', this gives 



Ht = 



lA). 



-a;_ (1 —e)(a + x) 
a— ex >• 



We may obUiD this lelatioD betveeo « and t witbout UHing a,ay (igu: 
the (ocnB S fnr origin, we have 

hdl = 2cU = x'dy'~ n'dx'. 
Snbitltutiiig for xf ejid tf we abtnin t in tenna of u bj an easj integration. 

343. To find the relation between the true and eccentric 
anomalies we notice that CS = ae, Clf= m, 8P = r= a— ex. 
, , , ae — x (1 +e){a — x) 

:. 1— cos 0=1+;; —~ -■ . - ' ' 

1 + COS« = l - 

Remembering that x = a cos ii, these give at once 

y/^io|-v/(l + ,)™i, y^»os|-V(l-e)oo,|; 

■• '"l-V^T^e""! *"'■ 

Eliminating w between (A) and (B) we have 

n( = 2 tan-' \. /^-^ tan ^ [ - e>J{\ - e=) . ^'°'' . 
tV 1 + « 2J ^ ^ ' 1 + e cos w 

The eipmiioii Tor the time in teimi of the loDgitnde 6 may rIm be foond by 

integrttion. Since r'iitldt=h, we have ( = ■; L,-^ ^i.„ where /=!/(. But it 
h J{f+aot9)' 



THE INTSBSE SQUARE. 



this with regard to /, the vbIdb of C (oUowb at 



(v/^:-i)- 



Ei. Prove that r 



a««. Ex. I. Prove that the mean dietaoce of a planet from the son ia a or 
(1 + Jr') oooordJQg as the mean ia taten with reference to tlie longitude or the 
me. [Tlieee meaaB are respeotivel; jntejir and jrdilT, where T is the periodje 



1 vaJue ot r* with tegard to time for a 
■'. whore /=!/.! and L (h) = 1 ■ 3 ■ 8,., 



Ex. 2. Prove that the n 

H„ + l) (-/)-+■ d/-«'-' *' 

£t. 3. The earth's orbit being r^arded fta a circle, prove that a eoinet, 
describing a parabolic orbit in the same plane, cannot remain within the circani- 
ference of the earth's orbit longer than the {*2/3s)th part of a fear. [Coll. Ex.] 

Ex. i. A pEUlicle ia projected from the earth's surface so ae to describe a 
portion of an ellipse whose major axis ie I^ times the earth's radius. If the 
direction of projection make an angle of 30^ with the vertical, prove that the time 
of Bight is j {Safy)^ [tAn~^ ^6 + ^il where a ia the earth's radiua. 

[Coll. Ex. 1896.] 

a«S. OrMta ot *ai«U •eomitileltr> The equations {k) and (B) ot Arts. 342, 

343 determine the time of describing any given angle v in an elliptic orbit of an; 
edcentriaitf , the equation (B| giving ti when r is knowD while the equation (A) then | 
determines t. The converse problem of finding the polar coordinates r and v I 
when ( is given is usuallj called Kepltr'i problem. One solution b; which u and v 
are expressed in terms of t by seriea arranged in ascending powers of e will be 
presently considered. It is enough here to notice that in a planetary orbit, where 
c is small, the value ot u when ( is given can be found by guooefsive approxima- 
tion. The votne of v then follows from (B) by using the trigonometrical tables. 



To solve ^(u) = 



by Newton's rule, when m, i. 



rule gives 



to be two BQceessive approiimations to the value of u, that 

' ' ^-(u,) l-eco3t..' I 

where in, = u, - 1^ sin )i[. To find a Grot approximation we notice that v lies 
between m and m±e, the npper or lower sign being taken according an m ia 
oor >, We choose some value of u, lying between these limits, which in an 
integer number of minutes so that its trigonometrical functions can be foimd from 
the tables without interpolation. By Fourier's addition to Newtou's mle this firM 
approximation should be such that ^ (u) and #" (u) have the same sign. 

Substituting this first approximation for Uj , the formula gives a second approil* ] 
■nation. Substituting again this seoond approximation for u, . we obtain a third, [ 
and so on. When ; is very small the first computed value of the denominator ia I 
sometimes sufficiently acourate tor all the approiimations required. See Enokn, J 
Dertirur Attronomiickei Jahrbiich. 1838. Gauss, Theoria Motut Ilc, translated bf 1 
(J. H. Davis. Adams's CoUeaed Workn. vol. i. p. 289. 
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Ex. Prove that if ws ahoose i' 
the valne of u, is of Ihe order e*. 
S47. E; 



B the Brit approximatio: 



rule, IT termH of the order e* c 



eainm 1/ < sin lo V 



OlaisherremarkH that ir we repiaee the third term bj -i{eainm)'ll~eao»m)~^ 
Iha tormnla is oorreot when terma of the order ^ are neglected. He also gives 
eeriea for n oorreat np to e^. Monthig Nolieei of the Ailronomical Soeietg, 18T7. 



I 
I 
I 



Ex. a. Prove that o 



/W = 



40 






Patting ii = ni + < on the rif;ht-hani] side of the first equation we obtain an 
Approiimation tor not u whose error is of the order e*. This is Zenker's solution 
of Kepler's problem. He hae tabulated the valaes of /(r) tor the eight principal 
planets. Some improvemenCe of the method have been suggested by 1. 0. Adams. 
Both papers are to be found in the Slonthly Xoticei of the Aitrojumical SoeUly. 
1882, vol. iLii. p. «6, vol. iLin. p. 47. 

Ki. B. Prove the following graphioal eolution of Kepler's problem. ConBtruot 
the curve ot ainea y = eiax. measure a dialance OM=m along the axle of x and 
draw ilfP making the angle PMx eqoal to oot"*<. If SIP out the carve in P, the 
abBciesa ot P is the value of u. 

This method was describad by 3. C. Adams at the meeting of the B. Assoaiation 
in 1B49. It is also given bf See in the Ailrononical Nuiicci. IB96, who alao refers 
to Klinkerfuos and Duboie, Another graphiual solution, using a trochoid, ia given 
bj Plnmmer, Aitroiumieai Notiee; 1896, 1896. 

Ex, *. The equation u-eBinu=iH has only one real value of u when tn 
il given. 

Thia follows from the graphical ooDstroction. If the ordinate UF ooutd out 
the curve in a second point Q. move the aCraight line PQ parallel to itself until P 
and Q coincide. We should then have a tangent to the curve making an angle 
taD~' 1/e with the aiia of x. But if e<l this is impossibie, for in the curve of 
sines the greatest value of the angle is 40". 

Ex. 5. Bj using Lsgrange'a theorem we may eipond /{«) in a aeries of 
ascending powers of the eccentricity, the coefficients being fanctions of tn. Prove 
that if the form of the Innction / (u) be so chosen that the coefGcJent of e* ia zero, 
we obtain the series 

which takes a very simple form, when the cubes of e con be neglected. This 
equatioii ia due to Bob. Bryant, Aitronomical Noticrt, 1S86. 
Et. 6. Prove that when e' can be neglected 

8ini{u-ni) = i*Binm + }<;=Binam + A<'Bin3nn-4a. [B. Bryant.] 
£x. 7. It 9' be the longitude of a planet seen from the empty focus and 
meanured from an apse, prove that 

S-^nt + J^'sinafK + Ao., 
the error being ot the order r'. It follows that the angular velocity round the 
aaptj foona is very nearly ct 
R.I>. 



I 
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We may apply tlia method of Art. 313 to find the time of deaoribing 
an am of the conBaTs branch of the hyperbola. Taking the loeae u origin the 
equation of a hyperbola tOAj b« written 




°^s/(' + l)+ 

To find a geometrical icterpretatioD for tbe aaiiUary quantity u 

describe a rectangalar hyperbola having the aarae major axia and prodne 

ordinate NP to cut the rectangular hyperbola in Q. Then tan QCN= tanh u. 

Ex. A particle deacribes the convex braach of the hyperbola, and ii.= 

negative. Prove 

N( = u + «Binliu, ^°5 — \/ — I 'wihs, 
where v = ASP> ^'ja'^n'. 

349. The time in a parabolic orbit may be more easily found 
by using the equation r'dd = hdt. 

Putting i/r=l + co8ii where I is the semi-latua rectum, and 
A' = /il, we have 



-K""!*?""'!)- 



This formula gives the time ( of describing the true anomaly 
V = ASP. 

If c be the radiiiH of the earth's orbit, and p the perihelion 
distance of the particle expressed as a fraction of c, we have 
I = 2pc. To eliminate (l, let T = iirtjc'lfi. be the length of a year. 
Then 



7rV2 



^.( = p'|tan2+gtan- 
If we write T = 365256 this gives t in days. 



,v) 
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When a formula like this has to be frequently used we 
construct a table to save the continual repetition of the same 
arithmetical work. Let the values of |tan Ju + ^ tan'^uj be 
calculated for values of v from to 180', with differences for 
interpolation. When p is known for any comet moving in a 
parabolic orbit, the table can be used with equal ease to find the 
time when the tnie anomaly is given or the true anomaly when 
the time is known. 

360. EuIer'B theorem. A particle describes a parabola 
under the action of a centre of force in the fociis S. It is required 
to prove that tlie time of describing an arc PP is given hj 

6 -J tit = {r + r' •¥ kf ~{r + r'- i)', 
where r, r are the focal distances of P, P' and k is the chord joining 
P.P'. 
I Let X, y; m\ if be the coordinates of P, P', then since y' = iax, 



f.(«-,.->- + (y-S-)'_(j-S')' 1 + 



mv 



..(2). 



As we wish to make the right-hand side a perfect square, we put 

y + y = 4atan^, y — y' = i-a tan^ (1). 

We shall suppose that in the standard case y is positive and y' 
numerically leas than y ; then 9 and are positive, 

.". A; = +(f. tan 1^ sec tf. , 

Also ?■ + )■' = 2a + a: + x' = la {see6 + tan'0) ; 

.-. r + r' + k = 1a (sec 6 + tan 0)=1 _ 
r + r -k = 2a (sec 6 - tan ^f] ' 
.-. (r + r- + k)*-(r + r'~k)* 

= (2a)* ((sec B+t&n 4>f - (sec B - tan 0)'} 
= 2 (2a)* [3 + 3 tan'^ + tan'.^| tan 0. 
Drawing the ordinates PN, P'N', we see that 
area PSP' = APN -AFN' + SFN' ^ SPN 

= §(3y-a^y)+i(^'-a)t,'-i(^-«)j 



1 
~24a 

= 3a' tan 
Since the area PSF = 
follows at once. 



tan'^ + tan'0 + 3j. 
\ht = ii'J{2afi,)t the result to be proved 
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The arc PP" gradually iQcreases as P" moves towards and 
the apse. The quantity r + r" —k decreases and vaniahea when 
the chord passes through the focus. To determine whether the 
radical changes sign we notice that thLs can happen only when it 
vanishes. We can therefore without loss of generality so move 
the points P, P", that, when the chord crosses the focus, PP" ia a 
double ordinate. We then have 

6 ^//i( = (2r + %yf - (2r - 2y)' = [(2o + y)- ± (2a - y)'i/(2o)*. 
Comparing this with the ordinarj' parabolic expression for twice 
the area ASP it is evident that the lost term should change sign 
where y increases past 2a and that the double sign should be a 
minus. The second radical in Euler's equation must be taken 
positively when the angle PSP' ia greater than 180°. 

asi. Ki. 1. If the ordinate P'N" cut the parabola agaiu in Q'; prove that ] 
0,pAieihe acQte angles mnie by the chordH PF', PQ' with the axis ot ij. 

Ex. 3. Show that there are two parabolas which caa pass through the given 
pointa P, P'. &nd have the aama fucua. Show also (hat in using Euler'a theorem 
to find the time P to P*, the second radical baH opposite signs in the two paths. 

To find the parabolas we describe two oircles, centres P. f and radii SP, SP". 
These circles intersect in S and the tiro real common tangente arc the direotrioeB. 
These tangents intersect on PP' and make equal angles with it on opposite sidea. 
The concafities of the parabolas are in opposite directions, and the angle* 
desoribed aie PSP" and 360° - PSP". U then one angle it greater than 1S0°, tho . 
other must be less. 

Ex. 3. A parabolic path is described about the focas. Show that the eqoarea i 
ot Ibe times ot describiog area CQt ofl b; foool chords are proportional t 
oabes of the chords. 

aB3. Iiambert's TIiMnana*. 

ellipie, (iiul k it the chord a/ the ni 

nl = (#-Bin*)-(f-BinA 

■ 1 .. 1 /r + r' + k ■ , ,, , fr+r'-k 

where Bini*=l^ — -^ , ainl«' = i^ — — -, 



I 



Let u, u' be the eocentric anomaliea of P. P", 

.: J:'=a'(ooaii-costiV + a'(l-e')(ainu- sii 
= 4<i'Bin'i(«-«')il-e"ooa'i(u + u')t-. 



. (1). 



* Thii proot of Lambert's theorem ia due to J. C. Adams, Britiih AuoeiatioH \ 
Itrport, 1877, or Collected Worki, p. 410. He also gives the corresponding theorem 
for the hyperbola, using hyperbolic sines. In the Aitronomical Nolicei, vol. i 
1(469, Cayley gives a discnsaion of the signs of tlie angles 0, ip'. The theorem for 
the parabola was discovered b; Euler {Miicell. BeraUn. t. Tii.), but the e: 
to the other couic sections is due to Lambert. 
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I=2a|l-.coBU« + u')ioal(a-«'Jt (3). 
-u-u'-2*oosl(u+H>mi(»-«'} (3). 
Henoe we see that if a, and therefore al«o u, are giTen, then r+ r*. ib, and I are 
ftuctionB of the two quantities ii~u', and eooa J(u + u'). Let 
»-«' = 2<.. ,.oosi(u + u') = ««p (4). 
.-. * = 2asinnBin/» -. (6). 
I r + f' + * = aa{l-0O*(^4-B)l (6). 
I r + f'-ft = 2a|I-ooBO-o)[ (7), 
' nl^2a-2BmacoBp... (8). 
It we pnt ^-l-a = 0, ^-a = ^', tbeeqnationa (6) and (7) lead to the expreeuoDS 
lor Bin 1 9, sill } f' given above, while (8) wheo pat into the form 
Hl=|^ + B-am{j3 + a)l-|3-«-8ia03-a)! 
gives at ones the required value of nf. 
8S8. Let UB traci> the values of ^, ^' aa the point P travels round the ellipee 
in the positive direction beginning at a fixed point P'. We suppose that ii increases 
firom u' to 2»+u'. 

The positive sign has been given to the square root k. Since 1; can vanish 
only when P coincides with P', and a begins posilivel;, we see that both a and p 
lie between and ir for all positions of P. The latter is also restricted to lie 
between coa^'e and ff-coB~'c. 
We have by differentiating (4) 

rf*=<i/J + ,Ja= J,i«{l + ?eoseoflainHu + u')|, 

,I*' = rf^-da=-irf''Jl-"o<eopBinHu + «')i. 

Since sin'^^f'siu^Ku + u'j + l-c), and ir*-cl, it follows that d^ is always 

positive and dp' always negative. If ^g be the least value of p which satiafies 

cosjS = <coau', continually incresses from ;9„ to 2w-p„ and $' decreases from 

A to -Pf 

When #=x, T + r' + k = ia, and the chord F'P passes through the empty 
focns H. Let it cat the ellipse in Q. It follows that ^ ia less or greater than r 
according as P lies in the arc P'Q or QP'. 

When <p' = 0, r + r'-* = 0, and the chord FP passes through the centre of 
forcf S, Let it cut the ellipse in E, Then ip' is positive or negative according as 
P lies in the arc P'Tl or III". 

The vslaes of ifi, ^' are determined by th^ radicals (A). Each of these gives more 
than one value of the angle, thus # may be greater or tees than ir and 9' may be 
positive or negative. This ambiguity disappears (as explained above) when the 
position of P on the ellipse is known. Thns sin ^ and xia ip' have the same sign 
when the two foci are on the same side of the chord PP' and opposite signs when 
tlie oliord passes between the foci. 

8B4. Ex. 1. Prove that the time ( of describing an arc P'P at a hyperbola is 
given by 
^^H^ I ;l/~,= - + ^' + Hinh f} - sinh^', 
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Mid t b the chord o( th« arc. [Adams.] 

Ks. 9. The length of the major axia being giren. two ellipses can be drnvrn 

throogh the giTen paints P, F' and having one focus at the centre of force. 

rtove that the tiraeii of deacribing these area, bb given by Lambert's theorem, are 

in general uneqnal. 

To Gnd the ellipBee we deBoribe two circles with the centres at P, F and the 

radii eqnal to 2a - SP. and 2o - SF'. Theee intersect in two points H, IP, either 

of which ma; be the empty focas, and these lie on opposite sides of the chord PP', 



SAS> Two eantrea of C 
action of two centres of force, 

*'t ('a), prove that ^\ ^ ir,'F,) 
latr, prove that the other 
These resLdts fallow fr 



Ex. 1. An ellipse is described under the 
□ each foctiB. If these forces are i''[(r,) and 
— (fiVJ. If one force follow the Newtonian 



do so also. 



the normal and tangential resolutions. 

Ex. 3. A particle describes an elliptic orbit nnder the iofluence of two equki 
fonwB, one directed to each focus. Show that the force varies inverselj aa th« 
product of the diHtacces of the particle from the foci. [CoU. Ex.) 

S.I. 3. A particle describes an ellipse under two forces tending to the tod, 
which are one to another at any point inversely as the fooal distanoaa ; prove that 
the velocity varies as the perpendicular from the centre on the tangent, and that 
the periodic time is ir (a' + b')lkab, ka, /ib being the volooities at the eilremilies of 
the axes. [Coll. Ex.] 

Ex. 4. A particle describes an ellipse under the simultaneous action of two 
centres of force sitaated in the two foci and eaoh varying as (distance)'^. Prove 
that the relation between the time and the eccentric anomaly is 



1 



«Mi- 



.1.)' 



i=[l + 



[Cayley. Math. Mettenger, 1871.] 



The inverse mbe and the inverse n'" powers of the distance. 
3S6. The law of the Inverse cube. A particle projected 
in any given manner describes an- orbit about a centre of force whose 
attracft'on varies as the inverse cube of the distance. It is required 
to find the motion*. 

* The orbits when the force F=ixu' were first completely discussed by Cotes in 
the HarraoTiia Memtiranim (1723) and the curves have oonseqnently been called 
Cotes' spirals. The motion for i^ — fiii'* when the velocity is equal to that from 
infinity is generally given in treatises on this sabject. The paths for several other 
laws of force are considered by Legendre {Tliturir da Fonclions EllipUqufi, 18S5), 
and by Stader [Crellf, 1833) ; see also Cayley's Feporl to thi Britiih Jitoeiation, 
1W3. Some special paths when F—iai', for integer valncs of n from n = 4 to 
ii = g. are discussed by Greenhlll (ProceedingK of thr ihithematical Society, 1888), 
one case when n = S, being given in Tail and Steele's Di/nciinf<?«. 



I 
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Let attractiou be taken as the standard case and let the 
accelerating force be F=fiu\ We have 
d^ F u 

df + '-W'-K-"' 

The solution depends on the sign of the coefficient of u. Let V 
be the velocity of the particle at any point of its path (say the 
point of projection), the angle and R the distance of projection, 
then h=VRsin^; (Art. 313). Let V, be the velocity from in- 
finity, then V,' = fi./Ji'. It follows that A' is > or <>* according 
aa Vsiny8 is > or < V^; i.e. the coefficient of u is positive or 
negative according aa the transverse velocity at any point is 
gi-eater or less than the velocity from infinity. If the force is 
repulsive the coefficient is always positive. 

Caae 1. Let h'>ft, we put 1 -^/A' = n', then n< 1 or >1 
according as the force is attractive or repulsive. The equation of 
the path is (Art. 119) 

u = acosn{6 — a.). 
The curve consists of a series of branches tending to asymptotes, 
each of which makes an angle jr/n with the next. 

When the curve is given the motion may be deduced from the 
following relations (Art. 30G), 

Also by integrating d6/dt = kw, and putting a = Ijb, we find that 
the time of describing the angle ^ = o to ^, i.e. r = 6 to r, is given by 



tan n (^ — a) : 



hnt 



r'-4» = 



AW 



387. Case 2. Let ^ be positive and > A', we put 1—;4./A° = -m'J. 
The equation of the path is then u = Ae'^ + Be'"'. The values 
of the constants 4, B are to be deduced from the initial values of 
u and du/dff. Two cases therefore arise, according as A and B 
have the same or opposite signs. In the former case, u cannot 
vanish and therefore the orbit has no branches which go to in- 
finity ; in the latter case there is an asymptote. If we write 
=d,-i-a and choose a so that Ae"" = T Be~'^, we may reduce 






to «Be of tfce tfcm 



-J(^±«-^)l •=■■«<". 
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The thiH eaue ocean when AbO; the ortnt is tbeo the eqoi- j 
aagnlar npiral already ooondered in Art. 319. 

When the curre w given the owtioo may be deduced Crooi the | 
MIowtng reUtiom 

where C is d(rt«TTQiiied hy making t vani^ when r has its initial I 
value and &— l/a. 

When A and B have the same sign the two branches b^iomng 
at the priint 5i = 0, i.e. = a, wind Hymmetricallj- ronnd the origin 
in (i]ip<MiUs directiooB. When A and B have opposite signs the 
two br&nchefl begin at opposite ends of an asymptote, whose 
diNtance from the origin i*t y=l/an, and then wind round the 
origin. Aa the particle approaches the centre of force, the convo- 
iiitioDH of either branch become more and more nearly those of 
an cfjiiiangiilar spiral whose angle is given by cot^=±«, the , 
upper or lower sign being taken according as = ±x. The 
particle arrives at the pole with an infinite velocity at the end I 
of a finite time. 

306. t-'a-se 3. Let fi be positive and =/('. The orbit is 
w.o(^-tt). 
When the path is known the motion is given by 

A'-^, i/' = fi(u' + a''), t-JiJ. = br, 
where t is the time from a distance r to the centre of force and j 
6 " l/a. We notice that the radial velocity is constant. 
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Beginning at the opposite extremities of an asymptote the 
two branches wind round the origin and ultimately when B= ± Xi 
cut the radius vector at right angles. If OZ is drawn perpen- 
dicular to the radius vector OP to meet the tangent at P in Z. 
we may show that OZ is constant and equal to 1/a. 

■BS. Ex. The motion for a lotte f =/(u) being known, show how to deduoe 
that (or a force J'=/(ii) + >iu' oad give a geonietrioal inteiprat«tion. [NewtOQ.] 

The differential equationa are 

dfl» V h'J A> • dt~ 

Tbeu maj be reduced to the fomiB used when F=f{u) by writing c$ = e', 
eh = h', where (;'=l-^ft". 

ToeonBtruot the path u = 0(c-tf), when ii = *(fl) ia known, we mate tlie axi» of i 
together with the latter carve revolve round tlie centre of force with an angular 
velocity (fui/dr, where ce = e-u. The aiia of z therefore advanoes or regredca 
according as c ia leaa or greater than unity. 

SflO. Law of til* iBTarae nth pov«r. It U rtqulred to find tht path nf a 
partielr ichtn the central force F=^u*. See Kti. 830. We have 

<f#''''"~hV"/i^" ' 

■■■""■'irn'M-''.'-'*" 01. 



ti 
A 

I 



except when n = l, for (ben the right-hand side talceia logarithmio fonn. 

The integrstion of thia equation can be reduced to elementar; forma when 
C=0; this requires thai ii>I for otherwiee i<* would be negative. The equation 
then shows that at every point of the orbit the peloeily ii equal to that/rmn infiiiUi/, 
Art. 312. 

It V be the velocity, R and ^ the distance and angle of projeotioo, we have 

'"=«^ (s)" '• '■ = f««!°(3 (S). 



^ft'C-ir 



.-j-i bj C-', we have 



W»5-='rTf»-" ■»>■ 



where the upper or lower aign is to be taken according as dujilS is initially negative 
or positive, i.e. according as the angle ^ is acute or obtuse. 

To integrate thia put eu=^ wbeie ■ ia to be chosen to suit our convenience. 
Taking the logarithmic difleiential we find (lii/u = Kilx/f, and the integral equation 
(S) becomes 

"^ — =Tdfl. 
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We Qow see that if we pat i (n - 3) = - 3 the iategntion mh be effected at oooa, J 
but this Bupposition is ImpossibU if n = S. We Sud 



jireoB-'i= ±(S-a), 
CoDverae!)', when the path is given 



^■er 



It appeals that the orbit takes different fomie according as na- or <:3. In t1 
former oaee the curve haa a series of loops with the origin (or the common nw 
and r = e for the maiimuni radios veator. In the latter case the carve has infinita j 
branches, and r=e (or the rainimtun r&dioi vector. 



We then have 



•61. It the force is repuUi' 



If C = 0, we must have n<l. The veloeity at tvtry point U equal to that /roi 
rat at tht centre of force. Prooeeding as before, we have 



(0" 

f atlnicl 



being F — iiii'*, show that the time t of | 



aaa. Ex. The law of a 

describing a loop ia 

■J' r(p) 
-B-3r(,)' 

where the limits are 6 = to •■/(n-3| and 3(n-3)p = n + l, (n-3)9 = (n-l}. Thu \ 
integrations oaa be effected when n-3= :tl/i and q-p= ±i where i is an; integer. 

sea. Bxamplea. Ex. 1. Prove the following geometrieal properties of tha 1 
curve (r/c)"' = coBina (Art. 330), 






where is the angle the radios vector makes wjth the tangent, and /, 9' are I 

coordinates of a point oo the pedal oorve. 

Since equation (1) of Art. 360 beoomes p'= '"~ ' ■ r"-' whan (7=0, t 
second of these geometrical results enables ns to write down the eqoation of thfl ] 
required path and thtla to avoid the integration of (3). 

Ex. 2. A perpendicular Oi' is drawn from the orip^n O on the tangent at P I 
to the lemuiacate r^^n'coa 2S. If the loeus of 1' be described b; a particle nnda 
the action of a central force tending to O, prove that this force varies inversely m 
OV''!'. [CoU.B«.lj 

Ex. 3. A particle is describing the cnrve (r/c)'"-cosni0 under the aotion of -3 
the central foroe f=^ii'', where m = i{'t-3). Prove that, if the velooitf at ths ] 



ART. 365.] 



point 8 = a is Buddenty inoreased 
Bubeequent pstb is 
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the ratio I to I + 7 irhere y is Tory small, the 

ma|l-niJ(coan<Srl, 



(BinmS) 
where the Umitf are 0= to a. 

Substitute r/f = (coim*}'"+'i 
and ccHlFtct the squares o( £. 

864. Tlia Invars* tftb 



^ m "^, ,*^./ "(iumS)' 



if0 






n the differential equation of the path. Art. 309, 
pow*r. The equation (1), Art. S60, has the form 

\dej 2h« ^ft' '' ' 

This can be rednced to elliptic integrals as eiplained in Cajley's EUiplk 
Fuaclimu, Art. 400. or Oreenhill, TJu F.Uiptic FuncHoiu, Art. 70. 

The integration can be effected in two oases : (1) wheo velocity of projeotioii is 
e<|aal to that from infinitj-, and (2) when the initial conditions are snoh that 
h* = 'iiiC. In the latter cose the right-hand Hide of (1) ia a perfect square. 

Et. 1. Prove that the integration wLen /i' = 2hC leads to the curves 
Innh [fl/^2) = r/c or rjr, which have a oonimon asymptotic oirole r = e where 
c = ^lijh. Prove also that the velocity V of projection is given (Art, 313) by 

F'.lB'J.Sr-lli^d-.to'/!)}, 
whei4 V is the velocity bom rest at infinity, and the upper or lower sign is to be 
taken according as the path is outside or inside the asymptotic oirole. 

Ex. 2. Prove that, it the central force F=nu', the inverse of any path with 
regard to the origin a another possible path provided the total energy of the 
motion exceed the potential energy at infinity by a positive constant E reckoned 
per unit mass and also that for the two paths Eh'^^E'h*. 

Prove that when 'i'>4>iK>0 the path is of the form 7- = a8nf A'~ //. - uj ) 
modulus k or the inverse form. [Hath. Tripos, 1894.] 

According to the notation of Art. 313, SE^C. 



SSS. 



Tlia InTOTM fOnrtti i 



The equation (1) of Art. 360 is 
,_3^' i ^^\ 

" 2m" ^iix) 



\d9} Zl 



and the integration can be reduced to forms similar to those in Art. 364 by writing 
u + ,i = i'. 

The integration oan be effected when the initial conditions are auoh that 
h' = 3f.'C, In this case the right-hand side has the factor {ii - A'/jt)'. 

^.r. Show that the integration leads to the curves n ~ - h « 1 ' *''^ '■PP^'' 
signs being taken together and the loner together. These ourvea have a 
asymptotia oirole r^ufh', one curve being within and the other outside. 
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:. If tbe [Otoe F=mi\ mi tba initial ooDditiaiu 
«• Moh Ihfti ah' = SC^/M. prove that Ibe oqiution ( I ) ot Ait. 360 takei tbe brm 

•4m ¥ m kji^n. Tfaence deduce the iat^rtia ^ = — r-- '^ , luTuig & common 

MjwyMtla olrole. Tbe LemoiKAte e*n alto be described under thii law of force. :f 
Itv valocrllj i> (Hiual to ih&t from mfinitji Arts. 320. 360. 

367. Nearly circular orbits. To find the motion upprom- 
w»My. WiC'i the central force F = nu^ and the orbit is nearly 

Itt'^iiuiirig as in Art. 360 with the equation 

rf^^" A'.*' A'" ^^'' 

w« put u-'c(l+a:) where c is some constant to be presently 
«hfwen but subject to the condition that x is to be a small 
fhuition. We thua find 

\Vf Bi'u DOW that the right-hand side of the equation will be 
oimplifictl if we choose c so that the constant term is zero. i.e. wa 
put A'™/*c"'"'. The equation then becomes 

|g+«-(«-2)i+}(»-2)(»-3):^+&c (3). 

Ab a first approximation, we assume 

x = Mcm(pe + a) (4), 

where 3f is a small quantity. Substituting and rejecting the 
•(|uares of M we find 

(\ -p>) M cm[pe + a) = {ji-2) M cos{p8 + 0) (5). 

The differential equation is therefore satisfied to the first order, 
if we put /)' = 3 — n. In this case we have as the equation of the 
path 

u = cll + :if coa(f^ + a)l (6). 

If n < 3, the equation (6) represents a real first approximate 
solution of the diflferential equation (1). We notice that the 
particle oscillates between the two circles u = c(l+M) and 
u = c (1 — M), The meaning of the constant c is now apparent ; 
geometrically, 1/c is the harmonic mean of the radii of the bound- 
ing circles; dynamically, 1/c is the radius of that circle which 
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would be described about the centre of force with the given 
angular momentum h. 

The positions of the apses are found by equating du/dO to 
zero. This gives p0 + a = iir, the angle at the centre of force 
between two successive apses is therefore trip. 

If n >3, the value of p is imaginary, and the trigonometrical 
expression takes a real exponential form, Art. 120. The quantity 
<B therefore becomes large when S increases, and the particle, 
instead of remaining in the immediate neighbourhood of the 
circumference of the circle, deviates widely from it on one side 
or the other. Aa the square of x has been neglected the expo- 
nential form of (6) only gives the tnilial staffs of the motion and 
ceases to be correct when x has become so large that its square 
cannot be neglected. It follows from this that the motion of a 
par-tide in a circle oiout a centre of force in the centre is unstable 
./»>.3. 

a«a. Ejt. It the !&w of taice ie F=u.''/{u], and tb« otbit ia uearlf oicculat, 
prove that & first appioximation to Clie path is 

Thence it (oUowb that tht aptidal angle ii iiidrpendeni o/ the mean Ttciproeat 
radiu), viz. c, only when F = iiv^, Le., ichen the la<c of font u tome pototr of t)te 
dUtanct. 

aflS. A ■•oand approzliutlon. The solution (6) is in any caw only a 

first npproiimatian to the motion, and it ma^ happen that, when we proceed to a 
aecond or third approximation, the value of p is altered by terms which contain U 
B9 a factor. Besides thia, we shall have x expressed in a series of several trigono- 
metrical terms whose ijeneral form is Woob(jS+3), where W contains the square or 
cube of jU as a factor together with some divisor k introduced by the integration. 
AttB. 139, 803. 

Bepresenting the corrected value of p bj p + i, the error in pB + a, i.e. fli, 
increases by 3rA after each succensive revolution of the particle round the centre 
of force. The expression (6) will therefore cease to be even a first approximation 
as soon us 0A has become too large to be neglected. On the other hand the 
additional term to the value of u may bo comparatively unimportant. The 
magnitude of the specimen term is never greater than N and, unless k ia also 
small, we can generally neglect such terms. 

In proceeding to a higher approximation we should first seek for tboAe terms in 
the differential equation which contain cos {p8 i- a) ) these being added to the terms 
of the same form in equation (S) will modify the first approilmate valac of p. 

We nhould also enquire if any term in the diflfereutial equation acquires by 
integration a small divisor k and thus becomes comparatively large in the solution. 
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8VO. To obluD a second a.pprotim»tioa we iabatitate tbe &rrt ^^toiinmioa J 
(6) in the imall terms of th« diAeieatul equalion (3). Wiiliiig (3), for bieTi^^ J 
ID the form 

J=(«-3)J.+pr»+7i'+...! 17). 

wbeTe^=^)(n-3), 7 = } (n-S) (■-!), Ac. we End ■fter rejectiiic Die onbee of if 
g=(»-8Hi + ijSM>{l + oo.^»)[ 

wbtrt pe haabMii wnHen for pi + a lot the s^e of brevity. Tbl« eqnatioii sbovsl 
(An. 803) thftt the teeond ftpproiinute ntlue of f bu the foim 

X = 31 cos p9 ^i!^lG + A COB 2p9) 

where G tind A ore two conatuiEs whose vklaes maj be found by Babfititiition, uid ' 
p hu the Bame valae as before. 

To obtain a tbiid approiimatioii, w« retun tbe term y^ in (7) and aBsnme 

j = JUcospfl + JP[0+JcosapSl + if'fl«»3p» (10). 

To find the Tataes of p, G, A and B ve sobstitate in (7), express all the powen 1 
of tbe trigonometrical fnoctioDa in multiple uigles and oegleol all temiB of flw I 
order m: Equating tbe coefficieotB of cos pS, cos 2p9. cob SpB and the oonstanb 
on each side, ve find 

-J(p'=(n-S)iM+2i(»G^ + Jf».J^ + iJf'7l. 
- 4Jf V-< = (n - 3) J M'J + i J/=3J . 
-9ifVB = ('i-3J13f'£ + .V'J^ + }JUM. 
= .U'G + i,V>3. 
Solving tbeae equatioDs, uid remembering that p- diOers from 3 - n by teimi 
of the order if*, we find 

G=-l(n-2), ,l = A(n-a). ^^^(--ajC-S). 

p'=(3-n)lI-A("-3)(n + l)ir'l (")• 

The three Qret are correct when .V n neglected and tbe last when it* a neglected. 
We notice that ap to and Jiictiidine the third order of appro limation the l«rmi 
Q, A, B in equation (10) do not contain any Bmall denominators, bo that it il be 
■mall enough all these terms may be neglected. Tbe motion is then repTesented 
very nearly by 

,.=.{1 + Jl/C08(p#+,.)| (12). 

y = V0-n){l-A("'3)(« + l)Af'l (13). 

and this approiimalioa holds ontil S gets so large that 1H*6 cannot be D^leotod. A 
We tiotioe also that the addilioval l/rm in the value 0/ p vanithei only whtn tht law"| 
11/ foree U tithcr the invene iquart itr the direct diilance. 



Disturbed Elliptic Motion. 

371. XmpulsiTe disturbance. When a particle is descnbingj 

an orbit about a centre of force it may happen that at soioefl 
particular point of that orbit the particle receives an impulse 
and beg:ius to describe another orbit. We have to determine] 
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how the new orbit differs from the old, for example how the 
major axis has been changed in position and magnitude, and in 
general to express the elements of the new orbit in terms of 
those of the undisturbed orbit. 

Let the unaccented letters a, e, I, &c. represent the elements 
of the undisturbed orbit, while the accented letters a', e', I', &c. 
represent corresponding quantities for the new. We first express 
the velocity v and the angle ff at the given point of the orbit in 
terms of the undisturbed elements. Thus v and ^ are given by 



■■-(^^ 
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when the undisturbed orbit is an ellipse described about the focus. 
We next consider the circumstances of the blow. Let m be 
the mass of the particle, mB the blow. The particle, after the 
impulse is concluded, is animated with the velocity B in the 
given direction of the blow, together with the velocity v along 
the tangent to the original path. Compounding these the particle 
has a resultant velocity t/ and is moving in a known direction. 
Since the position of the radius vector is not changed by the 
blow we may conveniently refer the chauges of motion to that 
line. If P, Q are the components of B along and perpendicular 
to the radius vector and 0' is the angle the direction of motion 
makes with the radius vector, we have 

w'cos^' = oco8;S + P. v'iiinff = v!iiu0 + Q (2), 

Having now obtained v', 0', the formulse (1), writing accented 
letters for the old elements, determine the new semi-major axis a' 
and the new serai-latus rectum I'. The position in space of the 
major axis follows from Art. 336. 

372. We may sometimes advantageously replace the second 
of the equations (1) by another formula. We notice that mh is 
the moment of the momentum of the particle about the centre 
of force. Since just after the impulse the velocity v is the 
resultant of v and B, the vioment of v' is equal to that of v together 
witli tJie moment of B. Hence 

h: = h + Bq (3). 

where q is the perpendicular on the line of action of the blow. 
Since h' = /j,l, when the law of force follows the Newtonian law. 
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thii« equatiQD leads to 

^l' = ./l + Bq/y/M 

Thus the change in the latus rectum is ver)- easily found. 

As a corollary, we may notice that lelien the blow acts alo 
the radius vector, the angular momentum mk and there/ore tht 
laius r&ium of the orbit are unchanged. We also observe that if" 
the magnitude of the attracting force or its law of action were 
abruptly changed, the value of h is unaltered. 

S7S. Ex, 1. Two particles, describing orbiu aboat the sua 
impinge on e*ch other. Prove 

wbere >»,fti, m^; >i,ft,', m^i,' &re their kngaUi momenta before and after ii 

Ex, 2. A partiole P of noil mug is deaeiibin); an ellipBe abont the tocna 8.^ 
A circle ii deuribed to touch the normal to the conic at P vhoee radin» PC 
repreientB the velocity at P in direction and magnitude. Prove that if the particle 
U acted OD b; an impulse represented in direction and magnitnde by any chord SIP 
of the circle, the length of the major aiia is unaltered b; the blow. 

Since fi=3vooi S. the velocity in the direction of the blow ia sinipty n 
Hence v'=v and a'=a hj Art. S3S. 

STL I( the direction of the blow does not lie in the plane of motl 
plane of the new orbit is also changed. For the take o( the perspective, let the 
radius vector SP be the axis of i and let the plane of xy be the plane of the old 
orbit ; then vcosp, vaax^ are the components of velocity parallel to the axes of 
X and ij. Let the components of the blow be mX. mf, nZ ; then jost after the 
blow ix concluded the components of velocity parallel lo the axes are rcoB/S + .Y. 
I' sin ^+ y, and Z. The iuclination i of the planes of the two orbits is therefore 

given by tan i= -. ' — t^. The particle begins to move in its new orbit with a 
[ism^ + l 

veloeit; v' in ■ direction making an anK'e ^' with the radius vector SP given bj> 

ii'cos^^pooB^i-.V. («'ain^)» = (rBinfi+l")= + ^«. 

The problem is now reduced to the caje already considered. 

If mh' is the angular momeDtum in the new orbit, its components about the 
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where t=SP 

870. Bxaiaplaa. Ex. 1. A particle is describing a given ellipse about a 
centre offeree in the focus, and when at the farther apse A', its velocity is suddenly 
increased in the ratio 1 : 'r. Find the changes in the elements. 

The direotion of motion is unaltered by the blow and since this direction is at 
right angles to the radias vector from the centre of force, the point A' is one of the 
apses of the new orbit. 

Let a, e\ a', t' be the semi-major axes and eooentrioities of the orbit«. Then 
since SA' is nnaltored in length 

r = a'(l+''l = '<a + ') (!)■ 




' ART. 375.] 

We have here chosen ai 
(or (he fnrtliPT ap.ie. , 
A' IB the Dearer apse. 
AlaoBinoet>' = nv, « 



:lie standard tignrs tor the nev orbit an ^llip<te having A' 
DEgative value of the eccentricity e' Iheit^fore mi>anB that 



'(^a=■^'(^i)■■ 



[ where a' must be regarded aa ne^tin if the new orbit i 
From theae eqnatioDB we (ind 



W. 

a hyperbola, Art. 333. 



1 + 



= l.n»(l-.). 



The point A' is therefore the farther or nearer apse aoDording as n'(l-r) 
il < or 3- 1 ; if eq^uul to unity the new urbit is a circle, if equal to - 1, a parabola. 
The new orbit is an ellipse or hyperbola acoording bb n'(l-(;)-; or >2. 

Kx. 2. A particle describes an ellipse tmder a force tending to a focna. On 
Arriving at the extremity of the minor axis, the force has its law changed, bo that 
it Tftries as tho distance, the magnitude at that point remaining the same. Profe 
that the periodic time is unaltered and that the sum of the nen axes is to their 
difference as the sum of the old axes to the distance between the foci. 

[Math. Tripoli, I860.] 

By Art, 335 the new orbit is an ellipse having the centre of force S in the 
Mlltre. Let the new law of force be ^'r. 
Then when r = n, the forces are equal, benee 
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Meaanre a length SD panillel to tha 
direction of motion at It, snch that the 
Telocity u at B iB ^/>i' . SD, Then SD ia 
the lemi- conjugate of SB in the new orbit. 
Equating the velocities at B in the old and 
w orbite, we have when r=a 

'..S'D'. 




-(?-■)= 



.-. ,5D = 



.. m- 



The oonjugalea SB. HI) arc equal diameters, the majot and minor axes are 
therefore the internal and external biseotora of the angle BST}. Representing the 

(i'' + 6'' = .5B''-i-SD» = aa=, a'Ji' = SS, SO sin S5D = ab (3). 

The internal bieector of the angle USD is clearly the major axia. 

If the change in the velocity hatl been made at any point of the ellipee, we 
proceed in the same way. By drawing SD psiallel to the direction of motion we 
arrive at the known problem in conies, given two oonjngate diametere in position 
and magnitude, construct the ellipse. 

The periodic times in the two orbits are respeelirelj ^rj,Jn' and iw^a'liL. 
The equality of theae follows from the equation (1). The rest of the queatiou 
folIowB from (3). 

Kx. 3. A partiote ia describing an ellipse under a foroe ^i/r* to a focus : when 
the particle ia at the extremity of the latua rectum through the focns this centre 
of force 19 removed and is replaced by a force |i'r' at the centre of the ellipse. 
Prove that it the particle continue to describe the same ellipse n'b* = iia. 

[Coll. Eiam. 1895.] 
B. D, 16 
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Ex. 4. A planet moving rcDiid the bqd in nn e!IipBe reoeivea w,l a point of iU 
orbit a sudden velocity in the direction of the normal outwards which transformi 
the orlit into a parabola, prove that tbia added velocity is the same for bI! pointa 
of the orbit, and if it be added at the end of the minoi aiis. the aiis of the 
pMEbola mill make with the major aiia of tbe ellipse an angle whose sine ia equal 
to tbe eccenlrioitj. [Coll. Eiam. 1893.] 

Ex. 5. A particle delcrihee a given ellipse about a centre of force of given 
intensity in the focns S, Supposing the particle to start froni the further eitremity 
of the major axis, End the time T of arriving at the eitremity of the minor axis. 
At the end of this time tbe centre of force is transferred without alteriug its 
inteoEiity from S to the other focus H, and tbe particle moves for a eeoond interval 
T eqaal to tbe former nnder the inflaence o( the central force in H. Find tbe 
position of the particle, and show that, if the centre of force were then transferred 
back to its original position, tbe particle wonld begin to describe an ellipse whose 
Bocentricity is {3e - i!')/(l + f). [Math. Tripos, 1893.] 

Ex. (i. A body is describing an ellipse round a force in its focus S, and HZ is 
the perpendicular on the tangent to the path from the other focus H. When the 
body is at its mean diatance the inlonaity of the force is doubled, sbow that SZ is 
the new line of apses. [Coll. Ex.] 

Ki. 7. A particle describes a circle of radius c about a centre of force situated 
at a point O on the circumference. Wben P is at the distauce of a quadrant from 
0, tbe force without altering its instantaneous magnitude begins to vary as the 
inverse square. Prove that the semi-aies of the new orbit are ;c^2 and (cV^- 

Ei. 8. Two inelastic particles of masses nij, m,, describing ellipsea in tiM 
same plane impinge on each other at a distance r from the centre of force. It 
a,, I,; II,, 1^; are the semi-major axes and semi-latera recta before impaot, protS 
that in the ellipse described after impact 

Ex. 9. A planet, mass M. revolving in a circular orbit of radius a. is strook 
by a comet, mass m, approaching its perihelion; the directions of motion of tlia 
comet and planet being inclined at an angle of 60°. The bodies ooalesoe mi& 

proceed to describe an ellipse whose semj.major axis is , ' j^ — r. ProM' 

Ju [al + (* -V*) ""I 
that the original orbit of the comet was a parabola; and if the ratio of m to JIf it 
small, show that the ecoentrioity of tbe new orbit is {7i~iJ2)^{mlil). 

[CkiU. Ex. IS96.Il 

376. Continuous forcei. We may ftpply the method of 
Art. 371 to find the effects of continuous forces on the particle. 
het/,g be the tangential and normal accelerating components of 
any disturbing force, the first being taken positively when in-j 
creasing the velocity and the second when acting inwards. 

We divide the time into iatervala each equal to St and c» 



^(2r-I.-JJ +m,(2r-;,-£) . 
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the effect of the forces on the elements of the ellipse at the end 
of each interval. We treat the forces, in Newton's manner, as 
small impulses generating velocities _/S( and gBt along the tangent 
and normal respectively. The effect of the tangential force is 
to increase the velocity at any point P from u to u + Sv, where 
811 =/St, the direction of motion not being altered. To find the 
effect of the normal force we observe that after the interval S( 
the particle has a velocity gSt along the normal, while the velocity 
V along the tangent is not altered. The direction of motion has 
therefore been turned round through an angle Sff=gStjv. 

If the disturbing force were now to cease to act, the particle 
would move in a conic whose elements could be deduced from 
these two facts. (1) the velocity at P ia changed to u + Sti, (2) the 
angle of projection is /S+ 6^. The conic which the particle would 
describe if ai any instant the disturbing forces were to cease to act 
is coiled the instaiUaneons conic at that instant. 

377. To find the effect on the major axis, we use the formula 

-"(;-„) <■>■ 

Since w ia increased to k + Zv, we aee by simple differentiation 

»»S« = £ao, .-. &..^"'"/S( (2), 

o" ,1. ' 

Id difFereDliatiag the formula for v' ne ore not to Buppcne that iv reprGHintB 
the whole change of the veloo;t7 in the time U. The psrliole moves along the 
ellipse and experiences a change of velocity dv in the time di given by 

vdv^-'^dr (8). 

Taking dt = H. the change of velooit; in the time ]( is iv + dv. the part Sv beinfc 
due to the diaturhing forces and the part dv to the action of the central force. 

378. To find the chanjes in the eccentricity and line of apses. 
We may effect this by differentiating the formulEB 

I = o<l-e'). A' = /ii, - = \+eao&0 (4). 

Since mh is the angular momentum, the increase of ink, viz. 
mhh, is equal to the moment of the disturbing forces about the 
origin (Art. 372). Let /3 be the angle the direction of motion at 
P makes with the radius vector, 

■■- i[-Jii^)=&h=fra\'a^-¥grco9^. 
V* 
, IC— 2 
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We deduce from equations (4) 

a = (I - e^) 6a - 2aeBe, - = cos 5Se - e siu ^S^, 
and the values of Se and SB follow at once. 

S79. Heradiel bsB suggested a geometrical method of finding the changes of 1 
the eccentncily and the Ime of apses in bis Ouilimi of Astronomy'. He coneidera ) 
the effect of the disturbing forces/, g on the posiiiaD of the empty loaaa. 

The effect of the tangential force / is to alter the Telocity r and therefore U 
kltar a. Bincc SP + PH^ia, Uio empty focus 11 is moved, duriiiR each intervbl ^ 
It, along tlie straight line FH a distance }lH' = 26a, where Sii is given by {3). 

The effect of the normal force g ia to lum the tangent at P through an angle I 
S^=gSllv. Since SF, HP make equal angles with the taugent, the empty focus H I 
is moved perpendicularly (o FH, a distance HH" — 2FH.S^. 




Consider first the taagentialforae/, trebave SH = ai<-. ,S/I' = 2(i]e + Sae). Bene* 1 
projecting on the CDajor axis 

2S (at) - HH'. otiB PHS = 26a ^"-^ . 
where r' = HP = a + ex, and j; is measured from the centre ; 

Let ta be the loQgitnde of the apse line HS measured from 
through 5, 

.-. 2«eim = HH't.iaPHS = 2Sa'^. 
» ia 2a yv ,„ 
r a n r 
Consider secondly the normal force g. We have 

SH=2at. SH"^2{af + Sae). Sa = 0; 
.-. 28(ne)=-//if"siaPtfS=-2r'S^^ 
«PH.S 
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git, cSm= 



* See also some remarks by the author In the Quorlfrlii Journul, IfiGI. vol. r 
It should be noticed that Herschel tueasures the eccentricity by half the distance J 
between the (oct, a change from the ordinary definition vrbick has not been followad J 
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•BO. The expreuiont for Se, Stzr should be pat into different forms according 
to the use we intend to m>ke of them. Let ^ be the angle the tangent at P makee 

vitb the major bijb, then tan ^= ~f- . We easil; Bnd b; elementary coDioe 



)if' = (if- — ) = — . It immediately follows that 



These fominliB give the changes of e and is prodaoed b; tnj tkngential or normal 

sai. Draw two alraigbt lines OX, OY parallel to the principal diaineteri 
situated as ebown in the figure. Since /cos^, /sin <(■ are the components of the 
tangentisJ disturbing force parallel to the principal diameters, we 8?e that iclien iht 
Jarct aelt toieardx OS the etrenlricity it iticrca'ed, and mlieii toaardi 01' Iht api< 
line U adranctd; the oontrar? efFects taking plooe when the force tends from these 

The same rule applies to the normal disturbing force bo far as the ecoentrioit]' 
is concerned. It applies also to the motion of the apse except when the particle 
lies between the minor axis and the latus rectum throngh the empty focus, and the 
rule is then reveraeil, Wlien the ecoenlrioity is emali, - = -^ very nearly 



when the particle is near the mini 
force in this pact of the orbit may b 



r axis; ao that the effects of the tangential 
neglected and the rule applied generally. 



8S2. IlzBnu>la>. Ex. 1. The path of a comet is within the orbit of 
Jupitet. approaching it at the aphelion. Show that each time the comet comes 
near Jupiter the apse line ia advanced. This theorem is due to Callandreau, 1893. 

The comet being near the aphelion and Jupiter just beyond, both the normal 
and tangential disturbing forces act towards OY; the apse therefore advances. 

Ei. 2. A particle is describing an elliptic orbit about the focus and at n 
certain point the velocity is increased by l/n(h, » being large. Prove that, if the 
direction of the major axis be unaltered, the point must be at sn apse, and the 
eliange in the eeoentricity is 2 (1 ±«)/h. [Coll. Ex. 1897.] 

Ex. 3. An ellipse of eocentriaity i and latna rectum I is described freely 
about the focus by a particle of tnass m, the angnlar momeutum being mh. A 
small impulse niu is given to the particle, when at P. iu the direction of its motion; 
prove that the apsidal liue is tm'ned through nn angle which is proportioual to the 
intercept made by the aaxiliary circle of the ellipse on the tangent at P, and which 
cannot exceed luleh. [Math. Tripos, 1893.] 

Ei. i. A body describes an ellipse about a centre of force S in the focus. If 
A be the nearer apse, F the body, and a email impulse which generates a velocity 
T act on the body at right angles to SP, prove that the change of direction of the 





DIBTQHBED ELLIPnC MOTION. [CHAP. Tt 

apw line is given approiimateljr by ^ I - + cos JSP J SP ain ASP, where e is the 

the rate of deMrtptioD of area abont S. ' 

[HfLtfa. Tripo«.] 

F.x. 5. A portiole desoribea an etlipBB aboat % oentre of force in the focus 5. 
When the particle has reached anj poeicion P the centre of force is saddenl; moved 
parallel lo the tangeot at P throueh a short distance i, prove that tlie major axis 
of the orbit is turned throagh the angle — . sin ifi sin (fl - #) where G ie the point at 
which the normal at P meets the original major axis, B the angle SGP and ^ the 
angle the Ungent makes with SF. (CoU. Ex. 1895.} 

Ej:. G. a particle describes an ellipse about a centre of force ^i/r^ and ia 
besides acted od b; a distorbiog force k-t* (ending to the same point. Prove that 
as the particle moves from a distance r^ to r, the major axis and eccentricity 
change according to the Uw 



'a-i)= 



[ and < when i is veiy small 



Thence deduce the changes ii 

383. A relisting medium. We tuay also use the formulse 
of Art. 380 to find the quantitative effect of a resisting medium 
on the motion of & particle describing an ellipse about a centre 

of force in the focus. 

The velocity of the particle being v, let the resistance be kv. 
Then g = and /= - Kdsjdt, and the equations of motion become 
de_ _ 2bK dy dm _ 2bie dx 

dt ~ '^(fia) dt' * d(" ~ V(/*a) di ' 

Usually yand g are so small that their squares can be neglected. 
Now the changes of the elements a, e, &c. are of the order of / \ 
and g, being produced by these forces. Heuce in using these 
equations we viay regard the elements of the ellipse, when multiplied 
by the coefficient k of resistance, as constants. 

Supposing then that wc reject the squai-ea of k, we have by 
an easy integration 



2bK . 



x + B. 



where A, B are two undetermined constants. Since after a com^- 

plete revolution, the coordinates x, y return to their original valuM, 
both the eccentricity and the position of the line of apses must 
also be the same as before. There can therefore be no permanmt I 
change in either. The greatest change of the eccentricity from I 
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while the apse oscillates about its 
1 angle 2Kb/nea, where fi = n'a', Art, 341, 



I 



its mean value ia 2«:6=/i 
mean position through a 

Ex. A comet marea in a resiating medium whoee : 
/= - cf' I - ) where F is the velooitf , r the dtatanoe from the buq and p, q are 
poiitive quantities. When the true anomalj B is taken as the Independent 



(tead of ( aa io Art. 380). prove tl 


ut 


is-fSi'*''-'"v'' 


1 + 


^=-3J(ooafl + e)(l + 2<oo8. 


9 + . 



.*fl)'-^ 



a = -3Jfli 



e (1 + 3i' oc 



O' (1 + = 



f eoo»8)«-*, 



'e expanded ii 



where J = it7iP-'aP-' . (1 -e"} ' and >. 

When the right-hand sidea of theie equationa i 

A + Baote+Ccan^B-^- ... 
it is obvionB that the onlj permanent changes are derived from the non^periodioal 
terms. Prove (1) that the longitude of the apse has no permanent ohanges. 
(a) that the eccentriaitf at the time t is e- AeMip + q~ 1), (3) the semi-iuajor biIb 
ia a - ^Aanl. These results are given b; Ttsseruid, M(c. Cfleite, 1896. 

When the taw of resistance is such that p + g = l, it follows that neither the 
eceentrieily nor the line of apiei huve any permanent ehange. For an; values of 
p and q uot aatisfying this relation the eooentricity will gradually change and 
oontinne to change in the Bame direction. When the ohonges oF any of the 
elements have become ao great that their products bj the coefficient k of Tesistanos 
can no longer be neglected, the equatione given above mast be integrated in a 
different way. 

SBS. Bnoka'a Oomat. The general effect of a resisting medium on the 
motion of a comet ia to diminish its velocity and therefore iklao the major aiii of 
its orbit. Art. 377. The ellipse which the comet deacribea is therefore continnoUy 
growing smaller and the periodic time, which varies as a'", CDntinoally decreases. 

Encko was the first who thoroughly investigated the effect of a resisting 
medium on the motion of a comet. This oomet has since then been called after 
hi« name. After making allowance for the distarbance due to the attraction of the 
sun and the planets, he found by observation that its period, viz. 1300 days, was 
diminiahed by about two hoars and a halt In each revolution. This he ascribed to 
the presence of a medium whose resistance varied as (I'/rf where v ia the velocity 
of the comet and r its distance from the son. 

The importance and interest of Bncka's result caused much attention to be 
given to this comet. The astronomers Von Asten of Pulkowa and afterwards 
Backlund* studied its motions at eaoh successive appearance with the greatest 



* In the BuUftin Ailronomigue, 1B94. page 473, there Is a short acoaunt of the 
work of Backlund by himself. He speaks of the continued decrease of the oooelera' 
tion. the taw of tesistanoe. and gives reterenoes to his memoirs and particularly to 
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attention, The acceleration of the cocaet'H taenn motion appears to have been 
oniform from IBIS, when Encke firet took np the subject, to 1S58. It then began 
to decreaie and continued to decrease until the levolutioD of I86H — 1871 wheD its 
magnitude was ubout half its former valne. From 1S71 to 1891 the acceleration < 
Taa again nearly c( 

Aasoming the law of resiBtanoe to be represeuted by «'"/7*, BacMond found 
that n ia esaenlUlly negative. Tbia would laaie the density of the r 
medium iaoreaiie according to a positive power of the distance from the sua; a 
result which he oonsidered very improbable. He afterwards arrived at the 
conclueion that we must replace I/r" by some function /{r) having maiima and 
i definite distanccB from the eun. In Laplace's nebular theory the 
planets are formed by oondenaationa from tings of the solar nebula. In thia 
formation aU the substance of each riug would not be used up and some of it 
might travel along the orbit as a cload of light material. It is suRgesled that 
Enche's comet pasBes through nebulous clouds of this kind and that the rt 
they offer causes the observed acceleration. 

It is known that comets contract oa approaching the sun, sometimes to a ver; 
great extent. Tiseerand remarks that when the size of the comet decreases the 
resistance should also decrease, and that this may help as to understand how the 
renstanoe to any comet might vary as a positive power of the distance from the 
Hun. The size of Encke's comet also is not the same at every appearance and thie < 
again may have an elTeot on the law of resiatance. 

It is olear that if Encke'a comet does meet with a resistance, every comet of 
short period which approaches closely to the sun must show the effect of the same 
influence. In 1880 Oppolzer thought be had discovered an acceleration in the 
motion of another comet. This was the comet Winneoke having a period of 3053 
days. Further investigation showed that this was illusory, so that at present ths 
evidence for tlie existence of a resisting mediom rests on Encke's comet alone. 



986. DotM the et'idtnct affordtd bi/ Enckf'i comet pravt a miiting nudiumt 
Sir O. Stokes in a lecture* on the luminiferous medium says he asked the highest 
astronomical authority in the country this question. Prof. Adams replied that 
there might be attracting matter within the orbit of Mercury which would account 
for it in a different way. Sir G. Stokes then goes on to eay that the comet throwi- , 
out a tail near the sun and that this is equivalent to a reaction on the head towarda | 



the eighth volume of his CnlcuU et Rfchtrehci sur la coiiiiie d'Encke. In the 
Comptei Rendm, 1894, page S4S, Callandreau gives a sumnury of the results of 
Backluud. In the Traiti de H€mnique Cflrjle, vol. iv. 1890, Tisserand discussea , 
the influence of a resisting mediom. In the Hiilonj nf Aitronomy by A. M. Cleika, 
1885, examples of the contraction of comets near the sun are given. M. Valz in 
a letter to M. Arago quoted in the Comptei Rendui, vol. viii, 1838, speaks of tba 
great contractiou of a comet as it approached the sun. He remarks that as it was 
approaching the earth at that time, it should have appeared larger. See also | 
Newcombe's Popular Aitrononin, 1883. 

* Presidential address at the anniversary meeting of the Victoria JnitttuM, 
June 39, 1893: reported in Nuiiire, July 27, page 307. 
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the BUD. There is therefore bd additional force towards the ean. The effect of 
llua woald be to shortea the period even il there were do resisting medium. In 
the course of his lecture he discuesea the question, ••miiti the ether retard a camel." 
and decides that ve cannot with safety infer that (he motion oC a solid through it 
neceeaarU; impliea resiatance. 



Kepler's Laws and the law of givvitatitm. 

387. Kepler's laws. The following theorems were dis- 
covered by the astronomer Kepler after thirty years of study. 

(1) The orbits of the planets are ellipses, the sun being in 
one focua 

(2) Aa a. planet moves in its orbit, the radius vector from 
the sun describes equal areas in equal times. 

(3) The squares of the periodic times of the several planets 
are proportional to the cubes of their major axes. 

The last of these laws was published in 1619 in his Sarmonice 
Mundi and the first two in 1609 in his work on the moUom of 
Mars. 

388. From the second of these laws, it follows that the 
I resultant force on, each planet trends towards the sun ; Art. 307. 
' From the first we deduce that the accelerating force on each 

planet is equal to /j-lr", where r is the instantaneous distance of 
that planet from the sua, and /i is a constant ; Art. 332. 

It is proved in Art. 341 that when the central force is y*w', 
the periodic time in an ellipse is T=2-7ra'jiJfi, where a is the 
semi-major axis. Now Kepler's third law asserts that for all the 
planets 2"' is proportional to a'; it follows that fj. is the same for 
all the planets. 

Laws corresponding to those of Kepler have been found to hold 
for the systems of planets and their satellites. Each satellite is 
therefore acted on by a force tending to the primary and that 
force follows the law of the inverse square. 

It has been possible to trace out the paths of some of the 
comets and all these have been found to be conies having the 
sun in one focus. These bodies therefore move under the same 
law of force as the planets. 
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389. The lawa of Kepler, being founded on observations, are 
not to be regarded as strictly true. They are approximations, 
whose errors, though small, are still perceptible. We learn from 
them that the sun, planets and satellites are so constituted that 
the sun may be regarded as attracting the planets, and the 
planets the satellites, according to the law of the inverse square. 
We now extend this law and make the hifpothesis that the 
planets and satellites abo attract the sun and attract each other ^ 
according to the same law. Let us consider how this hjpotheeds.l 
may be tested. , 

Lot in,, vit, &c. be certain constants, called the masses of the 
bodies, such that the accelerating attraction of the tirst on any 
other body distant r, is iWi/rj', the attraction of the second is 
mjr^, and so on. Let (i be the corresponding constant for the 
sun. 

Assuming these accelerations, we can write down the differen- . 
tial equations of motion of the several bodies, regarded as particLea.! 
For example, the equations of motion of the particle mi may be9 
obtained by equating d-x/dV, &c., to the resolved accelerating 
attractions of the other bodies. The equations thus formed can 
only be solved by the method of continued approximation. Kepler's 
laws give us the first approximation ; as a second approximation 
we take account of the attractions of the planets, but suppose 
that in,, m,, &c. are so small that the squares of their ratio to fi 
may be neglected. This problem is usually discussed in treatises 
on the Planetary theory. The solution of the problem enables 
us to calculate the positions of the planets and satellites at any 
given time and the results may be compared with their actual 
positions at that time. The comparison confirms the hypothesis 
in so extraordinary a way that we may consider its truth to be 
established as far as the solar system is concerned. J 

390. ExtenBion to other oyitemi. The law of gravitation^ 
being established for the solar system, its extension to other 
systems of stars may be only a fair inference. But we should 
notice that this extension is not founded on observation in the 
same sense that the truth of the law for the solar system is 
established*. The constituents of some double stars move round 

* Villnrceaa, Connamonce del tempt for the year 1852 published in IB49j A. 
Hall. GoiiW'i Attronomical Jourital, BoBton, 18B8. I 
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each other in a periodic time sufficiently short to enable us to 
trace the changes io their distance and angular position. We 
may thus, partially at least, hope to verify the law of gravitation. 
What we see, however, is not the real path of either constituent, 
but its projection on the sphere of the heavens. We can deter- 
mine if the relative path is a conic and can verify approximately 
the equable description of areas; but since the focus of the true 
path does not in general project into the focus of the visible 
path, an element of uncertainty as to the actual position of the 
centre of force is introduced. 

We cannot therefore use Kepler's first law to deduce from 
these observations alone that the law of force is the inverse 
square. 

■Bl, Besides this, there are two practical diSloultiea. Firat. there u> the 
detictusj at the □bBervalioas. because the erioia of obsetvalionB bear a larger ratio 
to the qaantities observed than in the eular sjatem. Secondlj, a oonsideiable 
namber of observationB on each double sta.r is neceHaaif. Fix*e conditions are 
required to fix the position of a conic, and the mean motion and epoch of the 
particle are also uoknown. Unlees therefore more than seven diitinct observations 
have been made, we cannot verify that the path is a conic. These difitunltieH are 
gradually disappearing oa observations accumulate and instruments are improved, 

SBS. Besides the motions of the double stars we can only look to the proper 
motions of the stars in space tor information on the law of gravitation. Some of 
these velocities are comparable to that of a comet in close proximity to the hiu 
and yet there is no visible object in their neighbourhood to which we could nscribe 
the necessary attracting foioes. At present no dednctions can be made, we must 
wait till fulore obserralionH have made clear the caases of tlie motions. 

S9tt. OtkAr T«aMin>. The law of gravitation is generally deduced from 
Kepler's laws, partly for hlBlorical reasons and partly because the proof is at once 
aimpte and complete. It is however useful and interesting to enquire what we may 
learn about the law of gravitation by considering other observed facta. 

Ex. 1. It is given that for all initial conditions the path of a particle ii a 
plane curve: deduce that the force is central. 

Consider an orbit in a plane P, then at every point of that orbit the resultant 
force must lie in the plane. Taking any point A on the orbit project particles in 
all directions in that plane with arbitrary velocities, then since the plane of motion 
of each must contain the initial tangent at A and the direction of the force at A, 
each particle moves in the plane P. It follows that at every point of the plane P 
traversed by these orbits the resultant force lies in the plane. II these orbits do 
not cover the whole plane we take a new point B on the boundary of the area 
covered, and again project particles in all directions in that plane with arbitrary 
velocities. By continually repeating this process we can traverse every point of 
I the plane, provided no points are separated from ..4 by a line along which the 
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force 19 ioQcite. It follows that at ever; poiot of the plane P (he force lies In 
that plane. 

Neit let U9 pass planee through en; potlit A of one of Ibese orbits and the 
direction AC of the force nt A. Then by the aaiue reasoning as before the 
direction of the force nt points in each plane niu»!t lie in that plane and most 
therefore intersect AC, Thus the force at ever; point intersects the force al 
every other point. It follows that the force is central. 

An observer placed at the son, who noticed that all the planets deeeribed great 
circles in the heavens, would know from that one tact that the force acting on * 
each was directed to the sun. Halphen, Complti Jiendiii, vol. 84, DnrbDiix's Nole«> 
to Deapeyrous' 31/ciiniqiif. 

Ex. 2. If all the orbits in a givan plane are conies, prove that the foroe 
centraL 

If a particle P be projected from any point A in the direction of the force 
the radius of curvatore of the path is iniinite at A. Since the on!; conic ia ' 
the radius of curvature is infinite is a, straiglit line, the path of the particle . 
straight line and therefore the force at every point of this straight liue acts 
the straight line. The lines of force are therefore straight lines. 

These Rtraight lines could not hare an envelope, for (unless the force at 
point of that curve is infinite) ne could project the particles along the tangents to 
the envelope past the point of contact so as to intersect other lines of force. The 
directions of the force would not then be the same at the same point for all pathi 
Bertrand, Comptei Rendai, vol. 84. 

Ex. 3. If the orbits of all the double store which have been obnrved 
found to be closed curves, show that the Newtonian law of attraction maj 
extended to such bodies. 

Bertrand has proved that all the orbits described about a centre of force (for 
al! initial conditions within certain limits) cannot be closed unless the law of force 
is either the inverse square or the direct distance. By examining many cases of 
double stars we tnaj include all varieties of initial conditions, and if all these 
orbits are closed the law of the inverse square may be rendered very probable. See 
Arts. 370, 436. Bertrand when giviug this theorem in Camptri Reiidtu, vol, 77, 
1873, quotes Tchebychef. 



The Hodograph. 

394. A straight line OQ ia drawn from tht origin pi 
to the instantaneous direction of motion and its length is pro] 
tioual to the velocity of a particle P, say OQ = kv. The locus 
Q has been called by Sir W, R. Hamilton the hodograph of 
path of P. Its use ia to exhibit to the eye the varying velocity 
and direction of motion of the particle. See Art, 29, 

By giving k different values we have an infinite uumber of 
similar curves, any one of which may be used as a hodograph, 
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' It follows from Art. 29 that, if s' be the arc of the hodograph, 
ds'/dt represents in direction and magnitude the acceleration of P. 

395. If the force on the particle P is central and tends to 
the origin 0, it is sometimes more convenient to draw OQ per- 
pendiciiIaHy instead of parallel to the tangent. If OY be a 
perpendicular to the tangent, the velocity « of P is hjOY; hence 
if OQ = kv, we see that the hodograph is then the polar reciprocal 
of the path with regard to the centre of force, the radius of the 
auxiliary circle being ij{hk). If F be the centra! foi-ce at P, the 
point Q travels along the hodograph with a velocity kF. 

994. Bxamptaa. Kt. 1. Tlie path beiDf; an ellipse described about the 
oentie C, and ()(} being dr&wu paralte! to lh<i tangent, prove that the hodographe 
are aimilar ellipses. 

Let CQ be the semi-coiiJDflate of CP, then v=^ii.CQ, Art. 336. Henoe il 
k = ll^ti, lilt hodograph it the ctUpte ititlf. Tha point Q then tntrela with a 
velocity ^/« . CF. 

Ex, 2, The path beioR an eilipee described abont the fooua S, prove that a 
hodograph is the aoxiliar; circle, the other tocaa H being the ori(pn and HQ 
drawn perpendicularly to the tangent at P. 

Let SY. HZ be the two perpendiculars on the tangent, then v = b]SY=HQIIt, 
bIbo SY-HZ^W, .-, HQ^HZ il k^b''jb. Since the looua of Z is the aaxiliary 
circle the result follows at once. 

Ex. 3. The path being a parabola desoribed about the near focna 8, prove 
that a hodograph is the circle described on .d,^ as diameter, where A is the vertex 
and SQ is drawu perpendicularly to the tangent, 

Ej'. 4. The hodoRTaph of the path of a projectile ia a vertical straight line, 
the radius vector OQ being drawn parallel to the tangent. 

If the tangent at P make an angle ^ with the horizon, the abeciBsa of Q is 
kv COB f. This is constant because the hoiizootal velocity of P is constant. The 
point Q traveU along this straight line with a uniform velocity ^r;. 

Es. 5. An equiangular spiral is describeil about the pole, show that a hodo- 
graph is an equiangular spiral having the aame pole and a supplementary angU. 
See Art. 30. 

Ex. 6. A bead moves under the action of gravity along a smooth vertical 
circle starting from rest indefinitely near to the highest point. Show that a polar 
aquation ol a hodograph iar'^fisin^^, the origin being at the centre. 

Ei. 7. The hodograph of the path of a partiule I' is given, show that if the 
path of P is a central orbit, the auxiliary point Q must tiavcl along tho bodograpb 
with a velocity v' = \p''p', where ji' ia the perpendicular from the centre of force on 
the tangent to the hodograph and p' is the radius of curvature. Show also tliat 
the central force E=v'lk and the angular mcraentum h = ll\k'. 

The condition that the path is a central oibit uv^lp=Fplr. Writing p^c'/r' 
and r=c'lp\ we find F and thence i-'. 
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Ex. 8. The hodograph of the path ot P 'ma, paraboln with its foouH at 0, and 
the radius vector OQ = r" rotates with an aDgDlar velocit; proportiotml to /■ 
Prove that the path of P is a circle paeaing through Q, described about a centre 
of toice situated at 0. 

Since the augular velocity of OQ is nr*, we find by resolving v' perpendicularly 
to OQ that c'~iir'*/p'. In a parabola Jr' = 2p'', and since p' = T'dT'ldp' we aee that 
v' = \p'^lt' where \ — iijL The path is therefore a central orbit. But the polar 
reciprocal of lr' — 2p"' (obtained by writing p'-e'/Vi s°^ '^-<^lp) » '■°=i'(2c'/'). 
and this is a circle passing through O. 

Ex. 9. A particle describes a, curve under a constant acceleration which makes 
a constant angle with the tangent to the path ; the motion takes place in a medium 
lesisting as the nth power of tlie velocity. Bhow that the hodograph ol the curve 
described is of the torni b~''t~ '° = r~* - if''. [Coll. Ei.] 

Ex. 10. A particle, moving freelj under the action of a force whose direction 
is always parallel to a filed plane, describes a curve which lies on a ri^tbt circular 
cone and crosses the generating lines at a constant angle. Prove that the hodo- 
graph is a conic seclion. [Coll. Ei.J 

397. Elliptic velocity. Since the velocity is represented 
in direction and magnitude by the radius vector of the hodograph 
we may use the triangle of velocities to resolve the velocity into 
convenient directions. 

Thus when the path is an ellipse described about the focus 
S, the velocity is represented perpendicularly by HZjk, where 
k = b'lh and H is the other focus. If C be the centre this may be 
resolved into the constant lengths IfC, CZ, the former being a 
part of the major axis and the latter being parallel to the radius 
vector SP. Hence the velocity in an ellipse described about the 
focus S can be resolved into two constant velocities one equal to ae/k 
in a fixed direction, vit. perpendicular to tlie major axis, and the 
other equal to ajk in a direction perpendicidar to the radius vector 
SP of the particle, where k= b'lh. [Frost's iVei(;(on, 1854.] 

39e. Vh9 bodOKrapti na orbit. We have seen that when the force is central 
a hodograph of the path ol P is a polar reciprocal. It follows that if the hodo- 
graph is the path of a second particle F', each curve is one hodograph of the other. 

Ex. I. Let r. r" be the radii veetores ot any two corresponding points P, Q of 
a curve and its polar reciprocal, the radius of the auxiliary circle being e. If these 
curves be described by two particles P, f with angular momenta 7i, A', prove that 

the central forces at the two points P, Q are connected by FF'= —j- n', 

Kx. 2. Prove that the two particles will not continue to be at points which 
correspond geometrically in taking the polar reciprocal, unless the orbit of each is 
an elUpse described about the centre. [The necessary condition is that the velocity 
v' — kF in the hodograph should be equal to the velod^ v' = h'lp' in the orbit. 
Since p' — e'lr, this proves that F varies as r.] 
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399. Motion of two attracting particles. This is the 
problem of finding the motiou of the suii and a single planet 
which miitually attract each other. To include the case of two 
suns revolving round each other, as some double stars are seen to 
do, we shall make no reatriction as to the relative masses of the 
two particles. The problem can be discussed in two ways ac- 
cording as we require the relative motion of the two particles or 
the motion of each in space. 

Let M, m be the masses of the sun and the planet, r their 
instantaueous distance. The accelerating attraction of the sun 
on the planet is jtf/r", that of the planet on the sun nt/r*. 

Initially the sun and the planet have definite velocities. Let 
us apply to each an initial velocity {in addition to its own) equal 
and opposite to that of the sun ; let us also continually apply to 
each an acceleration equal and opposite to that produced in the 
sun by the planet's attraction. The sun will then be placed 
initially at rest, and will remain at rest, while the relative motion 
of the planet will be unaltered. See Art. 39. 

The planet being now acted on by the two forces Jtf/r* and 
m/)-", both tending towards the 8un> the whole force is (Jf + m)/r*. 
The planet therefore, as seen from the sun, moves in an ellipse 
having the sun in one focus. The period is 

V(M + «,)"' 
where a is the semi-major axis of the relative orbit. In the same 
way the sun, as seen from the planet, appears to describe an 
'fillipae of the same size in the same time. 

400. We notice that the periodic time of a double star does 
jtot depend on the mtiss of either constituent, but on tlie suvi of the 
masses. The time in the same orbit is the same for the same 
total mass however that mass is distributed over the two bodies. 

401. Consider next the actual motion in space of the two 
I particles. We know by Art. 92 that the centre of gravity of the 

bodies is either at rest or moves in a straight line with 
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ttniform velocity. It is sufficient to investigSLte the niotioi 
relatively to the centre of gravity, for, when this is known, the 
actual motion may be constructed by imposing on each member 
of the system an additional velocity equal and pamllel to that of 
the centre of gravity. 

Let 8 and P be the sun and planet, G the centre of gravity, 
then M.SP = {M + 7it)GP. The attraction of the sun on the 
planet is ^| 

M M> 1 _ M' ■ 

SP' {M+myGP>'GP*- M 

The attraction of the sun on the planet therefore tends to a 
point G fixed in space and follows the law of the inverse square. 
The planet therefore describes an ellipse in space with the centre 

of gravity in one focus, and the period is —j^-i a", where a is the 
semi-major axis of its actual orbit in space. 

The actual orbits described by the sun and planet in s 
are obviously similar to each other and to the relative orbit of« 
each about the other. If a, a' be the semi-major axes of the 
actual orbits of the planet and sun, a that of the relative orbit, 
we have by obvious properties of the centre of gravity, 
a/M=a-/m = al(M+m). 

402. To find the viass of a planet which has a satellite. Since 
the mean accelerating attractions of the sun on the two bodies 
ai-e nearly equal, their relative motion is also nearly the same as 
if the sun were away. Taking the relative orbit to be an ellipse, 
let a' be its semi-major axia If 711, m' are the masses of the 
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planet and satellite, T' the 
T' and a' havt 



id, we have T''-- 



47r= 



When , 



3 been found by observation, this formula gives thov 
sum of the masses. The masses in this equation are meaaured" 
in astronomical units, i.e. they are measured by the attractions of 
the bodies on a given supposititious particle placed at a given 
distance. It is thei-efore necessary to discover this unit by finding 
the attraction of some known body. 

Consider the orbit described by the planet round the aui 
Since we can neglect the disturbing attraction of the satellite 
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■we have, if a is the semi-major axis of the relative orbit and T 
the period, T' = -,-f^-a'. 

Dividing one of these equations by the other, we find 

This formula contains only a ratio of masaea, a ratio of times and " 
a ratio of lengths. Whatever units these quantities are i-espec- 
tively measured in, the equation remains unaltered. Since m is 
small compared with the mass M of the sun, and m' small com- 
pared with the mass m of the primary, we may take as a near 

approximation ■!> = [7s) [ -) . In this way the ratio of the mass 

of any planet with a satellite to that of the sun can be found. 

403. The determination of the mass of a planet without a 
satellite is very difficult, as it must be deduced from the pertur- 
bations of the neighbouring planets. Before the discovery of the 
eatelHtes of Mars, Leverrier had "been making the perturbations 
due to that planet hw study for many years. It was only after a 
laborious and intricate calculation that he arrived at a determina- 
tion of the mass. After Asaph Hall had discovered Deimos and 
Phobos the calculation could be shortly and effectively made. 
According to Asaph Hall the mass of Mars is 1/3,093,500 of the 
sun, while Leverrier made it about one three -millionth. This 
close agreement between two such different lines of investigation 
is very remarkable; see Art. 57, The minuteness of either satellite 
enables us to neglect the imknown ratio m'jm in Art. 402 and 
thus to determine the mass of Mars with great accuracy. 

404. BxuDpt«B. Ki. 1. Supponing the period of the earth round the sun 
and that of the moon round the earth to be rouRhty D651 BDd 27} das'B and the 
ntio of the mean dietaucea to be 385, find the ratio oF the auoi of the mooaes of 
the earth and mooa to tliat of the eun. Tbe nctual ratio given in tbe Nauihal 
Alnianae for 1899 is 1/3281-J9. 

£1. 2. The oonatituentB of a doable star deecribe circles aboat each other in a 
time T. It liiey were depriTed of Telocity and allowed to drop into each other, 
prove that they will meet after a time 7/4^2, 

Ex. 8. The relative path ot two mutually attracting particles is a circle of 
radiua 6. Trove that if the velocity of each is halved, the eccentricity of the sub- 
I aeqaent relative path i« 3/4 and the Bemi-major axis is Vijl. 

R. D. 17 
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Hi, 4. Two psiticles of tncuBsea nt, in', which attrav t eooh other according to 
Che Newtonian Uw. are describiog relatively to each otlicr elliptic orbits of majoi 
ailB 2a and eccentricity e, and are at a distance r when one of them, viz. m, is 
aiiddenly Gied. Prove Chat Che other mil describe a conic of eccentricity <' 
such that 



(.„ 



re of graTity had no velocity a 



It IB supposed that Che oi 
partiole n> became fixed. 

Ex. 6. Two particles move under the inlluen< 
attractioiut : prove that their centre of gravity h 
each particle will describe relatively to that point 



Ex. 6. The coordinates of the 
X given by the equations 



the instant before the 

[CoU. Ex. 1893.1 

e of gravity and of their mutual 

il dcEcrtbe a parabola and that 

ireas proportional to the time. 

[Math. Tripo8, laeo.] 

imultaneoun ponitiona of two equal particles 



Prove that if they move under their mutual attractions, the law of force will be 
that of the inverse fifth power of Che distance. [Slath. Tripos.] 

Ex. 7. Two homogeneous imperteoCly elastic smooCli apheres, which attract 
one another with a force in the line of their centres inversely ptoporCional to the 
Bctuare of the distance between their centres, move under their mutual attraction, 
and a suocession of obliqne impacts Cakes place between them; prove that the 
tangeota of the halves of the angles throtlgh wbieh the line of centres turns 
between euocessive impacts diminish in geometrical progression. [Math. T. 1895.] 

Consider Che relative motion. The blow at each impact acts along the line 
joiuing the centres, hence the latera recta of all the ellipses described between 
successive impacts are equal. The normal relative velocity is multiplied by the 
coeflicienC of elasticity at each impact. The radius vector of the relative ellipse is 
the same at each impact, being Che sum of the radii of tbe spheres. The result 
follows immediately from Ex. 1, Art. 337. 

«OS. £t. 1. Herschel says that the star Algol is usually visible as a star of 
the second magnitude and continues such for the space of H days 13^ hours. It 
then suddenly begins to diminish in aplendonr and in 3} boors ia reduced to the 
fourth magnitude, at which it continues for about lo minutes. It then begins to 
increase again and in 3^ hours more is restored to its usual brightness, going 
through alt its changes in 2 d. 20 hr. iH min. oi'l aec. This ia supposed to be due 
to the revolution round it of some opaque body which, when interpoeed between 
us and Algol, oats off a portion of the light. Supposing the brilliancy of a star of 
the second magnitude to be to that of the fourth as 40 to G'S and that the relative 
orbit of the bodies is nearly circular and has the earth in its plane, prove that the 
radii of the two constituents of Algol are as 100 : !I2 and that the ratios of their 
radii to that of their relative orbit ate equal to -171 and '160. If tbe radius of 
the sun be IBOOOO miles and its density be 1'444, taking water as the unit, prove 
tbaC the density of cither constituent of Algol (Caking them Co be of equal denaicies) 
is one-fourth that of water. Tbe numbers are ouly approximate, 

[Maxwell Hall, Obicrvatori/, ISSe.] 
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Ex. 3. The brightncBs ot a rariable atai Dudergaea a periodic series of chansea 
in a period of T years. The brightness remains constant for mT years, then 
gradually diminishes to a minimum vaiae, eqaa! to l~k' of the manimum, at 
which minimum it remains constant for nT years and then gradually rises to the 
original maximum. Show that these changes can be explained on the hypothesis 
that a dark satellite revolTen round the star, Prove also that, if Che relative orbit 
is circular, and the two stars are spherical, the ratio of the mean density of the 
double star to Chat of the sun is 

I'JR r(l + t)'cos' n. - (1 - tl'eoa' m»n' 



r»{i+*"i L 



- (1- J:l'cM^m»-|< 



where D is the apparent diameter of the Bun at its mean distance. [Math. T. IS93.] 

406. Three attracting Particles. The problem of deter- 
mining the relative motions of three or more attracting particles 
has not been generally solved. The various solutions in series 
which have as yet been obtained usually form the subjects of 
separate treatises, and are called the Lunar and Planetary theories. 
Laplace ha.t however shown that there are some cases in which 
the problem can be accurately solved in finite terms". 

407. Let the several particles be so arranged in a plane that 
the resultant accelerating force on each passes through the com- 
mon centre of gravity of the system and that each resultant is 
proportional to the distance of the particle from that centre. It is 
then evident that if the proper common angular velocity be given 
to the system about 0, the centrifugal force on each particle may 
be made to balance the attraction on that particle. The particles 
of the system will then move in circles round with equal angular 
velocities, the lines joining them forming a figure always equal 
and similar to itself. Each particle also will describe a circle 
relatively to any other particle. 

Let us next enquire what conditions are necessai-y that the 
particles may so move that the figure formed by them is always 
similar to its original shape, but of varying size. Let the distances 

* Laplace's disanesion may be tonnd in the sixth chapter ot the tenth book of 
the Mfeaniqne Cfleile. The proposition that the motion when the particles are in 
ft straight line is unstable was first established by Liuuviltu, Acadfmif dri Scirnea, 
1843, and Connaiuance dri Tempi for I81S pnblighed in 1842. His proof is 
different bont that given in the text, Tha motion when the particles are at the 
comers of an equilateral triangle is discussed in the Proceedingi of the London 
Maihematieal Socifly, Feb. 1875. See also Uw author's Rigid Dynamic; vol. i. 
Art. 286, and vol. ti. Art. lOS, There is also a paper by A, O. Wytboff. On tht 
Dynamieal itabilily o/ a lytlrm u/ particle; Aiiiilerdam Math. .Sac. 1S96. 

17—2 
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of the particles from the ceotre of gravity be r,, r„ &c. 
then have for each particle the equations 

dt' \dt) ' rdtV dtj 

Since the flgure is alwaj's similar, these equations arc to be satisfied 
when dffjdt is the same for every particle, and ;■,, r„ &c. have the j 
ratios o,. Oj, &c. where a,, a.,, &c., are some positive finite constant ] 
quantities. It immediately follows that the an'angement must be 
such that the F's are in the same positive ratios and also the G'a. 

Since the mutual attractions of the particles form a system I 
of forces in equilibrium, the equivalent system ni,F,, m,?,, Ac. ] 
and vhG,, m^G^, &c. is also in equilibrium. The sum of the n 
meuts of the G's about must therefore be zero, which (since ] 
they are in the ratios a,, &c.) is impossible unless each G is zero. 

If also the initial conditions are such that both the radial ] 
velocities dr^jdt, &c. and the transverse velocities ridff/dt, &c., ] 
have the ratios a„ &c., all the equations will be satisfied by ' 
assuming r,, r,, &c. to have the constant ratios a,, a,, &c. The 
motion of some one particle, say m, , is determined by the two polar 
equations of that particle. 

The result is, that if the particles move so as to be always ■■ 
at the comers of a similar figure, that figure must be such that I 
the resultant accelerating forces on the particles act towartis tbej 
common centre of gravity and are proportional to the distance 
from 0. This being true initially, the particles must be projectedfl 
in directions making equal angles in the same sense with their 
distances from 0. with velocities proportional to those distances. 

408. The two airangementi. To deteimine hot 
particles must be arranged so tJiat t/ie force on any one mai/ p 
through the common centre of gravity; the law of for\ 
inverse letk power of the distance. 

It is evident that the condition is satisfied when the thre 
particles are arranged in a straight line. We have now ■ 
enquire if any other arrangement is possible. 

It is a known theorem in attraction that if two given particleS'J 
of masses M, vi attract a third m', placed at distances p, r froa'l 
them, with accelerating forces Mp, mr, the resultant passes througll I 
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the ceutre of gravity of M, m and therefore through that of all 
three. In order that the resultant of Mjp' and in/?' may also 
pass through the centre of gravity of M, m, it is evident that 
the ratio of M/p' to m/v must be equal to the ratio Mp to mi: 
It immediately follows (except « = — 1) that p = r. The three 
particles must therefore be at equal distances ; see also Art. 304. 

The result is that for three attracting particles there are 
only two possible arrangements; (1) that in which the particles, 
however unequal their masses may be. are at the comers of an 
equilateral triangle, (2) that in which they are in the same straight 
line. 

It may also be shown that when the law of attraction ia the 
inverse «th, the arrangement at the comers of an equilateral 



triavgle is stable when 



409. The line arrangement. Three mutually attracting 
■particlen whose musses are M, nt', m are placed in a straight line. 
It is required to determine the conditions that throughout their sab- 
aequent motion theij may remain in a straight line. 

Let the law of attraction be the inverse «th power of the 
distance. Let if, vi, be the two extreme particles, m' being 
between the other two. Let a, b, c be the distances Mm, Mm', 
m'm ; then a = 6 + c. 

A necessary condition is that the resultant accelerating forces 
on the particles must be proportional to their distances from the 
centre of gravity (Art. 407). We therefore have 
Mja' + m-jC ^ M jh- - m/ef ^ m/a' + m'jb' 

Ma + m'c Mb — inc ma-\-m'b 

where the numerators express the accelerating forces on the 
particles and the denominators are proportional to the distances 
from 0. 

The equalities (1) arc equivalent to only one equation, for if 
we multiply the numerators and denominators of the three frac- 
tions by m, m', — M respectively, the sum of the numerators and 
also that of the denominators are zero. Putting a = b{l+p), 
c = bp, we arrive at 

-i'p'Ui+j')'""-i;-«'(i+p)'(i-p'^')-"i(i+p)'*' -/■^'l=o...(a)- 

The left-hand side is negative whenp = and positive when p is 
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infinitely large, the equation therefore has one real positive root, I 
■whatever positive vaivee M, »«', vt may have. Putting p=\, the ] 
left side becomes {M — m) (2'+' — 1 ) ; since we may take M as the ] 
greater of the two extreme particled we Bee that the real positive 1 
value of p is leas thaii unity, provided k + \ is positive. If k + 1 f 
were negative the root would be greater than unity. 

Whatever the maeaea of the particles may be it follows th&t 
if they are so placed that their distances have the ratios given by 
this value of p, and their parallel velocities are proportional to 
their distances from 0, they will throughout their subsequent 
motion remain in a straight line. 

When the attraction follows the Newtonian law, the equation ] 
(2) becomes the quintic 

{Jlf+7/i')p'' + (3if + 2m')i>* + (3jtf + m')p'-('n* + 3m)p' 

-(2m' + 3m)p-(wi + m') = 0...(3> 
The terms of this equation exhibit but one variation of sign, and J 
there is therefore but one positive root. 

It may be shown in exactly the same way that in the generajj 
case, when « has any positive integral value, the equation (2) I: 
only one positive root; all the terms from ^t**' to p**' beinj 
positive, while those from p' to p' are negative. 

410. When the positions of two of the masses are given..! 

there are three possible cases ; according as the third is betweenj 
the other two or on either side. Since the analytical ei 
for the law of the inverse square does not reprasent the attractioiij 
when the attracted particle passes through the centre of force^T 
Art. 135; these three cases cannot be included in the same 
equation. We thus have three equations of the form (3), one 
for each arrangement, 

411. In the cose of the sun, earth, and moon, M is very much 
greater than either m or in. Since p vanishes when m and nt' 
are zero, we infer that p is very small when m/M and m'fM are 
small. The equation (3) therefore gives ^p' = (m + ni')/M, or, 
using the numerical values of m, m' and J/,p= 1/100 nearly. 

If the moon were therefore placed at a distance from thfld 
earth one hundredth part of that of the sun, the three bodieal 
might be projected so that they wouliJ always remain in n straight^ 
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line. The moon would theu be always full, but at that distance 
its light would be much dimini-shed. This configuration of the 
sun, earth and moon however could not occur in nature because 
this state of steady motion is unstable. On the slightest dis- 
turbance the whole system would change and the particles would 
widely deviate from their former paths. 

419. Thitt mutiuilly attraeliHg piirlieUi mhoie mattet on 31. hi', ni dtieribt 
ciicla round Ihtir tonnum ctHtre of gravity and are altcayi in a iirnighl lint. 
Prove tluit if the force viiry a» any inverte power of Ihe diilaitee thit ttatt of taolioa 
u anttiiblt. 

Keducing tbe particle il to rent vie take that point oa tlie oTigio of cootdinalflB. 
IiCt (r, e) be the coordinates of lit, {/, ff) thow of m'. The particle m ia acted on 
b;{V-i-iN)/r* along the straight line mM, and ni'/i" in adiroctioo parallel tom'il. 
The polar eqnatioiiB of the motion of mam 



df' '{dtj ~ 



If 



..(1). 



e the angles at .V, m o( the triangle formed b; joining the particles 
9 side mm'. In the same way the polar eqaations of the motion 



<")'' 



where #' is t] 

the standard 

We shall 






Id forming these equations 
Ml + S). 



BubBtitule in these equations r = (j (l + i), B = iit + y; 

I, and reject all powers beyond the first of the small qnantitii 

Eemembering that sin ^/f' = HW ♦'/''-*''' "/^' "^ ""'^ after some redaction 

(P - n'- «E) i- 2nS!/ +M'«flC + . >i = 0, 

2iiix + {S' + m-B) ij + . i- m-Bi,=0, 

,i„Ax + 0.y + iP-n''-*F)(-2Hhi = <}. 

0.x~n,Ag + 2»l^ + {P + mA),, = 0. 

where for bievitf we have written 3 for I'/'lt, and c = u - b, 



-K^,-.y. -K^- 



The steady motion bu been already fonnd i: 
deduced from the first Bud third of the equation 
constants. We thus find «' = fi-m'fl, »^ = F-viA 



Art. 409. btit it may also be 
(1) and (3) by equating the 
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I 
■ 



We ttatine Uiat the conatsetit E, Fare poaitive. Wben k + I ia pooitive, it has 
been aiiowD in Ajrt. 109tbat » >6>Ci Bud tberelore J,S aad E + F ~2n*<aB poeitiva. 
LastI J whsteTer k may be L + t'-n? is positive 

To solve tbe four equations, we pnt x = Ge". y-Ile", ^ = h'f^. ^^ie". Snb- 
atitating aod etimiDatiug the ratios G, H, K, X we obtain a determinantal equalioa 
whoae oonatitueiita are the eoeffloients of x, y, {, t]. with \ written for S. This 
determinant ia of tbu eighth degree in \. To hud its faotora we must before 
expansion make some necessary simplifications which we oan only indicate here. 
We flrat odd the f column to the j: column and the i) column to the y colomn. 
The aecond column may now be divided by \. Multiplying the second coluum by 
2fi and subtracting from the first, we see tliat X' - (< - 3) n' ia another factor which 
we divide out. Sabtracting the firat row from the third and the second from the 
fouith, the Qrst column acquires three zeros and the eeoond column two. Tba 
determinant ia now easily expanded and we have 

X' ; \' - (n - -A) H=| I (X' + C| (X' - Ct - (e + 1) n>} + 4ii>X'! =0, 
where C-K + F-'in^. It k?3, thia equation gives a real poaitive value of Xand 
the motion ifl therefore unstable. If « have any positive value C is positive, and 
the third factor haa the pcoduct of its roots negative; one value of X< is real and 
positive and the other real and negative. 'I'ht vtotion it llterefore uniuibli for att 
potitive valilfi of a. 

41S. Ex. 1. Three mutually attracting particles are placed at rest in ft 
Btraight line. Show that they will aimultaneously impinge on eaoh other if tlw 
initial distanoee apart are given by the value nf p in the etiaatioD of the (3i: + l)th 
degree of Art. 40'J. [This equation exprenses the condition that the dislanGW 
between the particles are alnaya in a constant ratio.] 

Ex. 2. Three unequal mutually attracting particles are placed at reat at the 
corners of an equilateral triangle and attract each other according to the inverse 
nth power of the distancea. Prove that tbey will arrive aimultaneoualy at the 
common centre of gravity. If the law of attraction ia the inverse square, the time 
of transit is ^r {ii'l2fi.y where u is the aum of the massea and a the aide of ths 
initial triangle, Art. ISl. 

414. A Bwarm of particleB. Let us suppose that a comet | 
is an aggregation of pftrticles whose centre of gravity describes an 
elliptic orbit round the sun. The question arises, what are the . 
conditions that such a swarm could keep together" ? Similar i 
conditions must be satisfifd iu the case of a swarm consolidating- 

' The disintegration of cometa was first suggested by Hchiaparelli who proved ' 
that the diatnrbing force of the sun on a particle might be greater than tha 1 
attraction of the comet. He thos obtained as a neaeaaary oondition of atabilitf 1 
mlli's-2Mla'. The subject was dynamically treated by Charlier and Luc Pioart oi 
the aupposition of a circular trajectory. They arrived at the condition m/Ir'>3J//a*. 
Biillfiin de I'Aeademie lie S. Pftenhourg, Annalct de VObtervatoire dt liordeaiut, I 
Tiaaerand, Jlf^c. CUtttt, tv. The condition of stability was extended to tli 
an elliptic trajectory by M. O, Callandreau in the Balletin Aitrommiqtie, 1896. Tbft | 
brief solnlione here given of these problems are almplifi cations of their methods. 
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,0 a planet in obedience to the Nebular theory. The following 
example will illustrate the method of proceeding. 

We shall suppose the sun .d to be fixed in space, Art. 399. 
Let B be the centre of the swarm, C any particle. Let r, tf be 
the polar coordinates of B referred to A, and f, i) the coordinates 
of C referred to S as origin, the axis of f being the prolongation 
of AB. Let M be the mass of the sun. Supposing, as a 6rat 
approximation, that the awann is homogeneous and spherical, its 
attraction at an internal point C is fi.p, where p = BC. If m be 
the mass and b the radius of the swarm, fib = vi/b'. 

The equations of motion are, by Art. 227, 



-3/ 



~(r + Sf 



-Mf 



..,(1). 



—^ <-'^+^^[dij -vdiV' di)-(: 

dSj fdS-f 1 d (. ^.d8) -Ml, 

d¥~''[dt) +r + fd(t^'' + f'd(f=(r + f^" 

These equations also apply to the motion of the particle at B, 
where f=0, tj = 0. Hence when we expand in powera of f. ri, 
ail the terms independent of f, tj ntust cancel out. We thus have 

iff , d^ de d-e , ide\' 2«f . 

<?!!.. rff<!«.,M_ ldi\'_-%_ 
de ^ dtdt ' df 

thi 



..(2). 



/day 

If the centre of gravity of the swanu describe a circle about 
I the sun, we write r = a, d$jdt = n. The equations then become 



^-^"S^ 



n^n 



= 



Putting ^ = Ac<is{pt + a), T) = Bsin(pi-l-a), we immediately ob- 
tain the detenninantal equation 

I (j>'-M + 3n')(p'-/t)-4p'„'=0 (4). 

The condition that the particles of the -swarm should keep together 
is the same as the condition that the roots of this quadratic should 
be real and positive. The left-hand side is positive whenp'= ± oo , 
legative wh^n p' =■ p. a.nd. p' = n - 3«', The required condition 



and E 
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is therefore ^>3ji', Art. 288. The condition Uiat the swarm it^ 

stable is therefore r; > 3 ^ • 

Unless there/ore the density of the moarm eaxeed a ce^iainA 
quantity the swarm cannot be stable. If the maas of the sun wer6 J 
distributed throughout the sphere whose radius is such that the] 
awarm is on the surface, the density of the swarm must be at 
least three times that of the sphere. 

The path of the partiale (' whea deacribtag either prineipfti ouiUfttlon a 
(relatively lo the axes B^, Bij) an ellipse with its oentre at B. Snbetitatiog tbs 
valnea of {. t] in the equntiom of motion and luing the qnadratio, ve Snd 

-P'Z. 



II 



■ 2up ' 






Since )i lies between the Tolues of ji*, the lirHt equation abowB that A^\. 
A^B, have oppoaite eigne, and accordingly the radical is negative. 

It followH that the oscilUtion which correspondB to the Hmoller volae of p h 
the major aiia directed along iff, while in the other that axis is along Bi). 
particle also describes the ellipses in oppoaite directionii, in the former ease ti 
direction is the same as that of the swarm round the snn, in the latter, t' 
oppoHite. 

If the centre of gravity of the Bwarm describe aD elllpBe of small e 
we may obtain an approximate solution of the equatinns of motion. Amdi 
the eipaosious # = n[ + bruin irt + { «^ sin Siif, 



^(■y= 



+)«' 



IS 2iif, 



I 



it IB evident that all the ooefEdentB of the differential eqaations (2) oan be at oi 
expressed in terms of (, iucladiDg all terms which ooDtain f*. It is howen 
unnecessary for our present purpose to write these tX length. It is ea^ to a 
that the equations become 



3l-'»^>-' 


.'(s+s,-)]t.,.vl 


^-•f-.'-i 


l""'"!-. ='lj 


■"— 4;-'- 


in nt 11+ lOen* 0D« nt { + Ac, 


„..„.,*t.™.. 


ini.ff+ fN«ooBn(5 + 4o. 



As B first approximation we neglect rX, e Y. Comparing the equationi (S) k 
(H) *e ose at once that we ahall have the quadratic 

{j)'-M + 'i'(a + MI lP'-'* + i"V)-4i>>«'-0 

r/u condition that tht maTny ii tUibU ii lAfu /i>Ni{3 + Sf>); - S>^(B + 

It appears therefore that the gradual diitipation of a cotnet U mare probabtt mki 

tilt tr'i]cctor<j it elliptical than v>hen it ii circular. 
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Aa a second approzimalioa, we substitute i = A oo»{pl + a), n = Raiii (pf-t-o) in 
the eipteaaions A' and V. By Art. 303 the only impoilant terms are thosa which 
become magnified by the procenB of aolution. Thew terms are of the form 
i'co8(W + L) where X=p±n or p±2h. Unlafla therefore the roots p, p' of the 
qnadratio (6) or (4) are snoh that p±p' is nearly equal to n or Sn, the terms 
derived from .V, Y remain respectively of the order e or «'. Thie relation between 
the roDte eannot oocur when <^ in email. 

416. TliKrand'i criterion*. When a comet describing a 
conic round the sun passes very near to a planet, such as Jupiter, 
its course is much disturbed. When it emerges from the sphere 
of perceptible influence of the planet, it may again be supposed 
to describe a conic round the sun, but the elements of the new 
path may be very different from those of the old. 

Since Jacobi's integral (Art. 255) holds throughout the motion, 
the elements of both the conies must satisfy that equation. 

Let (qo, la), (ci . 2i) be the semi-major axis and semi-latus rectum 
before and after passing through the sphere of influence of the 
planet. Let i„, i, be the inclinations of the planes of the comet's 
orbit to the plane of the planet's motion. 

Let the sun be taken as the origin of coordinates, and let 
the axis of f pass through the planet /*. Let r, p be the di.stances 
of the comet Q from and P respectively and c = OP. Let M, 
m be the masses of the sun and planet, then, reducing the sun 
to rest (Art. 399), we regard the comet as acted on by the I'esultant 
attraction of the sun and planet together with a force mji^ acting 
parallel to PO. The field of force is therefore defined by 

,■ p c- 
We suppose that the planet P describes a circular orbit relatively 
to with a constant angular velocity n, where li* = (Jf + ni)/c*. 
The Jacobian integral takes the form 

M m , »if _ 



iV'- 



v^-c. 



* Tiasenuid'a criterion may be found in his Note but I'integrala de Jacob!, et 
■ni son application i, la thtorie dee comitee, BulUlin Ailrotiomlgue, Tome vi. 
1S8!), also in hia MicaHiqut CiUtte, Tome it. ISSO. M. O. CallandTeau'a addition 
it given in the second chapter of his Etude sai la tb^orie dea com^tea p^odiqaes, 
Annalri ife robiervatoire de Farii, Jltmoirei. lBa2, Tomo xx. There lire »Ibo aome 
inveHtigations by B. A. Newton on the ca.pture of comata by planets, eapeoially 
Jupiter, American Journal of St.ieive, vol. ii.n. pages l>tH and 482, 1891. 
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where V is the space velocity of the comet and A its angula 
iiiomentiiin referred to a unit of mass. Since (Art. 333) 

V' = iV(^-^, A = COB i^iM), 

the integral becomes 

1 . /L i«/l f,\ 1 . /I, m/l fA 1 

^^ + «coa,.y'3^+3^(^--J]=-+„cosy^^+^(^^_l)J 

where ^„,pt', fi.pi. are the values of f, p when the comet is respi 
tively entering and leaving the sphere of influence of the plaaefen 
We obviously have pi, = p,. and since the comet does not stay long 
within the sphere, we may neglect f, - f, when multiplied by the 
very small quantity m/M. Writing then Ji' = M/n' as a close 
approximation, Art. 341, we obtain the criterion 

1 cos l„ v'^o _ 1 COS I'l ^li 

2fl„ c V ^ioj c \/c 

416. Tisserand uses this criterion to determine whether twi 
comets both of which are known to have passed near Jupite 
could be the same body. If the criterion is not satisfied by i 
known elements of the two comets, they cannot be the same b 
If it is satisfied it is then worth while to examine more thorough] 
how much the elements of either body have been altered by thil 
attraction of Jupiter, This must be done by using the methoi 
of the planetarj- theory and is generally a laborious process. 

la Tisserand's critarion the orbit of Jupiter is considered to be circular, vhioh 
IB not striotlj correct, Thia defect baa been corrected by M. O. Callandrenu. 
Tnking aooootit only of the flrgt power of the eccentricity be adda a small term 
conlaiuiog that eccentricity as a factor. Tiiia term, anlikH those in Tisaerand'K . 
criterion, depeods on tbe manner in which the comet apiiroaches Jnpiter. ■ 

417. fltabmty dadniMd trtna Via VItiu The Jacnbiatl InteRral has be^* 
used by O. W. Hill* to determine whether the moon could be indclinitely pulled ' 
away from tbe earth by the disturbing attraction of the sun. In such a problem 
aa this, it is convenient to take the origia at the earth P and the moving asJs □[ f 
directed towards tbe sun O. Reducing tbe earth to rest, the moon (,) is acted on by 
(rn + nt')/p' along IJF and a//i* parallel to OP. The JaoohiH.o equation for relatiT* J 
motion. Art. 3.^6 (3). taVeB the form 



* O. W. Hni's reeewohes in the Laaar theory may be found ii 
Jounial of 3Ialtitmalici, vol. i. 187B. 
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where p = PQ, r = OQ, c=OP and )i is the sum of the masses in, hi' ot the ekrtb 
and moon. We treat the san's orbit as circular and put as a near approxlmatiou 
if/c*=i('. fiiiiM i^=C + f^, this equation becomeB 

itiooe the lett-hand side is ewentially poaitire it is cleat that the moving partitle Q 
can nevtr croii the larfaei dejiiud by fqtiating the right-hand lidt to tero, and can 
oaly move in thotr partt of ipace in ahieh iht righl-hand lidi ii poiitict. Art. 299. 

II the initial circomelaucea of the motion make C negative, the right-hand 
aide ia alwa;s positive and the eguation aapplies no limits to the position of Q. 

The Conn of the Hurface when 6" in positive has been discussed b; Hill. When 
C exceeds a certaiD quantity the surface has in general three teparate sheets. 
The inner of these is smaller than the other two and surrounds the earth. The 
second is also closed but surrouiids the sun, the third is not closed. When the 
canstatlts arc adapted to the case of the moon, that satellite is fonnd to be within 
the first sheet. It must therefore alwas's remain there, and its distance from the 
earth can never exceed 110 eqoatorial radii. Thns tht eectntriciiy of tht mrth'x 
orliit being neglected, ice have a rigoruui demoTiitratioH of a iiiperior limit to tlie 
rodiui veetoT of the mam, 

I 418. E.e. 1. If the moon Q move in the plane of motion of the earth P and 
if also the sun is to remote that we ma; pat --f lr' = fc'f l + ^l when the left- 
hand Bide is expanded in powers ot ije and i;/e, the bounding surface degenerates 

into the enrvB ~+in'P = C'. It is requirad to trace the forma of this curve for 

P 
different positive valnea of C". 

The curve has two infinite branches lending to the asfrnptotes }n^ = C", It 

C" is greater than the mininmm value of f±l(+ ;n'{* there is also an oval round 

the bod; b'. If the particle tj ia within the oval, it cannot escape thence and its 

radius vector will have a superior limit. If the particle is bejond either of the 

infinite branches, it oannot cross them and the radius vector will have an inferior 

limit. The velocity at any point of the space between the oval and the infinite 

branches is imaginary. [UiU.] 

Ei. 2. A double star is formed by two equal (wnatitueots S, P whose orbits 

are circles, A third partinle Q whose mass ie infinitely amall moves in the same 

plane and initially is at a distanee from P on SP produced equal to half SP, 

I atarting with suoh velocity that it would have described a circular orbit about P if 

I S bad been absent. Show that the curve of no relative velocity is closed, and that 

the particle being initially within that curve cannot recede indefinitely from the 

attracting bodies S and P. 

This example is discussed by Cocolesco in the Comptet Itetidut. 1892. He also 
refers to a memoir ot M, de Haerdtl, 1890, where the revolution of Q round P is 
traced during two revolution» and it is shown that at the end of the third the 
particle ■■ receding Iron A '. 

' bince writing the above the author baa received Darwin's memoir on Periodic 
Orblta, .'It-ta ilathematiea, xxt. in wbiab the motion of a planet about a binary star 
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Theory of Apses. 

419, Wlien the law of force is a oi>e-falaed function of t 
distance, every apsidal radius vector must divide the orbit ■ 
■metrically. 

Let be the centre of force, A an apse (Art. Sli). 
argument rests on two pi'opositions. 

(1 ) If two particles are projected from A with equal velocitioCI 
both perperuiicularly to OA but in opposite dii-ections, it is clear 
that (the force being always the same at the same distance from 0) 
the paths described must be symmetrical about OA. 

(2) If at any point of its path, the velocity of the particle 
were reversed in direction (without changing its magnitude), the 
particle would describe the same path but in a reverse direction. 

If then a pai-ticle describing an orbit arrive at an apse A, its 
subsequent path when reversed must be the same as its previous 
path. Hence OA divides the whole orbit symmetrically. 

We may notice that if the law of force were not one-valuM 
say f = ^[w±V("* — '^°lJ. where the apsidal distance 0A = 
tirst proposition is not true, unless it is also given that the radio 
keeps one sign. 

420. There can be only two apsidal distances thou 
vu3.y he anij nuviber of apses. 

Let the particle after passing an apse A arrive at anothi 
apse B. Then since OB divides the orbit symmetrically, thai 
must be a third apse C beyond B such that the angles AOM 
BOC are equal and OC=OA. Since OC divides the orbit aym- 
metrically, there is a fourth apse at D, where OD = OB and the 
angles BOC, COD are equal. The apsidal distances are iherefore 
alternately equal, and the angle contained at by any two C 
eecutive apsidal distances is always the same. 



han bwD more thoroughly aCudted. Taking a TaHeCy of initial comUtions be li 
truofil tho BUbsecjuent paths of a partiole of iDsignifioant loasa. Some of U 
paths thna presented to the eye have Buoh uneipeoted and remailcabte fonm tl 
the papet U fall of intereet. 



Part. 422.] 



TWO APSIDAL DISTANCES. 
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n ellipse CHDnot be desoribed about it 




431. BxamplM. Ex. I. Show tlut a 
centre of force whose attraction ia a 
one- valued function of the distanoe 
DQlesB that centre in situated on a 
priDoipal diameter and is outaide Che 
e volute. 

By drawing all the tannentEi lo one 
arc EF of the evolate we see that the; 
cover the whole area of the quadrant 
ACB of the elUpse. It foUowe that a 
normal to the ellipse can be drawn 
through any point P aituated in thia " 

quadrant, and this normal doeii not divide the ellipse Bjmmetricall;. unteas P lies 
between E and A or between f aud It. 

Ex. 2. If the path is an equiangular epiral and the central force a one-valued 
function of the distance, prove that the centre ot force must be eitnated in 
the pole. 

Ex. 3. If a particle of maaa tn be attached to a fine elaetio airing of natural 
length a and modulus \. and lie with the string unstretched and one extremity 
filed on a smooth horizontal plane; prove that, if projected at right angles to the 
■tring with velocity r. the string will juait be doubled in length at its greatest 
extension it Ami''=ia\. [Coll. Ex.] 

Ex. i. A particle is projected from an apse with a velocity v, prove that the 
apse will be an apocentre or a pericentre according as the velocity v ia leas or 
greater than that in a circle at the same distance. 



422. The apsldal dlitances. 

wlien F=iiii", and u is an integer. 
Tht equation of vis viva, viz. v' ■- 



To find the iipsidal dxntances 



C-2/^'rfr, gives 



C + 



2^ 



..(1). 



Let V be the velocity at the initial diataiice R, ^ the angle of 

projection, then 



= G+- 



h=VR6i 



Thus buth h and C are known quantities, nt an apse u is a max- 
min, and therefore dujdB^O. The apsidal distances are therefore 
given by 



(iy="-Q'=^.— *-^='' 



(A). 



If an equation ia arranged in descending powers of the unknown 
quantity, we know by Descartes' theorem that there cannot be 
more positive roots than variations of sign. The arrangement of 
the terms of equation (A) will depend on whether » — I ia gi-eater 
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or less than 2; but, since there are only three terms, it is clear' 
that in whatever order they are placed there cannot be more than 
two variatioHH of sign. The equation cannot therefore have more 
than two positive roots. This is an analytical proof titat t/iere 
cannot be viore than two real apsidal distances. 

430. If II is B fraction, say ii - jijq \d its lovest tenuB. ve write 
indioes of w are tbeu integerH and id and theretare ii can have onl; two poaitnvi 
values. It is BBBumed that it q iit an even integer the sign of F is given by boih»j 
other consideratioDB, for otherwiHe F would not be a one-vatued funotiou of u. 

424. The propositions proved in Arts. 4^0 and 422 are not 
altogether the same. The complete curve found by integrating 
(A) may have several branches separated fi-om each other so that 
the particle cannot pass from one to the other. In 420 it is 
proved that tlie actual hrandi described cannot have more than 
two unequal apsidal distances. In 422 it is proved that when 
F=fiu" all tlie branches together cannot have more than two 
unequal apsidal distances. 

If the force be some other one-valued function of the distaai 
the complete curve may have more than two unequal apsic 
distances. 

*a6. Ex. 1. ^f (jl) =.l(»-<0(<<-'')(u-c) bethe diflereatikl eqaatioii 
an orbit, prove that the eeotrol force ie a 0Dc>va]ued function of the diBtaneM,. I 
Prove also that the curve has two brajiches and three unequal apaidal distutOM^ 1 
and that either bcancb may be desuribed if the initial conditiouB are suitable. 
Arts. 30y, 4«. 

Kx. 2. If the central farce ia ^'=101", where n?-S and the velodty ia 1 
than that from infinity, prove that the apaidal distances he between j> and q, \ 
y^ = /i={H-l)p"-' and h'=Cq^. [This follows from a theorem in the (heoi/ 
equation*' applied to equation (A) of Art. 422.] 

426. The apsidal angle. To find tlie ajisidal at^le toht 
F= fiU", ivJtere n < 3, and the orbit is nearly circular. 

The equation of the path with these conditions has been fouai 
by continued approximation in Arts. 367 to 370. 

Taking the first approxiviation, we see by referring to 1 
equation (fi) of those articles that dujdd ia zero only wha 
p9 + a = iir, where i is any integer. These values of 6 therefor 
determine the apses and the reciprocals of the two correspondin 
apsidal distances aie c (1 ± M). The apsidal angle describi 
between two consecutive apses is therefore -rrlp, where p' = S - 



1 

[lot ^H 
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TaJdng the higher approanmations, we use the equations (12) 



arnd(; 



I 
I 



( 13) in the same way. The apsidal angle is therefore ir/p, where 
p = V(3-»)ll-A(»-2)(» + l)J''|. 
The reciprocals of the apsidal distances ai-e very nearly c (1 + M). 

497. There is another method of finding the apsidal angle which is (otmded 
on ft direct int^ration of the equationa of motion *. BegiDning with 



'"V-ffl 



2„ , 



lei u=ii, ti = fi be the reciprocals of the inner and enter apsidal djataiieea. Since 
the right-haod aide of the eqaalion must vanish for each of these values of u, we hSTe 

BliminBting A* and C we find 



+ c=o, 



-h'b'+CsO. 



/dey 






I b'-\ b\ 1 
To find the apsidal angle we have to integrate the valne of d0 from u = A to a. 

To simpUf; the timita we pat a = c{l + M), b=eil-M) and u = c{l + llx): the 
linita of integration are then j'= ~1 to -fl. Alio ainae the orbit is nearly ciicnlaT, 
we Buppoae JJ to be a small quantity'. 

It now becomes necesaary to expand A in powers of il. Thia ma; be effeoted 
b; nsiitg some simple properties of determinanta. If we subtract the upper row 
from each of the other two, the detemunant is practically reduced to a determinant 
of two TOWB. Noticing that 

(l±Jf)-'-(l + i/i)— "=-(1.-11 Jtf(i=Fl){l + Cif(r±l) 

Where C=l(n-2}, D = H«-3) ("-3). £ = ,4 (n-S) I'i-8)(n-lf. we see that the 
new determinant ia 

d=e-+'Jl/>(n-l)(f'-l)|l + C3f(j + l} + 4o., 3 + Jf (j- + l)[ 
I l + CaHx-ll + ^a., 2 + J/(K-l)r 
Snbtraoting one row from the other and pertorniing some evident aimplifioatioua. 
ire find 

4 = £'(«"-l){l + 4(«-8Hfj + A('<-3)J/M{"-*)'' + "-6)). 
I where£* = 3c^iJlf>(n-l](n-S). We thenoe deduce 



* The method of Gnding the apeidal angle by a direct integration of the 
' kpaidal eqnatioQ was Grat used by Bertrand. Coiapt/i Rmdiu, vol. 77. 1S73. Ad 
Improved veTsion was afterwards given by Darboai in his notes to the Coars de 
Uicanique by DcBpeyrom, 1886. 

R.D. 18 



The iutegratiODS 
limita to be #= ^^r 
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In the same way we fiail after some reductioiu ^M 

Bein«nberiDg that du=eMili, theie give ^M 

:an be efiected at sight by puttiag 2 = Hin0. Taldiig Utin 
> make the apaea adjacent, we bod tbat the apaidal angle !■ >■ 

._ '_ ;i| (''-3)(-+i )jj,i I 

428. Closed orbits. An orbit is described about a cenMM 

of force whose attraction is a one-valued function of the distanctiM 
Prove that if the orbit is closed, for all initial conditions wi^AMu 
certain defined limits, the law of force must be the inverse aquarim 
or the direct distance. [Bertrand, Comptes Rendtis, vol. 77, 1873.] ' 

If the path ia closed and re-entering it must admit of both 
a, maximum and a minimum i-adius vector. The orbit therefore 
has two apsidal distances and must lie between the two circles 
which have these for radii and their centres at the centre of 
force. By varying the initial conditions we may widen or diminish 
the space between the circles, yet by the question the orbit isj 
always to be closed so long as the radii of the circles remai 
finite. 

Representing the first approximation to the reciprocals of the 
radii by c (1 ± jtf ) the apsidal angle will be wlp, where p can be 
expressed in some series of ascending powers of M. The orbit 
cannot be closed unless the apsidal angle is such that, after somafl 
multiple of it has been described, the particle is again at therl 
same point of space and moving in the same way. Hence p n 
be a rational fraction for alt values of M whether rational or 
The coefficients of all the powers of M must therefore be z 
while the term independent of M must be a rational fraction. 

When F=fi,u'' the series forp is (Art. 426) 

p = ^(3-n){l-^{n-i)(n+l)M' + &c.\. 
Since the coefficient of 3/' must be zero we see that n = 
ie. the law of force must be the inverse square or the dire 
distance. In cither case the condition that v'(3 — n) should l 
rational fraction is satisfied. 

If we take the most general form for the force, we havftj 



F=uY{u). We know by Art. 



that the first term of lih^M 



0.] 



CLOSED ORBITS. 



es for p is, in general, a function of c, i.e. of the reciprocal of 
the mean radius. Since this can be varied arhitrarily the apsidal 
angle cannot be commensurable with tt unless this first term, 
viz. cf (c)l/(o), is independent of c. Putting this equal to a 
constant m we find by an easy integration that_/'{c) = fiC"*. Hence 
F=fiu"'^\ The general case is therefore reduced to the special 
case already considered. 

43B. CiMalAcatlon af orUtB. The force htivg F=iim'' it ii riquirtd ta 
elaitifij the varioii' fonm of the orbit aceordiiig to Out number of Hit aptidal 
distancct *. We lappaic li to be poiitire and h not ta be lero. 

AlraDgiiig the apaidal eqaation (A) (Art. 433) in dcEctDiIing povrcra of u, it 
ta1c«a oDe or other of the three following forma 



(«)■-=©■= 



...{A), 



- hV-" 



hCu'-". 



I 



MMordingu n>3, n liesbeU-eeD 3 and 1, and ti<l. 

The two oonttantB ) C and 't determine the energy and lingular monienlum of the 
particle, Ait. 313. When tlieae are f^ven, we arrive, bj integrating (A), at an 
equation of the form B + a=f[ti). By varjing the constant a we turn the cuitb 
round the origin witboat altering its form. It follows that urhen C and h are 
knoien, tht orbit in determined in form hut luit in position. The curve thus tonnd 
may have several branches which ate not connected with each other. Onv point 
on the orbit mult therefore alio l/e ijiven to determine the valur of a and to dutinguiih 
the branch aetaally described by the particU. 

Any point on the curve being taken as the point of projection, we may regard i> 
as the initial velocity. We tbaa have C = ('-- K," or C=ii'+ ('„', where F, ia th« 
velocity from infinity, and Kj the velocity to the origin. The first eiiuation ia to 
be need when I', ia finite, i.e. when ns-l; the second when V,, is finite, Le. when 
n<I. Bee Art. 318. 

4ao> Oaaa I. Let the curve havt but one apiidal diitantt. The right-hand 
side of the apsidal equation (A) moBt elu.nge dgn onoe as u varies from lero to 
infinity. Henoe, when n>3, C is negative or zero. i.e. the velocity v ia leas than 
or equal to that from infinity j when n lies between 3 and 1, C must be positive or 
zeto. i.e. the velocity i; is greater than or equal to that from infinity. Lastly we 
*ee from the third form of the eqnatlon (A) thai when n < 1 the curve cannot have 
only one apsidal diitanoe. 



■ Korteweg, Sur lei trajectoirel dfcritet mm l'ir\jiitei\ce d'une foree cenlrale, 
Arehiret Nterlandaiiet, vol. xix. 16S4, diu:aeeeB the forms of the orbits, the con- 
dition* of itability and the asymptotic oirclea. Greenhili, On the liability of 
orbiti, Proe. Land, ilath. Sac. vol. ixn. 1B66, treata of the oaymplotic circles which 
can be desDribed when F^^iu" for various valuea of n. 
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These conditions being ralisSed. let ii = a be the reci 
diftanoe, louad by solnng the eqnalioD (A). We then have 



©■= 



where ^(u] cannot change sign as u vbi 
the Mme sign ae the highest power of ti 



a from to u . 






I 



We notice that Un is a fraction, bbj n = j>/j, we replace the factor «-a by le 
where u = w*, a = t<j Art. 433. Aa in moat cases the loroe F varies u bc 
int^tal power of the distanoe, it will be more oonvenient to retain the form S'^'SkI 

Since the left-banii side of (3J is necessarily positive, the whole of the ci 
muat lie inside the circle u = a it n>3, aod must lie outHide that cirale if n 
Snppose the particle, aa it moves round the centre of force, to liave arrived at 
apse. It will then begin to recede from the circle and must always conCinu 
recede because dujiW is not again zero. The orbit lias therefore two branehn _ 
extending from the apse to the centre of force or la infinity according as n > o 
The apse ia an apooentre in the first case and a pericentre (aa in a hyperb 
described aboat the inner focus) io the second case. 

The motion in the neighbourhood of the apse may he found by writing u = a+^ 
and retaining only the lowest powers of x. We then have 

where iAK'=^ (a). The path is therefore sach that the particle deacribea a A 
aagtt # while it moves from n = n to u =rt. Since dffjdl = hv,^ is finite, the time offl 
describing thia liatte angle ia also finite. 

481. Crbm H. aod m. To find tlir condUioru that Ihtre may br eitfier t»9% 
aptidal diilnncei or none. The apsidal equation mnat have two positive rooti OK-fl 
none. The coadition for this is tbat the right-hand aide of (A) must have th^I 
same sign wben u = and u = <zi. 

FiTit. Let ti>3, this condition requires that C should be positive and i 
zero. Tlie velocity at every point muit therefore be greater than Ihal from infinity. 

To distinguish the cases we find the mai-min value if of tbe right-hand ■ 
by equating to zero its diSerential coeSiaient. We thus find 



a:= 



:©■-. "^- 



We notice that wlien n >3. the two terms of il have opposite signs and t! 
we can make either predominate by giving A or C small values. Thus JIf a 
have any aign if the initial conditions are suitably chosen. The path mai/ Il 
fore h«ve either firo apaidat diitaitcei or none; there will be tieo if SI U negatU 
and none if M is potilive. If ^17=0 the apridal diitancet are equal. 

Secondly, let 3>n>l. The right-hand side of (A) cannot have the si 
when u=0 and » = tri unless C is negative. The veliKity at every point mutt tl 
fore be leu tJian that from infinity. 



r ART. 433.] 
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we shall prove tliat il is necesgaril; positive and has zero for ita least valae. Then 
since the right-liaad side of (A) is Degatite when iic^O and u — cc and is eqtul to 
the positive quantity M for some JQWrmediate value, there mint bit tao apiidal 
diilancei which can be equal only when M = 0. 

To prove that 31 is poaitive, we notice that M is least when h is greatest. 
Binc« /t = vrsiD|3 (Art. 813) tliiB ocDius when h=vr, i.e. when tlie paitide is 
projected perpendionlarlj to the radius vector. Substituting this value oF k and 
teniembering that C=v'- I',', we can see by a simple difFeientiatioa that 31 ia 
Again least when v^ = ulr^'^, that is, whea the velocity is equal to that in a circle. 
This value of v is less than the velocity from ioflnity (n being <:3|, and is there- 
fore admissible here. Substituting this value of v we find that the minimum 
value of M is zero. The value of .1/ is therefore positive and is zero only when 
the path is a circle. 

We may also prove that the orbit has two apsldal distances by observing that 
since the velocity is insufficient to carry the particle to infinity, the orbit moat 
bave either an apocentre or must approach an asymptotic circle. In either ease 
the apsidal equation has oue positive root and therefore has another. 

we notice that C must be positive. Wo 



-m^ 



1- 



we may prove in t 
and that then 31 
and the cuTvt hai 



le way as before that 31 is least when h = vr and f' — ^/r'~' 

'" r'-''+I'„' = by Art. 312. Thus .If is always positive 

I'idal diitanees which can be equal only in a circle. 

We verify this result by noticing that since an infinite velocity is required to 

carry the particle to infinity (n being < 1, Art. 312), the orbit must have an 

apocentre or approach an asymptotic circle. The apsidal equation must therefore 

have two positive roots. 

4aa, It follows from what precedes that the eurve defined by the apsidal 
equation (A) can be without an apse only when loS. In that cose the orbit 
extends from the centre of force to infinity. 

We arrive at the same result by noticing that if there is no apee, tht velocity 
mut he Mvffieient to carry t)u: particle to iiijinity. U 1 > n this condition cannot be 
■atistied (Art. 312). If n>l this condition requires C to be positive and it is 
evident that the second form of the apsidal equation has then a positive root. 

It also follows that there can be an asymptotic circle only when ns-S. For if 
tbe orbit be ultimately circular Che constant Jif must be zero, and this oannot 
happen when n<3 unless the oibit is circular throughout. See also Art. 447- 

4M. Tojlnd Ike motion inheit the orbit hai tao apeidal diitaticen. If a, b ba 
the reoipiooals of these distances, the apaidal equation (A) takes the form 



'■(S)' 



:(,.-0)(.-ll,(.), 




TIm matJOD u Am frtirt* ■ppmebM dw diefe ■=■ maT Ik baad bgr p 
maa+xiidtetaitangocdj^M lowc«p>«a*ol x. Wa then h»v« 

wb«K ii's^tal/ib'. The puticle Iberctoc approcdiM the limitiiig cnela in ■ 
•qrmplotie path M>d amrea *t (he einJe onl; when t = x. Siooe lU/dl (bdi 
oltinute^ equal to ho*) it finite, tb* time of dMCiibing mo mfinile Dataller ot xer 
loljoat raand the e«ntte of force U inflaite. 

TIm eottditJom dial the right-hand side of Uie aptidal eqaadoii (A) may fa 
a equafe Uctor and be pontile an (1) the coefficients ot tbe hi^ioet and low 
powm moat be pontire, and (2) «e mait haie 31=0, Act. 431. If as-S, C n 
b« poaitire. Le. the relocilt/ al eveiy point mutt be grtater than that Jnm itifini 
If n < 3 the eodScfeDt of the highest pover ot u is negatiTe, aod there ei 
ar^mplolie eircU. ISee aUo Art. 432.) 

«•>. Wlien n3-3 and it it known that the path haa an apse, we may prmW-J 
that (hat ojne 11 a pcricmtre or apocentre aceordiiiff at the rttocily of prtgtelUm C 
grealrf m Uu than the rtloeity in a circle at the mnte dUtance. 1 
velocity of the partiele, V, the Telooitj in a circle al the same distai 
Telocity from infinity; then (Ait. 318) 

■V-,* i. .v.^. --n-.c m. 

.: t'-F,*=-i(n-3)r,»+£: («). i 

If r=ri repre«ent any apiidal distanee, we have at that apae v'lp=F, F,'/r,!! 
At n perieentra the orbit lies outside the circle of radina r,, hen 
.', v>> V,'. At an apocentie the orbit lies inside the ciicle and v*< r,' 

It foUoWB by inipeotion of (3) that al a perieentte both sides of that equatk 
are poiittve, and, since V, decreases when r inoreasea, both aides mast 
b« positiTe a« the particle recedes &om the origin. The particle abo cannot a 
at a eeoond apse, for this requires the left aide to become negative. In the si 
way a( an apoeentre the two sidea of (3) are negative and mast oontinne 
n«eiitive as the particle approaches the origin. The conclusioii is that the v 
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2T9 



TcU at the lamt dUtance accordin: 



t bolb a 



I outside botU circles 



tU aiig point u greattr or Ie« than that in a c 
the path hai a pericentre or apoeenlTi". 

It foUawa also that I^ path deierihed c 
a^ocintre. 

4aa. The followiag table atime up the possible orbita when F=>i.ii''. 
n>3, v^V, {one apsidal distance, path inside the eircle. 
r>l'', (two apBidal diatances. path inside c 
if negstiTe | sooordiag as u ia -e or =■ I'j. 

no apsidal distance, the path extends (rom the centre of (oroe 

to infinity, 
an asymptotic circle, approached from within or from without 
according as t> in c or a- F,. 
le apsidal distance, path outside the otrde. 
10 apsidal distances, path between the circles, 
{two apsidal distances, path between the circles. 

ircle at the distance of the point of projection, 

lu" is repatsive show that the path, If not ceotUinear, 



M positive 



3>n*l, p>Ki (on 

B<F, {t» 

Is-B, t<:F, 

Here F, Is the velocity io a c 

Ex. When the force t'=. 



has a perloentre with branches stretching ti: 






I 



4a7. The motion in 
highest powers only of ii 



leighbourkoo'l of the origin is found by retaining the 
e thus have by (A), Art. ■129. 



(S)'-(S)'-"- 



ucording as na-S or <:3. where {n-l)B'=2n. The first alternative 
Integration, mpposing the particle to be approacbinj: the origin, 



q — ^(n + l); showing that (he particle [except when n^3) 
ingle in a finite time when the radial distance decreases from 



I 



«se. The motii 
tiie lowest powers oi 



B from the origin is found by retaining 



C:)"-(S)'=- 



a*- . 



i> ot -cl. The negative sign in the second alternative shows that 
Irben n<l the curve can have no branches whioh e^itend to infinity. 

When C is positive, i.e. when the velocity i' of projection is greater than that 
from infinity, the flist alternative leads to 

h{u-u^)=-e^C, T-rt = t^C, 
■howiag that when the particle travels bom r = r„ to infinity it describes a finite 
angle round the origin, and that the time is infinite. The path therefore tends 
to a rectilinear asymptote whose distance from the origin is -iI0ldu = hi^C. 

If however C=0, i.e. the velocity v ot projection is eqaal to that from infinity, 
the lowest etisting power of u in the apsidal equation (A) is u^ or u"~'. We 
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(S)--(S)'=-« 



according as n>3 or n<3 but =-1. The first alternative shows that (except wha 
h = 0) there are no branches leading to in&nitj. The secand aJlenistire, i.e. n-cl 
gives, sappoeing the particle to recede from the origin. 

where {n-l)B' = ifi, p= -^{3-n), g = i(R4-l). These eqaations show that I 
the particle proceeds from r=r„ to infinit; it describes a finite angle in an inGail 
time. The path tends to a rectilinear asjnnptote at an infinite distance Iiom ihs ■ 



4aQ. fltaUUty of ttM orUta. Beferring to Art. 136 we see that when n 
the orbit eiteods to the origin or to tnGnitj except when the particle is approaohinf ■ 
an aa^ptolic circle. The existence of such a circle depeoda on the eqnolit; of t] 
factors of the right-hand side of the Oipaidal equation, and a slight change tn tl 
CDnstontB C. h ma; render the (actors unequal or imaginaij. Id either ease liiBi] 
new path vill lead the particle either to the centre of force or to infinity. Sunk J 
orbif may he calUd unstable. 

When n<3 and the velocit; of proj'ection less than that from infinity, the ptttbl 
is restricted to lie between the two circles ii = a, u = b, and the values of a and ft J 
depend on the caastants C and A. Any shght distnrbaoce will alter the value 
these conatanta, but the orbit will atill be restricted to lie between t 
though the radii will not ha exactly the same as before. Such orbiu man ^ fitHrfJ 
$taUe. 



440. Ex. Prove that an; small decrease □( the angnlBr n 
increase of the energy ^C will widen the annnlus within which the i 
moves; that is, will increase the oscillation of the particle on each side of tlM.I 
central line. 

4«1. Apaldal boiuidaitea w&ai F=/(i<). When the law of force c< 
several terms the argument becomes more complicated. Let F='ZA^*, then 

Transposing the terms, the apsidal equation is 



i-i_fti<„s + C (B), 

Lnged in descending order, and ip («) ] 



= (u-.,l|.-.J.. 
where o,, o.,... are positive quantities a 
contains all the factors which do not vnnish betwt 
# (ii| keeps one sign, viz. that of the highest power of ri 

Let as divide the plane of motion into annular portions by dtclea irhrwiB 
>o centre is at tlie centre of force uid whose radii are the reciprocals of dxi'L 
Then since |<Iu/d$|' changes sign when u passes any one of thataa 
is clear that the curve defined by the differential equation (B) ow^M 
have branches only in the alternate annuli, the intervening ones being vi 
space between » = «, and ii = tc being occupied or vacant according as ^{t) % 
positive or negative. 
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It the inltUl poiition ot the partiole lie between any two continuous ciiole«, 
the Bubaeqaent path is restricted to lie betveen these circles and touches each 
kltematelf. If Che initial position lie oataide the greatest circle or iiiaide the 
least, the aubsoqiietit path must also lie outeicte or iDBide these circles and miiat 
therefore extend to infinity or to the centre of force. 

««a. Next, let some ot the foators of tlie apsidal equation be equal, say 

where /(u) has been written for the remaining factors. To determine the motion 
in the neighbourhood ol the circle ii — n, we write u — ii-i-x and retain only Che 
lowest powers of j. We tbcn have, supposing i«>2, 






where B'=/(a) *(o), and it = i{m-2). The cue in which m=3 is discusBed in 
Art. 4-'i4. H'e tet thai the circle u = ii i» aiymptotie. The particle arrives aC the 
circle after describing an inlinite number ot revolutions round the centre of force 
and at the end of an inSnite time. 

4«a. Let US trace Che surface of revolution whose Bbscissa is r and ordinate 
i = J'V, aud let the ordinate : be perpendicular Co Che plane of motion of the 
particle. We notice that Chin lurface ii iadepeiideiit of Ihf iaitiat eonditiom and 
that iU/om lUpende taUly nn the hue of force. 

It is easy to see that the ordinate r corresponding to any value of r represent! 
the square of the angular momentum in a circular orbit described witli radiui r. 
It will therefore be useful also to trace the plane whose ordinate is -■ - W, where ft ia 
Jihe angular momentum of the path described. 

By describing circles whose radii are the abEcissm of the maximum and 
minimum ordiuates of Che surface, we may divide the plane of motion into 
annular portions in which the function i — /'r' is alternately increasing or deareas- 
ing antwardi from the centre of force. These we rosy call the a4ce»ding or de- 
teendi«g ponioia of the lurface. 

444. If T represent any apsidal distance, we have at the corresponding apse 
t^jp-F and r = ft/r; hence h^ = Fpr'. At b pericentre the orbit lies outside the 
circle of radius t, hence p>-r, and the anifular momentum ft of the path must be 
greater than that in a circle of radius r. In the same way. at an apocentre the 
orbit liee inside the circle, and the angular momentum ft is less than that in a 
circle of radius r. 

Iteferring to the surface i = Fr', we see that a pericentnil diitanee r^OA mutt 
hare an ordinate A A' liii tkiiH Ihal of Ikt plane i = ft', and nn npocenlral diitanee 
OB rniut hane on ordinnte Bli' greater tJuin that of tlie plane. It immediately 
follows that if A, B are the pericentre and apocentre ot ifte mhi* path, both (ft* 
point) A', B', cannot lie on the iiime deicending portion of tin iiirface. This con- 
clusion does not apply if J, Bare the pericentre and apocentre of dilferent branches 
ot the flomplele curve 1 (Art. 441). 

We infer from this result that an annnlar space on the plane of motion (Art. 
443) in which Fr' decreases outwards has this element of instability, via. that a 
path having both a pericentre and an tipoctntre cfinnot he deicribed ipithin the ipnct. 
If the path have a pericentre the particle will leave the space on its outer margin ; 
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if ui apocentre ii will move out ot the ipaee on ils inuei bouodsr?. We see ikUo 
that when the particle bsa left the aonnlar spsM it moat proceed to iDGnit; or to 
the centre ol force. unJeBS it come iato eome other exlenuil annular space in which 
Fr* baa tDoressed aafficiently to exceed the A' of its own path oi into aome internal 
space in which Fr' has become less than h'. 

446. We maj also deduce this result yerj rimply from the radial resolDdiuk. 



We have 



m 



i(»"-f^- 




A» the particle approaches and passes an apocenti 

deoresses, hence drjdt changes aiga ^m positive to negative and <fr/rf(* 
negative. In the same way, when the particle passes a periceutre, tpTJdfl 
poaitive. It immediately follows Chat at an apooentre Fr's-h'' and at 

«4S. If the orbit have an asymptotic circle r = a, the angular i 
must be equal to that in a circle of that radina. Hence the atymplotie 
be Ihr prrgtttion of some oiie of thr interitclioni oftbt mrfaet t = Fi' icith the pi 
i = h': (Art. 443). 

As the asymptotic circle is itself an apocentre or pericentre. it follows, »a tea 
Art. 446. that when the particle is approaching the circle from within h'-Fr* ia 
□egativG and ultimatelj' zero. Heooe Fr* is decreasing oulirardi. When the 
particle is approaching the circle from withont A' - Fr' is positive and allimately 
ECro, hence Fr' is increasing iniri'inis. In either case it follows that only Ihote 
inlencetiuni kIikIi lit on n iteicetiding porlioii of tlif turface t = Fi^ can corTftpolid 
lo aiymptotie circlet. 

As each deaoending portion of the surface can have only one intersectioD with 
the plane i - h'. there cannat be more asj-mptotia circles than desoeadinR branches. 

There may be fewer aeymptotic circles than descending branches becauite two 
conditions are necrsnary that ao asymptotic circle of given radius T = a should 
exist; (1) the angular momentum must be equal to that in the circle, and (3) thft i 
constant C must be such that the velocity at a distance T=a is equal b 
circle, i.e. u'/a-F. 

447. As an eiample, consider the force P = im". If n=-3, tbe surface 
has only a descending portion, there can therefore be one and only oi 
circle. Also the path described cannot have both an apocentre and 
though different branches of tbe same curve may have one an apocentre and an< 
a perieentre. See Arts. 4-14, 44G, 43«. If n<3, the sattace i = Ft* haa only 
ascending portion. Hence there cannot be an asyiuptotio circle, but tbe pMli 
have both an apocentre and a perieentre. 

448. Ex. DiscnsB the properties of tbe surface ^ = JV-ir', where t 
vt^locity v is a known fuuction of r given in Art. 441. Prove that (1) tbe abscisara 
of its max-miu ordinatcs are the same as those of the sorfaoe i = Fr', so that tbe 
ascending and descending portions of each correspond (Art. 443) ; (2) each 
asymptotic circle must be one of the iolerBections of the surface with the plana i^ 
motion: (3) ooaverHely, if at any intersection we also have i=^ft', that ink 
is an asymptotic circle. 

The Brst teauU follows from = - -^ . To prove the second and Ihiid % 
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' notiM thivt vibeniZ = 0, the velodt; isequnl to that in n circle: and when c = Ii'. the 
[ angular momentam ie equal to that in a cirole. 

44B. Bxamplaa. Ex. 1. Find tbe law of force with the lowest inde.'t of u 
ncti that aj) orbit oBD be deiicribed having two given aaymptotic ciiclea whost^ 
radii are the reciproeale of □ and b, and find the path. Find also tbe oonditiana of 
projeetion that the path may be deeciibed. 

Befeiring to Art. 441 ve see that the tight-hand side uf the apsidal eqoatian (B) 
nin«t be M (u - a)> (» - b)". We then tind 

and the angalar momentum at projection must be ^n'. 

Ex. S. Let F=iai'{(a-a){ia-a-b]+eu\, where F is the central force. If 
the oonditions of prajectiou are Buch that tt'=iic and the velocity v wheD u = 'i ia 
ifl=^a?, show that the path is — =(taiib 9)", where cji'=2(a-(i). Show also 
that the oarre baa two infinite branches tending to the lame aaymptotiD circle 
u=ia, with an apse at a distance \jb. 

Ex. 3. A particle arrives at an apse distant r from the centre of force with a 
velocity v equal to that in a circle at the dietauae r. It tbe velocity be reversed in 
direction, will the particle describe the same path in a reverse order or wilt it 
travel along the atrcle? See Art. i\S. 

At such an apse the radios of curvature p of tlie path must be equal to )*- Bat 
tinee - = <i+ ^ at any apse this requires that iPuldS'-d. Tbe apsidal equation 
(B) of Art. 441 must therefore have equal roots, and the apse ia at the extremity of 
a path wicb an Bsymptotic cirole. The particle therefore can never arrive at sueh 
an apse in an; finite time (Art. 442). 

It tbe particle be projected from a point on tbe asymptotic circle with the 
given values of v and h it may be said to deecnbe either orbit, for tbe deviutiou of 
one from the other is indefinitely Bmall at the enil of any finite time. 

BouHsinesq. Complei Heiidut, vol. 84, 1877, considers the circular motion to be a 
nngnlar integral ot the difieiential equation. Korteweg and Oreenhill have aleo 
discussed this problem. 



On the law of force by which a conic is described. 

460. Newton's theorem*. An orbit ia described by a 

■particle about a cejttre of force C whose law is kiioivti : it is 
required to find the law of force by which the saim orbit can be 
described about another- centre of force 0, 

' Newton's theorem ia given in Prop. vii. Cor. 3 o( the second section of tbe 
first book of the Principia. The applicution. to tbe motion of a particle in a circle 
acted on by a force parallel to a tiied direction follows in the next propoaition. 
Sir W. R. Hamilwn's paper, giving tbe law J'=*.r/^', is in the third volume of the 
PraceeiUngt of the Iriih Academy, 1846. Villarceau in the ConnaUsiince det Ttiiipn 
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Let F, F' be the forces of attraction tending respectiveljr: 
to C and 0. Let CY, OZ be the 
perpendiculars on the tangents 
at any point P,CP = r,OP= r'. 
Then since siaCPY=CYIr, we 
have f I ^^ j/^ 



uOY 



_h_ 



. F~ 



,.&¥'■ 

h'V 



Similarly F'= — 



rWGYy 
r \0Z) ■ 



OZ'- *'■ /' k' 

If we draw CQ parallel to OP, the triangles OPZ and CG'. 
are similar, and 

qZ _CY . P'_Ji^G_(? 

OP CG' "'■ ~F A' rV 
If then F is given as a function of r, the law of force F' tetu 
to any assumed point ia also known, when we have dedm 
CG as ii function of r and r from the geometrical properties 
the curve. 

Remembering that the area A =^ht, we see that the peri( 
times in which the whole curve is described about and 
respectively are inversely as the arbitrary constants k and 
By choosing these properly we can make the ratio of tlie periocUa 
times have any ratio we please. 

We also notice that if the time of describing any arc PQ 
known when the central force tends to G, the area PCQ 
known. Now the area POQ differs from this by a rectilin 

for 1853, using Carteaiau cooTdinateB, arrived at two pasnible laws of fonWi. 
Afterwards Daiboni and Halphen iuTegtigated (wo laws equETolent to these, and 
proved that there ia no other law in which the centra] force is a fuoctioa ouly of 
tbe ooordiaates of its point of application. Their reeulte maj be (ouDd iii voL B4 
of the CompUt Etndui, 1877. The iuvestigations of Darboci were reproduced bj 
him at Bomewbat greater length iu his notes to the Court He H/canique by 
Despe;roue, 1684. There is a third paper by Glaisher in vol. 39 of the Monthly 
Notica oj iht Aitranomieal Soeitiy, 1878, who also givea the eiptcMioD {2r/^») nr" 
for tbe periodic time. Darboui nses chieSy polar coordinates, while Halphen 
employs Cartesian, beginning with the general differential ecjaation of all conies: 
Olaiaher simpUfies the arguments b; frequently nsing goometrioal methods. 
Thei« is also a paper by S. Hirayama of Tokyo in Qoatd'i Jttronomcal JovTTnt,-, 
1889. 
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,gure whose area can therefore be found. Hence the area POQ 
' and therefore the time of describing the same arc PQ when the 
I central force teoda to can be found. 

461. Suppose the orbit is a conic, then the force tending to 
the centre C is F=nr, and h = '/n.ab. It iramediatelj- follows 

that the force tending to any point is F' = -^ ■ - /^ ■ ^^^ ^'^^ 
example, is a focus, it is a known geometrical pmperty of a 
conic that lies on the auxiliary circle aud that therefore CO = a. 
We then have F' = fi.'/r'', where h'-=/j.'b''/a. 

452. Parallel forces. To find tite force parallel to a given 
straight line by which a conic can. be described. See Art. 323. 

Let the point be at an infinite distance, then in Newton's 
fonnula PO and CQ remain parallel to the given straight line 
throughout the motion. Also the length i^ = OP is constant. 
The required law of force is therefore F' = fi. CG", where fi is 
some constant. 

If the direction PO of the force at P cut the diameter con- 
' jugate to CO in JV, we have CG . PN = 6'', where b' is the semi- 
diameter parallel to CG. The law of force may therefore also be 
' written i^' = .d/PiV', where .4= /i6''. 

To find the constant /x, we notice that iu any central orbit, 
the velocity being w = A/p, the component of the velocity per- 
pendicular to the radius vector r' is hjr'. In our case when the 
force acts parallel to a given straight line this component is con- 
stant. Representing this transverse velocity by V, the Newtonian 



formula of Art. 451 becomes F' - 



a'b' 



CG'. 



463. Mamllton'i fbnnula. A particle descHbes a conic 
about a centre of force situated at any point 0. It is required to 
find the law of forrce. Taking the same notation as in Newton's 
theorem, we let F, F' be the forces tending respectively to the 
centre C and the point 0. Then (Art. 450) 

F-h^Cp{oz)- ^ = f^-<^P- '' = ^^>^■«^■ 
It is a geometrical property of a conic that, if p and o- are the 
perpendiculars drawn from P and the centre C on the polar line 
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of 0, — = ^:rp - It follows that the law 0/ force tending to O u 

F'= —^ (— I r , where /> and r raiy from point to point of the 

curre and A', a, 6 and v are constant. 

K we write the Hamiltonian expression for the {one in the form 

F'^fir f^y we see that the angular momentum k'^\^fA\ab «r , where 
as before m is the perpendicular from the centre <mi the polar line. 

From this we easily deduce the periodic time in an elliptic 
orbit. Remembering that the whole area is wai, the fonnula 
A s ^h't gives as the time of describing a complete ellipse 

454. To jind ike time of describing any portion of the eitipee 
mf/A Hamittons law of force. The coordinates of any point P 
referred to an origin at the centre of force with axes parallel 
to the principal diameters are 

X = a COS ^ — y, y = 6 sin ^ — ^, 

where ^ is the eccentric angle of P and /, g the coordinates of 
the centre of force referred to the centre of the curve. Then, if 
A be the angular momentum^ 

Arff = xrfy — yctr = (a6— /6cas^ — ^ sin ^)(2^» 

/. hi = ab4> —fb sin ^ + ya cos ^ — ga, 

where the time is measured from the passage through the apae 
from which ^ is measured. This, if required, can be expressed 
in terms of x and y, 

ht = ai^ -fy-^gjT-ga. 

This result can be deduced at once from the formula A = JAl, by 
equating A to the excess of the area of the sector ACP (xil. ^ab^) 
over the sum of the triangles ACO, OCP. 

* The foOoviBg is m short snslTtiesl proof: Let the eonie be Jx*-}-B^= 1 mud 
let /, ^ be the eoordiastes of O. The polsr line of O and the tangent at P are 
nspeetiTely J/5+B^=l. Ax^^By^:^!, 

The perpendkolan from P and O. tU. p and OZ, are therefore 

The pexpendicnlars frtnn the eentre, viz. w and Cr, are found bj replacing the 
numerators br nnitj. It follows that pjOZ^wlCY, 
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THE TWO LAWS OF FOBCZ. S8t 

e time of describing an arc of a h\'perboIa or parabola may 
B found by proceeding as in Arts. 548, 349. 

Ex. I. Dtdaee from Huniltoii'* exptesnoa (1) tbc 
the toeiu of ■ eonic, and (3) tb>t to ihe eentre. [In the Utter 
(MB IV Bud p ue both inbniCa bat their rmtio u imitj.] 

Ex. a. A putiele ieaaihta ui elHpM whom: ceotre a C aaia th« Mtion of * 
ecntn ot lone P sitiutcd U ft point Jt in tlu major >xU. If th? tuigent U P eat 
lb« tD«>ar ui* in T, prate thai tb« foiee F ntia u iLP . (Cr/Riy. 

466. The Hamiltonian expreseion for the force may be pat 
into two different forms. 

First, we have the form F=iur/j:f (Art. 453)l 

Secondly. Let OA, OB he two tangents drawn to the conic 
from the centre of force 0. and let PL = a, PM=0, PK=f, 
these being the three perpendiculars drawn from any point P on 
the sides of the triangle OAB. By a property of conies we have 
^8 = C7*, where <c is a constant for the same conic. The central 
fcrce may therefore be expressed in either of the forms 

r, OP OP r Ji 

^ = ''PN=\pL.PMf- f'^'^-J 

Each of these expressions is a one-valaed function of the 
position of P though their values are not necessarily equal except 
Bt points on the orbit. 

We may suppoee either of these laws to be extended to all 
points of the plane of motion and enquire what would be the 
path for any given conditions of projection. These problems «rill 
be considered in turn. 

Ami, The eonic bcmg kIthi is ita gmenl lonn lafand to tnj rectaninilmr 

tbe two HMiuUoniaii eifnaaoo* (M Um fone to the oiigin m»j b« pot into 
Ibelo™. F= ^"^ . f= ^'^ , 

Mtiaea = IP-AG, ■,=DE^CG. 0=E*-BG, and A U the dlKfiminuit, 

To prate thia ire notioe that the polar Iiii« ot the oii^ ii Di + Eg*0-t},to 
that the ratio of the perpendicalan frotn tbc centre i, g and bon the point F it 

w_iH + £» + G 

p ~ Dt+Bf-G' 
It ve refer th« eqoation of tbe oonie lo tbc ecaira aa origin, it becomes 



Axii-2Cxy + By*= -Dx-Ef-a = 



' AB-C*' 




FOBCB nt A OOVIC. 

Taming the &m roand the ongin let thii beconie 

J'j= + By= -Dx-Ef-G, 
where by the theory of inTsriuiU A'B-=JB^Cn)A A' + B'=A+B. Binee 

ie U now lefetred to ita prisoipkl Hiaeten, ve hrnts •i'b'= - -^ ' . 

It immedi&tely foUori by mbstimtiiig in An. 453 dial 

Siooe the eqoatioD of tbe cooic may be vriUen in the form 

0{Ar' + 2Czy + By^-T{Di-¥Ey + af = it)z + Ey\'. 
the eipreeuon just obtained for the force f may be pal by a mmple mbstita 
into the iwcond form. 

The straight linei oj'-i-Syfy-f-iSy'^O. when real, piaa ihtongh tbe oci^ and 
make Di -t- Ey -f- G = 0. They therefore meet the cnrre at tbe pointe where the polar 
line ot tbe origio eats it. Le. thtu itraigM linei are the langmli drmtn from 
centre of forte to the conic. 



4B«. In the same way we may expreu f a« a tanetion of the o 
X, y in a rariety of different forma ettcb ot which girea the same nuKiiitode for 
the force when the particle lies on the given conic. Wbet) Cfawe eiprenjons for 
tbe toroe are generalised aod mppoEcd to hold at all points ot apace, they are not 
alwayi one-valoed fonetions of tbe coordinates. A law which givea sevenl 
querent lalnes tor the (oroe at the same point may b« set aside •• altogtthi^J 



ititiitktf^l 

l^n and 

Iroiii the ^^ 

^-^n for 



we might dednce from Hamilton's law an eipreaaion fbr ^ h 
To do thifl we &nd tbe distance p of any point P on the orUt ' 
from (be polar line ot the origin O in terms of the distance r ot P from O. Bat 
there are lonr points on the conic at the same distance r from the origin and each 
of theae is, in general, at a difletenl distance from tbe polar line. The eipresnoD 
for tbe Mntral force F as a function ot r only will therefore have four valoes forjl 
eaoh valoe of r. 

45B. TIM nivt law of ftnea. Supposing the first fonn ot the B 
law of force to be extended to all puinta of the plane, tee put F — ^ », 
diilanie of any point P from a fixed centre of force O, and p ii the perpendie\ 
from Fob an arbitrary itraighl line fired in ipace. It is sapposed that p is pt 
when F and the origin are on tbe same side of the ^ven straight line. 

We shall now prove that, if a partieU tre projected from any point P ii 
dirtclion FT. with any retooity V, the path ii a conic having 0. atid Iht f 
ttraight line, for pole and polar. 

This follows from tbe reaalte of Art. 45'A. It is obnoae that we can desi 
conic to satisfy (1) tbe three conditions that il shall pass through P, tonch F 
bare such a radius ot curvatore that f'lp is eqnal to tbe normal force at F, (3) fl 
two eonditionf that the polar line of O shall be tbe given slraight line. We n 
aluo prove that this conic ia a real conic. This being ao, the conic mnst be ti 
path. 
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We may however obtain a proof independent of Art. 459 by inteeratiog the 
equation of motion. Let the origin be at the centre of force, and the given 
atraight line be parallel to the axis of ;r at a diBtanoe c, then }i = «-rBind. 



W.to, j^ 

To integrate this, put ci 



h'^i' ft>(up)» h'icu-iiaa)*' 



Thi« is Ibe differential 
foroc F=iiTle^. This path is known to be a 
Art. 32S ; 



ion of the path of a particle acted 



having itB centre at the origin, 



+ B'ain'fl (1). 

The polar equation of the reqnired orbit Ib therefore 

(cH-Bine|i' = ^'ooa>e + 3C'co«flainfl+fl'Bin*fl. 
which when written in Carteeian coordinates becomea 

(6-y)* = A'!^ + 3C-xy + By (3). 

Writing thia equation in the form K-f'=ap where a, p are the factors of the right- 
hand aide, it is obvionR that the polar line of the origin ia the given ettaighl line 



I 



lemi-aies of the 
that A'B'-C'' = e'la-^b'^, the reault 



'£-a)- 



When the oonio is given in the form (2), theconHant hU g!vraby^ = A'B'-C. 
To prove this we notiue that A repreaente the angnlar niomentam of both orbita. 
We liave therefore by Art. 326 h^t'/^i = u'=6", where a', b 
conic (I). We know by the theory of 
therefore toDows at onca. 

When the conic is given in the general fonn of Art. 4fi7, 

Since the central force ia not a fonetion of r only, it U not eontervative and the 
velocity cannot be found without a knowledge of the path. In such oaeee we use 
the [omiulB o = hj(OX), 9ee the figure of Art. 160. 

4SO. To clanify the palhi according to the tign of it. the laio of force heitig 

Let li be poiitive ; the force ia attractive and the orbit concave to O at all points 
on the side of the given straight line nearest to the centre of force and the con- 
trary at all points on the far aide. When a conic outs the polar line of a point O, 
the part of the cnrve neareet to ia convex ; hence the orbit doea nor cut the polar 
line. It aiao follows that the orbit may be an ellipse or hyperbola on the side neu 
0, but must be a hyperbola on the far side. 

Lei )i be nrgntive; the force is repulsive and the orbit coDves to on the near 
aide of the polar line while the contrary holds on the far side. The conic may be 
an ellipse or a hyperbola. By drawing a figure we see that the polar line must cut 
the conic Ihongh, In the oaae of a hyperbola, the path may be the other branch. 



Ex. 1. T^ie 
scribed by a particle ander the actio 



) Jx'-¥-iCi:y + I!y''-t-2cy- 



> de- 



of a central (oroe F=^ tending to the 



origiu, where p = c - j ia the diatanoe of the particle from the given straight line 



FOBCE IN A OONia 
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y^c. TheEODia most hsve tb« form given if the polu line of tbe origin 
y»c. Prove tbat 

(1) \A{B + \)~C>)h^=^e. (3) {rfB-C}^ = 



IS) 



-Cft»; 



=?"+('£* 



(4-)'. 



dt ' 



From these eqnationa, when the path ia kaoKn. ve can f 
h and the two componenta of vetooity; ooDversel; we 
the ciicninstances ol projeotion are given. 

These equations follow from the preceding propositianB. An independent 
proof ma; be obl&ined b; differentiating the equation of the conie twic« uul 
writing for d^x/d^, d^/dl* their valaes -/nip*, -fijjp'. We thus obtain Ume 
eqiuiioDs «bioh ma; b« trsnaTornied into those given above b; simple proccMe*. 

Ex. 3. Prove that the oonio described ia an ellipse, parabola or h^lpetboU 
according as *» (2p- ()/^-p'' is positive. «ero or negative, where p is the distanoe 
u( the point of projection bom the polar line and p' the Tttairtii ioiti&l velocity. 

Ei. 3. If Ji> + 3Cfy + S^ + 2Dx-|-S£y + C = is the eonia deecribed, 
4^ )» 



ihn^^^ 



that the periodie time in an ellipse ii 

Si. 4. A puticle is acted on bj ■ 
origin where r is the radius vector uid p the distance Crvm a 



\{AB- C») G( 
t oentral force f= 



a fixed a: 
Prove that the eqnation of the path is r/r = ein#+/((l. where e/'= 
poUr equation of the path when the force tending to the origin is . 
both orbits being described vcith the suae angolar momentum k. 

at Worvm. Supposing the second form of | 
Hamillonian law ot force to be extended 
points of the plane of motion, we pnt 

F. <^, 

(PL.PAf)l 
when PL. PIT an the perpendiculan /rat 
jMiat P oa Mu fitti itraigkl linn OA. 08. 4 
thramgh ike eeMre of fom O: An. 156. 

The form of the path ma; be obta 

foDo-wing either of the methods deacribed ij 

469- Tim nanlt is that the path is alwaji a conic touching the given s 

linai OA. OB. 

If lb* fbne at an; point P given bv this formula is to be • fandinn c 
pi^'i'w n( P obIj, it should be supposed to keep one ligB tfarougboat eacfa tt 
triBBgnlar apMea farmed bj the given straight Unas OA, OB (snppoeed to ba n 
Thn«(h thai rign ma; be diHerent in ditlenat trian^w. la an; triaa^ m w' 





U we Mpi x wa tb« nuenitada alone of the tone to be given b; >be 



ART. 464.] 
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aign being taken at pleaeiue, area of botli parti of each conic could be desoribed 
by giviDg !•' the proper rign. 

488. ZxampUB. Ex. 1. If the tiilinefti equation of the conic is ap=K-/', 
prove that h''= - iyct^ coaet? B where »=,!«', B is the angle at tbe oamer of the 
triangle occupied by the central force, and c ia the perpendicular from the centra 
of force on the polar line .iB. The negative bIrh hIiowb (what is indeed obvioua 
from the figure) that the force is repnUiva on the aide of the polar line aeareet to 
the centre of force, i.e. ^ is negative. 

Ei. 2. A particle ia projected from the point P with a velocity V and tba 
tangent GPH iotersectii the given straight lines UJ, OB in G and if. Prove thai 
the area! equation of the path, referred Co the triangle OGII, is 



V(U) + V(mtf)+^(^z) = 0, 



where l = GP, m^HF. A is the area of the triangle, and the radius of curvature p 
of tbe path at P is given by V'lp^FaiadPO. It follows that the conic is 
inBcrib(<d or escribed according as F is positive or negative, i.e. according as the 
force is at tractive or repulsive. 

464. There are no other laws of force besides 



OP 



OP 



^'^' (PL.PM)*' 
which, being a one-valued function of the coordinates (except as regards sign), are 
such that a conic will be described with iiny initial conditions. 

To prove this consider tn'o conice intersecting in tbe four points A, B, C, D, 
which it is convenient to tote as real It follows from Hamilloa's theorem that 
for points on any one conic the force to a given point O must be F = tLrjp'. Henoa 
if the force is to be one-valued, i.e. the same at the same point of space for all 
paths through that point, we must have at each of the four points .-I, B, C, I), 
y/^= ij)''/^', where p, p' are the perpendieulara on the two polar lines of 0. 

We now require the following geometrical theorem*. If two conies intersect 
in tour points A, B, C, D and the ratios of the perpendiculars from each of these 
points on tbe polar lilies of a point O are equal, then either the polar lines are 
coincident or two common tangents (real or imaginary) can be drawn from 0. 

In the former case the common law of force for the two conies ia given hy the 
first form of F, in [he latter case by the second form. 

* Let the conies be, see Art. 457, 

^■i' + ay-x,j + pfy'. 
Since Di -H Bj/ + O = 0, D'z + E'y+Q': 
must have at the points of intersection 

a j" + 27 jy ■^ )9i/' = « (a'jr» -1- iy'xy + p'y'). 
This igaadratic equation gives only two values of i/jx for the same value of m. 
The equation cannot therefore be satisfied at four points unless either a, p, y ore 
respectively proportional to b', j9', y'. ot the four points lie on two straight lines 
(say OAB, OCD) passing through O. Id the former case the two conies have a 
pair of common tangents, in tbe latter the polar line of O is common to the two 
conies. This common polar line can be constructed by dividing OAB. OCD har- 
monically in E, F and then joining EF. 

19—2 



+E,j+a)', 

:■^E'l, + G■}'. 

re the polar lines of the origin, « 



SINGULAR POINTS. 
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Singular Points w Central Orbits. | 

465. Singular Pointa. It has already been pointed out in I 
Art. 100 that cases present themselves in our mathematical pro- J 
cesses in which either the force, the velocity or both become | 
infinite. Such infinite quantities do not occur in nature and if ■ 
we limit ourselves to problems which have a direct application 
to natural phenomena these are only matters of curiosity. Never- 
theless it is useful to consider them because they call our attention 
to peculiarities in the analysis which we might otherwise pass 
over. The utility of such a discussion is perhaps shown by tit J 
differences of opinion which exist regarding the subsequent path 1 
of a paiticle on arriving at a singular point*. I 

466. Points of infinite Force. Let us suppose that a J 
particle P, describing an orbit about a centre of force 0, arrives I 
at a point B where the tangent passes through the centre of force I 
and therefore coincides with the radius vector. At first sight wo I 
might suppose that the particle would move along the straight I 
line BO and proceed in a direct lino to the centre of force. But 1 
this is not necessarily the case. I 

Supposing S to be at a finite distance from and the curvature | 
to be finite, we see fivDm the equations (Art. 306) I 

p r p dl r I 

that both V and F are infinite at the point B. We shall also 1 
suppose that when the particle passes on the force clianges its 1 
direction and reduces the velocity again to a finite quantity. 1 

At the same time the component of the velocity perpendicular I 
to the radius vector OP, viz. rdSjdt, remains finite however near i 
the particle approaches B. Since there is no force to destroy this I 
transverse velocity, the particle must cross the straight line 0B\ 
and proceed to describe an arc on the opposite side. 1 

* The singularity of the motion vheo the particle describes a circle about an 4 
extetnal centre ot force a dieciiBBed in Frosfs Newton, 1854 and Vd&i. The buov | 
resolt is independentlj arrived at by Srlveater in the Phil, Hag. 186G. OUmt I 
cases are considered by Asaph Uall in ti\e MeiitngcT of MathemaHa, lS7i. TbenM 
are several papers aUo in the £uUftin de la Socifti MathtToalique de Franct, tanbm 
aa Gascbeau in vol. x. 1H81, and Lecomu in vol. iin. a 
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467, To simplify the arguraeDt. let us suppose that the 
particle describes a circle about a centre of force external to 
the circumference. By Art, 321, the circumstances of the motion 
are given by 

!._ f^r fi. 1 ;i_JL 

where b is the length of each of the tangents OB, OB' drawn from 
to the circle. 

Describe a second circle having a radius equal to that of the 
given circle and touching OB at B on the opposite side. If a 
second particle, properly projected along the second circle, arrive 
at B simultaneously with the given particle P, but moving in 
the opposite direction, both the velocity v and the transverse 
velocity kjr of the two particles will be equal and opposite each 
to each. 

If the velocity of the second particle be reversed, Art. 419, it 
will retrace its former path in a reverse order and this must be 
also the subsequent path of the particle P, 

The particle will therefore describe in succession a series of 
arcs of equal circles. The points of discontinuity at which the 
particle changes from one circle to the next lie on a circle whose 
centre is and radius OB = b, and the successive arcs are alter- 
nately concave and convex to the centre of force. The particle 
will thus continually move round the centre of force in the same 
direction in an undulating orbit, but the curve will not be re- 
entering after one circuit unless the angle BOff is a submultiple 
of four right angles. 

The same arguments will apply to other orbits. When a 
conic is described about an external centre of force as ex- 
plained in Art. 462, the particle by a proper projection can be 
made to describe either of the area contained between the 
tangents drawn from 0. On arriving at the point of contact B, 
it will cross the tangent and describe an arc of a conic equal to 
the undeacribed arc of the original conic. 

4Sa. The partlola arrlTaB at lb* oantea of Earca. Wbcn Ibe p&rtiole P 
rnrivea at Xbe centre or force in a finite time, the detenninatioli of the aubeequent 
path prcaentii some otlier peculinrities. 

Taking first the Newtonian case in which the particle deBcribes a oircla about a 
centre of force oa i(a circumferenM, we notice that the trauaverse velocit; hjr (aa 
well fa the velocity ti) becomea infinite at 0. To understand how the particle can 
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[CHAP. VI. 



bave ftn infinite Telocity in a direction perpendicular to what is nltimatel? a 
tangent to the piitli, we observe that, aince 2ap = r', tlie tranaverae Telocity h/r ia 
infinitely less than the tangential velocitj hjp. 

When the particle has passed thcoagh the origin, the central (o tee, changing 
its direction, reduces the Telocity again to a finite qaantity. Meantime the 
transverse velooity carries the particle across the tangent to the circle. By i 
same reaaoning as before, the sobsequent path is an equal circle vhicb touches tha . 
original circle at the centre of force. On arriTiag a second time at the centre 
force, the particle retame to tbe original circle, and so on continually. 



le ia that tbe radius rector of the particle , 

es rotincl the centre ol force in the oppoiuta 

Let P. P' be two poaitiona of the particle, 

i, jDst before and juet after passing throagh | 



4S8. One peculiarity of this 
while describing the second circle n: 
direction to that in the first oircti 
equidistant from the centre of for 

that point. The tranaverae velocity being unaltered tbe momenta of the velooity J 
at P and F taken in the same direction round O are equal and opposite. SinM 1 
tbiB moment ia T^Sfdi, it follows that at the point of discontinuity A cbuiges I 
its sign. 

470. When the particle moves ia an eqniaiigulai spiral about a centre of I 
force whose law is tbe mverae cube, it describes an inlinite number of confinnallj | 
decreasing circuits and airivea at the conCre of force at the end of a finite timoi I 
Art. 319. Tbe subsequent path is another eqnutngular spiral. Art. 3ST, baring I 
the same angle. To determine its position we conaider the conditio: 
at tbe point of junction. 

Let UB construct a aecond equlangalar spiral obtained from the fint faf I 
producing each radius vector PO backwards throngh the origin O to en eqo^ I 
distance OP". I( two particles P, P" describe these spirals ao as to arrive aioiQl- 
taneoualy at tbe centre of force 0, the particles are always in the same straight , 
line nith 0, and at equal diatancea from it. Their radial and transverse velocities | 
are alHO always equal and opposite each to each. If the velocity of f he revereed, i 
it will retrace its Fonner path in a reverse order, and this must therefore be th« | 
Bubaequent path of P. 

On passing tbe centre of force tbe particle will recede from the origin a 
describe the spiral above constructed. We notice also that the radius vector of | 
tbe particle moves round tbe centre of force in the oppoaite direction to that h 
the first spiral. 

471. LUnitlDB Trotilame. We may aometimca simplify the diacusaion of I 
Bome singularities by replacing the dynamical problem by another more generkl i 
one of which the given problem is a limitiog case. But the use of the method ' 
reqiures some discrimination. For example the motion of a particle attracted by I 
a centre of force at a point O whose law of force is tbe inverse cube, may ii 
cases be regarded aa a limit of tlie motion when the particle is constrained to 
move in a ataooth fixed plane and is attracted by an equal centre of force situated I 
at a point C outside the plane, where CO is perpendicular to the plane and is equAl J 
to some small quantity e. The method requires that the limiting motion should f 
be the same whether we put tbe radius V' 
and then t—0. We know by the principles of the dlBerential calculus that the I 
order in which the variables r and c assume their limiting valuee is not always 
matter ol indifference. 
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KEPLER'S PROBLEM. 



The compoQent of force in the direDtion of the rodins vector PO is fir/(r' + c')' 
wbeD the ceDtre of force ie at C. and is /ijr' when the centre is at 0. Ab long as 
the particle is at a fiaite distance fcoui the origin, these components are eub- 
atanCiallj the «aine, but n'hen the particle le in the immediate neighbourhood of 0, 
the former is jir/f* and therefore zero when the particle paases throngh 0, while 
the latter is inflaite. 

In the former case, though the orbit at a distance froBi O is very nearly ui 
equiangular spiral, it becomes eUiptical in the neighbourhood of O. The force is 
not sufficient to draw the particle into the centre; the path has a pericenCrc and 
the particle letiieB again to an infinite distance. See also Axt. 322. 

«7a. Bwunptw. /.'j;. 1. A particle describes one branch of the spiral r9 — it 
under the action of a centre of force in the origin (Art. 359). Show that after 
poasing thiongh the centre of force it will describe another spiral of the same 
kind, oblaJned from the £rat by prodncing eaoh radius vector backwards through 
the origin to an equal distance. 

Since the tangent to the curve is ultimately perpendicular to the radius vector, 
the two braoches of the spiral may have a «omiaon taogent, and it might therefore 
be supposed that the particle would describe the second branch. Bat this argu- 
ment requires that tbe particle ahould not pass through the ori^, so that the 
radial velocity dridt (which is known to be constant) bos its directias altered with- 
out any change in the direction of the force. 

Ex. 2. A particle describes an epicycloid with the centre of toree in the centre 
of tbe fixsd circle (Art. USX). Supposing the force to become repulsive when the 
particle enters that cirde, ehow that the path on passing the cusp is a hypocycloid. 



Kepler's Problem. 

473. A particle describes an ellipse about a centre of force in 
one focus, it is required to ea^eas in series tlie two anomalies and 
the radius vector in terms of tlie time. 

If we require only the first few terras of the series it is 
convenient to start from the equations 

j'^ = V!m"(1-01. ^^^— ^*=l + ecos« 
where v is the true anomaly. Eliminating r, we have 
1 dt 



-.(I). 



V'-. 



a'de 



= (l-e')*(H-ccos»)-^ 



= (l-|e= + &c,)(l-2ecosii + 3e'co6'«-&c.) 
= 1 -2flcoan + fe'co8 2i/ + &c. 
Kemembering that v = 6 — a, where a is the longitude of the apa 
nearest to the centre of force, we have 

»t + e=d-'2esm{0~a)-\-\^s'm2(e-a) + &c (2), 

[■where n' = /tfa'. 



S96 EEPLBK'a PEOBLEH. [OHAP. ^ 

We notice that wheu the planet makes a complete revolution,] 
8 increases by 27r and that the corresponding increment of { i 
2Tr/)i. It follows immediately that n represents the mean angular J 
velocity, the mean being taken with regaixl to the time; se&l 
Art. 341. 

The equation (2) may be extended to higher powers of », and! 
therefore when c is small it may be used to determine the tin 
of describing any angle 6. 

474 To find 6 in terms of t, we reverse the series. WritinvJ 
it in the form 

e = 7i( + 6 + 2e sin (0 - a) - ^e' sin 2 (^ - a), 
we have as a first approximation 

6=-nt + e\ 
a second approximation gives 

^ = rti + e + 2e sin (ni + e - a). 
Writing Va = nt-\-e~a, a third approximation gives 

^ - a = 11, + ge sin (uo + 2e sin v^) - Je" sin 2t>o ; 
.-, 5 = n( + e + 2e sin (n( + e - a) + Je-" sin 2 {nt + e - a). . .(3), 
and so on, the labour of effecting the successive approximations I 
increasing at each step. As the eccentricity of the earth's orUfel 
is about l/60th it is obvious however that the terms become fl 
rapidly evanescent. 

476. For the sake of clearness we recapitulate the meaning 1 
of the letters io the important equation we have just investigatedjf 
6 is the true longitude of the planet measured from any axis o 
X in the plane of the orbit ; a is the longitude of the apse nef 
the centre of force or ongin ; n. is the mean angular velocity, lh«1 
mean being taken with regard to time for one complete revolution;,- 
6 is a constant whose magnitude depends on the instant from I 
which the time ( is measured. 

To define the epoch e. Let a particle Po move round tb 
centre of force in such n manner that its longitude is given 1 
the equation 6^=nt + e. It follows that this planet moves with^ 
a uniform angular velocity n and has therefore the same periodic I 
time as the true planet P. When the radius vector of the particle J 
P„ passes through an apse ^„ - a and therefore nt-\-e — a is i 



I 

I 
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integral multiple of tt. It immediately follows from (2) that 
= nt + e. Hence the radii vectores of the two planets coincide 
when the true planet passes through either apse. The definition 
of Po tnay be shortly summed up thus. 

Let an imaginary planet move rourtd Hie centre of force with 
a uniform angular velocity in the same period as the true planet 
and let their radii vectores coincide at one apae and therefore at the 
oVier. This planet is called the Dynamical Mean Planet. Its 
longitude at the time i = is the constant e and is called tlie epoch. 

476. To express the inean anomaly and radius vector in terms 
of the time. 

Since both the mean and true planets cross the nearer apse at 
the time given by m( + e = a, the mean anomaly may be repre- 
sented hy m = nt + e. If u be the eccentric anomaly we have by 
Art. 342, 

u =• m + « sin w. 
Proceeding as before we have for the three first approximations, 
u = m, u = m + e sin m, 
u = m + e Bin (m + sin m) 

= m + esinni + Jc'sin2m (4). 

Again, as in Art. 343, 

r = a — ex = a — ae cos n 
= a — oe cos (m +■ e sin m) 

= rall-ecosjn + ie»(l-co8 2m)| (5). 

The series for the lODgitacIe and rodioB vectoi are given here onl; to the seoond 
power at the eccentricity. LapUoe in the Mfcanigue Cftate (page 207) and 
Delaunay in his Thforie dr. la Lime (vol. i. pajfeB 19 and 55) give the Beries np to 
the sixth poner. Stone has continued the expaniiioQ up to the seventh power in 
the Ailronomicai Naticei, 1896 (vol. lvi. page 110). Qloishei has given the 
espausiOQ of the eccentria anomaly up to (be eighth power in the Aitronoviical 
notice,, 1877 (vol. Kuvii. page M5), 



477. tVheii 









eccentricity e m very tuarly equal 
the foimulEB giving the relations between t and v mnat be modified. 
:Sore (Art. 473) from the equations 



of 



■e pot the perihelion distance a{l-e) = p. 



/, _ f IH-.I 
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Let (I -<)/(! + «) = / and put tan 4c = i foe the soke of brevity; 

"" ' V P" J (l+M' 

When I' JB giTcn this formula deteiminet* the time t meaaureil from perihelion. 
If / is sm&U the term independent of f is the one requiring the most uitbmeticBl 
caJcnlatioQ and Uiis can be abbreviated bj aeing the tables constructed for that 
purpose ; see Art. 349. Conversel; Tvbea t is given and v U required the same 
tables give a first approiimato valua of x. Bepresentiug this by tan^u, it ia 
usual to expand the oorrection v - u In terms of ui in a seriee ascending in powers 
of/. For theae FonnulHi we refer the reader to Watson's Ailrimomy and Gftou, 
Theoria, Ao. 



V n + e 

*2 = \/i— .■ 



a(l- 



.u}.. 



an a Aitronomy ana Uftou, ^_ 
le and mean anomalies and^^H 

t^j ah J| 

m-^B 



When any one of the other quantities is taken an the independent Tuiable, the 
oorreepoDding eqoations can be deduced from these in the form of series. Tao 
Tuelhodt are turd to find the general term of the't series. First we may bare 
recourse to Lagrange's theorem, viz., vhen 

» = ■+«♦(«). /W-/(') + 2f,JSil(iiM)7'Wl. 

where Li — 1 .2 .3...i, and the S iraplies sammation from i = I to no. Bytt 
second method the general term ia expressed by a deSnite integral whioh ii 
a Bessel'a function. 

470. UigraaK*'* thaoniD. To erpreu the cccen 
Tadiat vector r ill tenni of the time. 

Since II = ni + f sin u. we have by Lagrange's theorem 



atiomaly u and I 



^ «■ d*-' 



m)'. 



The eipaneion of (sin ni)< in cosines of multiple angles when i is even and in 
when I ia odd is given in books on trigonometry ; (see EobBon's TrigoBoinetnj, i 
S'2). The (i - l)th diflereutial is alnaya a series of sines and is easily seen to be 



In the same way, expanding 009 u by Lagnnga's theorem,! 



4)- 



n(i--4)« 



where 

4 so. 

by which 



before Z irnpl. 



B summation from i = 1 ti 



all now briefly ei 

a definite integral. We know by Four 

n (m) in a series of the form 



«(m) = J, + ^,c<.s7« + 



BES3ELS FUKCTIONS, 



which holds for all values of n 






+x. If also •p{in) ij 



ioiiic 



I 
I 



function having the period 2ir, the expansion will hold for all values of m. II 
^ (ni) does not change eiga with m ne may omit the second line of the eipansion, 
H'hile if it does change sign with m, we omit the first liue. 

To find A, we use Foarier'9 rule; multiply both sides b; oost'm and integrate 
min=-irto +ir. Bemembering that 

Joosiin cos i'milm = 0, Jcos main i'mdm = 0. 
f cob' im rfm = [sin^ iwidm = ir, 
Ve&nd 

Siiniltrty mnltipliriag by sin im and integrating between the same limits, we find 
J^(iii)siniin([Hi = TBi. 



Toej:pandu-m = fi 

the limila being m= - 1 to x. 

The integrated part is zero, 

riB, 

The Mcoud integral ia 



.o/« 



r 0/ miiniplea of m. We put 



rE,= J(u-nt)Biniin(fm, 

Integrating b; parts, 
.-H,)C0Bim + )coHim(du-dn,}- 

for II and m are equal when 11= ± 



; substituting for 



;b value in terms ol u 



This definite integral when taken betvreen the limits ai 
We have 

ii=m + 2B.Binim, iB,=2J,{ie). 

4Ba. The series thus obtained ia oonvergenl, for 

«-i»B = l—d sin fi« = - sin im - {-" ain i 

fbe integrated part vuiiahes at both the hmits tii= ±t. AI 



and siuoe e<.\, it is clear that dhildni' has a numerical maiimnm value; let this 
be k. Since imiiiKl. it fallows that ri<B, is numerically <:3Jfr. The series is 
therefore at least as convergent as £l/r'. 

4BS. To compare the lieo expaniioan 0/ u- ni. In the Lagrangian series the 
terms are collected according to the powers of e, the coefficient of e' being a series 
of the sines of multiple angles. In the series with Bessel's functions the terms 
are arranged according to the multiple angles, the coefQoient of sinini Wing a 
series of powers of t. 

The series for 11 - ni is really a double aeries contaiuing both trigonometrical 
terms of the form sin im and also powers of t. If the terms are collected and 
arranged according to tbe multiple angles, it follows from what precedes, that each 
coefficient Bi is a convergent eeries, and that the series of coefficients II,, IS„, Ac. 
also form a convergent series, provided the eccentricily t ix less than unity. 

But if the series is arranged according to the powers of e, the positive and 
negative terms are added together in a different way. It may then be that the 
■ erica of coefficients of e, «', &c. are only made convergent by more limited values 
of «. The condition of convergency is given in Art. 48B. 
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4a«. The 






n tor B. 






»-tB. = jco8ff(.|l-ii*'('flm>H + *c.]rfM + jainiu. Ji(Ein»-4o.|rfu. 
If we expand Bin'u, sin'ti, ±a. id coBioee of maltiple angles anil remembec that 
jcoBrucoai'u(fu = 0, we eee that evev; term in the first integral will be zero ia 
which the powei of e is less than i. A aimilar remark applies to tlte second _ 
integral. Hence the loiMit power of e ichicb aeeompaniet the lem sin im U 

«Ba. To expreii rja = 1 - e CO! u in a leria of cotinei of mttltipJa of m 
- e aiyau=A,-t- ZAiCm in; 
.: tJ, = - eJcoHUoos ["mrfm, 
where the limitB ol integration are Fn= - t to ir. Integrating by parts t 
ilm into (ill, we have 

xiAt= -t COS u sin jm - <Jsin I'm sin udu. 
The iutegralfid part vauiahes between the limits. Writing m = u-eainu, 
integtol becomes 

rLl,= -e|Bini(u-cainu>sinuiJu 

= l,el<iot{{Ul)n-ie«au]d.,-ieicos{{i-l)»-iesmu\du; 

Similarly SwAt = - <|e08 n dni = - tjooa u.{l-eeoau) du. 

Inlegratiag between limita u= -9- to r. we find Af,= ^e'': 



That this et 



Is caurergent may be proved in the si 






tPA. 



-\' 






J dm' 



by integrating by parte. Since u = m 4 

(P c«« u e - cos u mi. ■ 1. 1. ■ 1 
, = .-= r^. ThiB has obviously 



find b; difFerentiatit 
value, say k. Then ri 
rPA, is numerically less than 2Tke, and the seriea is at least as a 
TergentBsSl/i'>. 

407. BzanwUa. Ex, 1. Prove cob tii = ZA,Boaim, sin j(U = ZBi afnli 
where iA^^t ',Jt^{it) - J^iin)] , iB, = K {J,^,iU) + J^{it)\ and ic is not equal | 
unity, and the anmrnatians eitend from i = l to co. Also J_„(i) = {-l)"J,(«). 

Since J_,( -x)=J^ (r), these eeriea may be written 



1 



= 2J(_,(U)^ 



=2J<-.H- 



where £ implies sununation from i— -ai to +x> , and the term J^., {ie)li, 1 

i = 0, ia - Je orO aecordingas k ie equal or unequal to unity (Art. 185). 

Since the Cartesian coordinates, referred to the centre of the ellipse, 1 
a; = acosu, y = i8inri, we dcdnce the expansions of tbeae io lerma o( the tne 
anomaly by putting ( = 1. 

Ei. 2. Prove that a/r- 1 +2SJ(((>) cos im, where the swum ation ext 

1=1 tOlE. 

This follows from n/r=rf»/.!Hi; see Arts. 3i3, 481. 
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Ex. 8. Prove that i' = m + SCiBmim, where 

Proceeding as befoie ire find riC,= l eoa ivi {dv - dm) ; BUbstitutiiig tor dtjdii, 
the teaolt follows. Also bj* inlefiralinB again by parts, we can prove that this 
Beries is at least qb oonvergent as £l/i^. Tbis integral is given by Poisaon in the 
Connaiaaiice dri Tempi, 1825, 1836. Bee also Laplftoe, vol. v. Rod Letort, LiouviWt 
Jounial, 1846. See also Art. 343. 
I £j;. 4, Prove the eipansioiis 

i(r-i,)= XBinu + lX"Bin2u + i\'Bin3i. + .., 
i («-!■)= -XBmr + lX'ainai'-JX'BinSu-,.. 

where X = . . [Laplace.] 

Id tan Ji' — ^tan J u. where ;i*— (1 -i- e}/(l -e), substitute the exponsntlal values of 
the tangents, solve for e'""'' ^"* and take logarithms ; the resulta follow eaailj. 

Ei. B. Show tbatni = ti + 2s'V-|l + '\'(l-e=)| ainir where 2 implies som- 
mation from i = l to m. 

We have from the geometrical meaning of ii, rsin v=:bsiiiii (Art. 342). 

I . .In„^ -'l'-'1 



1 + 



vii-^4i.. "^""'"!"'t^"''~' '- 

^ ' ' flip 1 + X' 



Eipaod, BDbBtitute in m=u-e*inu, rememheriiig the theorem in Ex. 3, the result 
follows. This is TiBaerand's proof of Laplace's theorem, Mie. ClUite, page 223. 

4Ba. Oaa-yvistaBj of tli« stil«s tor r and 8, Laplace was the Grst to prove 
that the eipaualona of thu radius vector and true anomaly' in lenns of the time 
and in powers of the eccentricity are not convergent for all values of the eooea- 
Iriclty less than unity (see Arts. 474, 47G). He showed liy a difficult and long 
prooees that thu oondltiou necessary for the convergenoe of both seriiia is that the 
ecoentricity sbouid be less than -66195. Mfc. C4lale. Tome v. Supplement, p. 616. 

This important result was aftern'ocds eoafirmed by Cauohy, Exercaa d'Analyie, 
&c. An accoant is also given by Moigno in hii Differential CaUviat. The whole 
argument uas pat on a better foundation by Bouchb in a memoif on Iiagrange's 
seriee in the Journal Polyttchniqut, Tome xxtr. The process was stterwarde 
further aimpUGad by Hermite in his Court a la FaeaUi dei Seienfei, Paris 188S. 
In these inveEtigations the test of convergency requires the use of the complex 
variable. The latter part of the method of Itouch^ may be found in Tieeerand, 
M^e. ceUite, Art. 100, and is also given here. 

4as, The theorem arrived at may be briefly stated. Having given the 
equation i = ni + :r^(i) we have {I) to liistingtiish which root we expand in powers 
of X, (2) to determine tlie teat of convergenoy. It is shown that if a contour 
exist enclosing the complex point i = m, such tlrnt at ever; point of the boundary the 
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modulus of y^-' is lees than unity, the given equation has but one root within 
the ares and Ihe Lngrnngiitn eiptuiBioQ for that root ia eonTergent*. 

To apply this theorem to Kapler's problem we put ^ {i) = iiini ar 
sent (he eccentricitf of the ellipae, Art. 479. 

We measure a real length OA - m from an assumed origin O, and with A for 
centre descriho a circle with an iirbitmr; radius r. ItepreaeDtiug the oomplei line 
OP b; :, the Lagrangian aeries will be convergent if r can be so chosen that th« 

modutoB of is less than unity for all positions of P on the circle, Sinoe 

(mod)" o( *« + 7*) = * (i + lO ■ * (f- vi), 



within 



where e ia the base of Napier's logarithms, we have 






* lf/(x) be a continuous one-vnluad function over the area of a circular oi 
whose centre is x = a, then Cauchj's theorem asserts that f{j) can be expanded b 
Taylor's theorem in a convergent series of powers of x - n for all points within ti 
contour; (see Forsyth's Thtonj of Fuuciioiu. Art. 26). 

When z = m + iip (;), the Lagrangian eipansion of !, or ^ {i), in powers of x 
a transformation, t«rm for term, of Taylor's, and we may use Cauehy'e theor 
provided i, or ^(i), is one-valued. 

If E have two values for the same value of x, the equation F{i)=i ~Bt-x4>[i)^ 
(regarded as an equation to BnJ i when j^ is given) has two roots. To detennia 
whether this is so, we use another theorem of Cauehy'e (see Bumaide and I 
Theory of Eq^ialiam]. 

Wo measure OA = m from the assumed origin O and with A for centre deserilw 
a ciicle of radius r. Let a point P describe this circle once, then by Cancby'a 
theorem if log F (i) is increased by 2iiiri, the equation F (i) has n roots within the 
contour. Reroiite writes 



logf(;) = log(:- 



.) + log 1-^/ 



(S) It the moduliu of u 

the value of log(l-u). (being the 
any point of the contour) inoreasea 
It followB thai logi''(i) increaxi 
equation i = m + :c'p{i] bai but one 
ti ItH than unitij <it all points on tli 



H = has but one root and that root lies within 
round, log (: - m] is increased by 2i 
WW 



B leas than nnitj at all points of the cirol 
me on deporting from and arriving again i 
zero when P moves round the oonti 
by Qri when P makes one circuit, t. 
•t tcilhin the contour i/ the tnodului nf ?^i5 
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Now, putting «*'«"•+«'■''■*"•=»+- , we see that the first term of this ex- 
pression oontinaaUy increases from v=l, or ^=0 to v=oo, and is therefore 
greatest when $=^iir. The least yalae of the second term is zero. The modulus 

Ix 
is therefore less than ^ - {e^+c^). The Lagrangian series is therefore convergent 

for all values of the eccentricity x less than 2r/(e'^ +«"'')• 

To find the maximum value of this function of r, we equate its differential 
coefficient to zero. This gives 

K=e'-(r-l)-e-''(r+l)=0. 

Since dVldr is positive for all values of r this equation has but one positive 
root, and this root lies between 1 and 2. Using the value of e^ given by the 
equation K=:0, we find that the maximum value of the eccentricity is ^(r^-l), 
which reduces to *66. 



CHAPTER VII. 

MOTION IN THREE DIMENSIONS. 

The four elementary resolutions and moving aaes. 

490. The Cartesiaii equations. The equations of motion 
of a particle in three dimensions may be written in a variety of 
forms all of which are much used. 

The Cartesian forms of these equations are 

dT'"^' dt-'^' dT-"^ ^^^' 

where x, y, z are the coordinates of the particle and X, F, Z the 
components of the accelerating forces on the particle. These 
equations are commonly used with rectangular axes, but it is 
obvious that they hold for oblique axes also, provided X, F, Z are 
obtained by oblique resolution. 

491. The Cylindrical equations. From these we may 
deduce the cylindrical or semi-polar forms of tlie equations. Let 
the coordinates of the particle P be p, ^, z, where p, <(> are the 
polar coordinates in the plane of xy of the projection N of the 
particle F on that plane, and z^PN. By referring to Art. 35, 
we see that the first two of the equations (A) change by resolu- 
tion into the first two of the following equations (B), while the 
third remains unaltered. We have 

where P, Q are the components of the accelerating forces respec- 
tively along and perpendicular to the radius vector p. 
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I 



492. Principle of angular momentum. Since the 
moments of the coraponenta P and Z about the axis of 2 are 
zero, the moment of the whole acceleration about the aua of z is 
equal to Qp. In the same way the moment of the velocity about 
Os is equal to the moment of its component perpendicular to 
the plane POz, and this is p*d<pldt. Introducing the mass m of 
the particle as a factor, the second of the equations (B) may be 
written in the form 

d /moment of "\ _ /moment of \ 
dt Vmomentum/ \ forces / " 
The moments may be taken about any straight line which is 6xed 
in space, such a line being here represented by the axis of i. The 
moment of the momentum is also called the angular momentum 
of the particle (Arts. 79, 260). 

When the forces have no vwment about a fixed straight line tJie 
angular momentum about that straight line is constant throughout 
the motion. 



493. The polar equatloni. We may immediately deduce 
from the semi-polar form (B), the polar 
equations (C). Let r, ^, <}> be the polar co- 
ordinates of P, where r = OP, 6 is the 
angle OP makes with the axis O2, and 
the angle the plane POx makes with the 
plane xOz. 

Since OP = r la the radius vector cor- 
responding to the coordinates ON = p. lfP = z, we S' 
that the accelerations 



/^U 



d'p 



, d'i 



dV /dtfy 



and 



by Art. 35 

1 d / d0\ 
rdt\ dtj' 



Hence the whole acceleration of P is the resultant of 

(1) js~*'(j7} *long OP in the direction in which r is 
measured; 

(2) - J (^ ji) perpendicular to OP, in the plane zOP, taken 
positively in the direction in which 8 is measured ; 
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(3) p y^] i° the direction of the perpendicular drawn &t>m 
P on Oz, ie. parallel to NO ; 

(4) - -T, [p'^} perpendicular to the plane zOP in the di 

tion in which <^ increases. 

If R, 8, T are the components of the acceleration of the 
particle reepectively in the directions of (1) the radius vector OP, 
(2) the perpendicular to OP in the plane of zOP, and (3) the per- 
pendicular to the plane zOP, taken positively when they act in 
the directions in which ?■, 0, <}> are respectively increasing, we have 

iU4!)-^m-^^=^[ (0, 

ll(f^^\ =t\ 

pdtV dtj ■' ) 

We notice that p = r sin d, 

4*4. Ex. If v be the velooit;, show (hat the radial acceleralion Im 



495. ReducinfT a plane to rest. Referring to the a 
polar equations (B), we notice that if we transfer the ' 
p {d^jdty to the right-hand side of the first equation and includi 
it among the impressed accelerating forces, the first and thi 
equations become the same as the Cartesian equations of motioi 
of a particle moving in a fixed plane zOP (Art. 31), while tlu 
second equation determines the motion perpendicular to thi 
plane. We viay therefore replace the first and third resohd 
by any of the other forms which have been proved to be equival 
to them. Art. 38. 

For example, if we replace these two resolutions by theifv 
polar forms (Art. 35) we obtain at once the equations (C). 

The process of regarding p (dif>/dty as an impressed acceleratin 
force acting at P and tending from the axis of a is sometime^ 
called reducing the plane zOP to rest. See Arts. 197, 257. 
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496. The intrlniic equatloni. To find the intiinsic equa- 
tions of motion, due to the tangential and normal resolutions. 

Let P.P'he the positions of the particle at the times (, t + dt; 
V, v + dv the velocities in those positions, d^ the angle between 
the tangents. 

In the time dt, the component of velocity along the tangent 
at P has increased from u to (i) + dv) cos d^. Writing unity for 
cos difr, the acceleration along the tangent, i.e. the rate of increase 
of the velocity, is dv/dt. 

The component of velocity along the radius of curvature at P 
has increased from zero to (u + dv) sin d-ifr, which in the limit is 
vdi^. The acceleration along the radius of curvature is therefore 
vdffrjdt, or which is the same thing v^jp. 

The osculating plane by definition containa two consecutive 
tangents. The component of velocity perpendicular to that plane 
is zero and remains zero. The acceleration along the perpendicular 
to the osculating plane, i.e. the binormal, is therefore zero. 

If F and G are the component accelerations measured posi- 
tively in the directions of the arc s, the radius of curvature p 
and H the component perpendicular to the osculating plane, the 
equations of motion are 
dv 



"ds 



-F. - = G, = H (D), 



4B7. ShotB that the lolation of the equation* of taolion of a panicU in polar 
coordinaie* can be redwtd to integrationM lehen the teork function has the form 

inhere /, (r), /, [S) and /, (^) are arbitrary funelioiu. 

The third of the equationfl (C) givea, with this rorm o! U, the mau being amty, 
1 d / . . „„(i*\ rf/a(*) 1 



-K- 



The aecoad of the equations (C) gives 
Snbstitnting for d^/di, we obUin 

if'-SY'-n^-A..).. 
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m^ 



,.,rj .2t7+.C. 



After acbBtituting from (I) and (S) lliia becomes 



, H). 



Tbcfle lire the fiist integrals of the equations of motion. Bince the Taii&blM J 
ate Bepnmble Id bU the equations, they can be reduced to integratioofl. Subatitnt- 
ing lot dt from (4) in (2), that equation gives 8 in terma of r. Substituting oi 
in (1], we find $ in terms of r. Lastlj (i) deteimines ( in terms of r. 

498. Moving azei. To find the equations of motion of at 

particle referred to rectangular axes which move about tlie origin I 

in an arbitrary manner. 

Let us suppose that the moving axes Ox, Oy, Oe are turning ] 
round some instantaneous axis OXM 
with an angular velocity which we I 
may call 0. Let 6,, 0^, 0, be thai 
components of about the instant- 1 
aneous positions of Ox, Oy, Oe. Then 1 
in the figure 0, represents the rate at I 
which any point in the circular arc i 
yOs is moving along that arc, dg is i 
the rate at which any point of the I 

circular are zOx is moving along the arc, and so on. 

Let US represent by the symbol V any directed quantity or I 

vector such as a force, a velocity, or an acceleration. Let V^, V^, f 

V, be its components with regard to the moving axes. 

Let 0^, Ot}, Of be three rectangular axes fixed in space and I 

let V„ Vj, Fj be the components of the same vector along theae I 

axes. Let a, ff, y be the angles the axis Of makes with Ox, Oy, ] 

Oz. Then 

F, = Vs COB O + Fj, COS yS + K, COS 7, 

■'■-dt^w"''"'^^'"''^^^"'"' 




-VxSiaa 



dt 



-F,ai 



''^f 



Let the arbitrary axis of f coincide with Oz at the time t, i.e. let J 
the moving axis be passing through the fixed axis. Then a = iwy| 
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tos^^ 



It -nr- 


■ yxl's-r fyfl. 


dV, dV, 
dt ~ dt ~ 


-r,e, + v,e„ 


dV, dVj 
di ' dt ' 


-v,e, + yj,- 



^ = \v, 7 = 0. Hence 

dF, dY,_y d^_y dp 
dt'" di, 'dt " di' 

Now dttldt is the angular rate at which the axis Ox is separating 
from a fixed line Of momentarily coincident with Os, hence 
da/d( = e^. Similarly dQIdt = ~ 6^. Substituting 
dV,_dV. ,, , , ,,, 



Similarly 



When the moving axes momentarily coincide with the fixed 
axes, the components of the vector V are equal, each to each, 
i.e. F,= V,, Vy=V^, F, = Fj. As the moving axes pass on, 
this equality ceases to extBt. The rates of increase of the 
components relatively to the moving axes are dVxjdt, dV^/dt, 
dV,/dt; while the rates of increase relative to the fixed axes 
are dYijdl, dV^/dt, dV,jdt. The relations which exlat between 
these rates of increase are given by the equations just investigated. 

499. If the vector V is the radius vector of a moving point 
P, the components F",, Fy, V, are the Cartesian coordinates of P, 
and the rates of increase are the component velocities. If the 
vector V is the velocity of P, the rates of increase are the com- 
ponent accelerations. 

Let then x, y, z be the coordinates of a point P ; «, «, mi the 
components of its velocity in space ; X.Y.Z the components of 
its accelerations. Then 



■■^,-ye.^.>.. 


-S 


'£-"'*''■■ 


-S 


sf-». + A 


_ dv) 



500. If the origin of coordinateB is aUo in motion these equations require 
lome Blight modiQeation, Let p, q, r be the reiolved parts ot the velooit; of Che 
origin in the direationB of the aieB. In order that u, v, u miLj reiiresent the 
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rssolved velooitieB of Iha particle P in apace (i.e. referred to tn origin fixed in ' 

space), we must add j), g, r reapectivel; to the eipresHtona given for u. e. w in Art. 
491:>. Theae additioaa having been made, u, v. ic represent th% oompanent spaee 
velocitiea of P. and (he expreoioua for tbe apace acceleratioos X. r, Z are the tame 
as thoae given above. See Art. 227. 

The tbeor7 of moving axes ia more lully given io the autboc's treatise on 
Bigid Dynamici. The demouatratioo here given of the fundamental theorem is 
founded on a mctliod used by Prof. Slesrer in the Quarterlj/ Journal, 1B58. 
Another aimple proof ia given in the chapter on moriag axes at the b^iiming of 
vol. II. of tbe treatise just referred to. 

SOI. asaring Sold of aaca. When the field 0/ font u JUtd rrlativelf to 1 
axa maving abuiit a fixed origin ice may ohtain the iquati<m eorrttpoiiiiing U ihmt I 

ti/vUviva. 

If r be the aemi via viva, -we know that dTjdt is equal to the sum of the virtnal I 
momenta of the forces divided bj dt. Bence, the maea being Qnit}', 

dT 

•^^Xu + Yv + Zw 

=Xx' + 7y' + Zi' + Bt{xY-yX) + 

It A^, A,, Af are the angnUr momenta about the aies (Art. 493), 

and, taking momenta about the axes, 

dA,ldl = sZ - lY, dAJdt = iX-xZ. dA,ldt = xY-yX. 
The equation of via viva therefore beoomsB 

dT_ dA,_ dA,_ dA,_dU 
dt ' d( " dt ' d( ~ cl( ' 
where U is a function of the coordinates x, y, z onl;. If B^, $,, 9, areeo: 
this, when integrated, reduces to the equation of Art. 256. 

soa. Ex. 1. Show how to dedDoe the polar forma (C), Art. 493, from tha I 
equationa for moving axes. 

Let tbe moving aiea be represented by 0{, Oil, 0[, Let tbe axis of £ n 
as alwajE to coincide with the radiua vector OP; let Oi) be alwaya perpendicalar to I 
the plane lOP. The angular velocity dBjdi of tlie radius vector maj therefore ba 1 
rapieeented by 8^ — d9ldt aboot Oti. The plane zOP baa an angular velocity d^t/tit I 
about CU, and this ma; be resolved into 0, = cos d d^/dC and ej = sin$dfldl, Altm I 
thecoordinateaof Parof^r, t,-0, j-^O. 

It immediately follows from the equations of luDviug axes that u=ifr/d[, v = B^fi 
vi= - B^r. Substituting these in tbe eipresaions for X, F, Z we obtain the « 
ponents of aooeleration already written at length in Art. 493. 

Ex. a. If (oiftT,), (a^j7i), (aa0j7il are the direction coeines of a system at I 
ortbogooal axes moving about the origin, prove that 
„ da, djS, ^ dy, 

where 6, is positive when the rotation ia from the Grat axis to the second. 

To prove this we notice that 8, measures the rate at which the axii 1 
separating from the position of the axis of x at the time (. Hence -9^1 
cosine of the angle tbe new axis of y makes with tbe old axis of x. 
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Ex. 3. A. partkle is describinB an Dibit about a centre of (orce nhiob variea 
SB any fimotion o( ths dietance, and ia aatsd on by a disturbing loroe vbioh is 
aliraya peipendicular to the plane of tba iDstantaneoas orbit and is inversely pro- 
portional to the distance of the paiticle from the centre of force. Prove that the 
plane of the inaCantaneooB oibit iBToIvea uniformly round its inbtantaneona axis. 
[Math. Tripos. 1860.J 



Lagrange's Equatiom. 

503. Lagrauge has given a general theorem by which we can 
form the equations of motion of a particle, or of a system of 
particles, in any kind of coordinates". 

The expression " coordinate " is here used in a generalized 
sense. Ani/ quantities are called the coordinates of a particle, 
or of a syateni of particles, whicli determine Hie pusition of that 
particle or system in space. 

In using Lagrange's equations, it will be found convenient 
to represent by some special symbols, such as accents, all total 
differential coefficients with regard to the time; thus of, of' 
represent respectively dxjdt and d^xjdP. 

604. Lemma. Let L be a function of cuny variahlea x, y, &c., 
Hieir velocities sf , y, (fee, and the time t. Jf we express x, y, tfcc. 
as functions of so^ne independent variables 6, ^, ifcc. and the tivte 
t, say 

x=f{t,e,^,d:c.), y = F{t,e,4>,&c.), s = d:c (1), 

fAem vtill 

d dJ^_dL_ (d_dL_dL\ dx /d dL_dL\ __ 
dtdff~d6 ~ [itd^' dx) dO'^ [dtdi/ dy) d0'' 
Representing partial differential coefficients by suffixes, we 
have by differentiating (1). 

af=f,+f>0'+ft4>' + &c (2). 

Since 6 enters into the expression L through both x, y, &c. and 
, their velocities of, if, &c. while & enters only through ai, y', &o., 

* The Lagraugiau equations are of tbe greateat importanoa in the higher 
dynamics and are usually studied as a part of Rigvd Dynamici. AVe give heie only 
Buoh theorems as may be of use in the rest of tliis treatise. The application of 
the method to impulses, to the cases in which the geometrical equations contain 
the differential ooeificients of the coordinati^B, the use of indeterminate multipliers, 
the Homiitonian tunotioQ, iSo., are regarded as a part of the higher liymunics. 



f ftc. 



LAGRANGE'S EQUATIONS. [CHAP. ' 



we have the partial diSerential coefficients 
dL dL dx dL dx' 



w. 



k/< -/«+/"»'+*« (e> 



dL _ dL daf 

where in each case the &c re|iTeseiit8 the correapouding terms 
H, 2, &e- 

By diSerentiaticg (2) we see that jiy =/e = jo- Hence 

d dL dL /d dL dL\ dx . 
dtdff de'Kdtda! dx) dS'^ 

dL (d ^ d^\ . ,, ,., 

*sW'-de)+^'' W- 

By differentiating^i totally with regard to t, we have 

df' 

The right-hand side of this equation ia seen by differentiatiDg (2)^1 

daf 
to be equal to -i^ . It therefore follows that all the terms in tlu 

second line of (5) vanish. The lemma has therefore been proved 

506. By using this lemma we may deduce Lagnutge's equatioi 
from the Cartesian equations of motion. For the sake ofgeneralityJ 
let there be any number of particles, of any masses m,, w»,, i 
and let their coordinates be (j;i,i/i,«i). {xj,yt,z.^, &c. Let Tba'fl 
the semi vis viva of the system, then 

2T = Xm{x'' + y'^ + z-^) (7). 

Let n be the work function of the impressed forces, then U is t 
Unction of the coordinates only. Let Rx, R^, Ri be the conwS 
ponents of any forces of constraint which act on the typicafi 
particle m. We have as many Cartesian equations of motion o 
the fonn 

„ dU „ „ dU ^ „ dU ^ 

dx ^ ay " ds 

as there axe particles. 

The particles may be free or connected together, or constrained^ 
by curves and surfaces, but after using all the given geometrical'] 
relations, the position of the system may be made to depend on J 
some independe^it auxiliary cjuautities or coordinates. Let these f 
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e for the particle m. 

Hence using the lemma, 

(8), 



he S. ip. Sic.; then writing Z=r+ F, v 

^H dtdx' dx dt 

^^^rith similar forms for y a 

H d dL dL_,/„ dx ds d 

^ dtdg-dS-^V^-Te+'^'Te + '^-d 

where S implies summation for all the particles. 

The right-hand side of this equation (after multiplication 
by h0) is the virtual moment of the forces of constraint for a 
geometrical displacement tO. Thia by the principle of vii-tual 
work is known to be zero. 

Since the variations of the coordinates x, y, Sm. dae to the diapkcement iB are 
deduced from the p&rtial differential coefflcienta dxlds, dyjde. iia., t not varying, 
the diDplacement given to theBjelcmisanecoaBiBtentwitb tbe geometrical relations 
aa thej exist at tlie instant of time t. 

Taking the various kinds of forces of conetraint it has been proved in Art. 218 
that the virtual momenC of each for aticb a diaplacement is zero. Consider the 
case of a particle conaCrained to rest on a curve or aurfaee, the virtnal momeDt is 
zero for an; digplaeement tangential to the iiutantaitcoiu position of the curve or 
surface. Tlit ralriclion that tht geonelrieat iquatioiii niMit not contain the time 
explicitly ii not neeetiary in Lagrange't eqiuitiont. 

If some of the particles are eonnectsd together so as to form a rigid bod;, the 
mutual actions and reactiona of the molecnlea are etgnal. Thetr virtual momenta 
destroy each other because each pair of particles remain at a constant dletauce 
from each other. Tbe Lagrangian equations ma; therefore be applied to rigid 



,.(9). 



I 506. Ths Lagrangian equations of motion are therefore 

dtde'~~d0~ ' Jtd4,'~d<j>~ ' 

The function L=T+ U and is therefore the sum of the kinetic 
energy and the work function. If we use the function V to repre- 
sent the potential energy, we have, by definition, 17+ V equal to 
a constant. We then put L = T—V, so that L is tlie difference 
betteeen the kinetic and potential energies. Substituting these 
values for L, and remembering that U and V are functions of the 
coordinates and not of their velocities, we may also write the 
Lagrangian equations in the two typical forms 

ddT_dT_dU ^ dT_dT dV_ 
dt d& d0 dd ' dt dO' de "•" de 
where 6 stands for any one of the coordinates. It should be 



..(10), 
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noticed that in these equations, all the differential coefficients are 
partial, except those with regard to (. 

The function L is sometimes called the Lagranffiati f\ 
We see that tuhen once it has been found, all the df/iuii 
equations, free from all unknovm reactions, can be deduced 
simple differentiation. 



al coefficients ar e 

rangian /unctM^^^ 
II the (J^TtamM^^H 
n be deduced ^^H 

e Bubstitnte for L I^^^M 
(11). ^H 



B07. TIMtial momant of tHa aSaotlT* torcmm. If 
the lemma of Art. 504 (he value of T giveu by (T) we have 
d dT liT „ ( „dx ..di/ ^ 

dide--T8 = ~'C de^'"" dS^ 

The righl-hand aide [after nmltiplioatioD by Bfl) is the sum o( Iha virtoal moments 
of the effective forces nix", my", itc. It follows therefore that the Lagraugian 
expreeaicm on the left-hand tide [after mullipHcalion by S9) repreienu the turn of 
virtual mamenii of the effective foreet, when expreiied in terna of the gtneri 
coordiiuiiei 8, 0, i£c. 

In the same way writing T for the arbitrary function L in (4), we have by (7)' 



dT 



,dx 



vy'%^&c\ 



The left-hand tide {after mullipHcation by 8S) therefore repretenti the turn of d 
irttiat momentt of thr movienta oftlie ii^'eral particles of the ryitemfor the ditplai 
\enl iff. It is often called the generalized 8 component of the m 



B of til* Umma. The fuudamental equation represented bj 
the lemma has been di>duced from thu principles of the diSerential calonlos with 
reference to any mechanical theorem. 

Analytically, it expresses the fact that the Lagrangian operator sj'oiboUzedb 
d d d 



foUows the SI 



9" dp dtde' 
la the differential ooel^cient djde, i 

..L..J..f.^.Z. 



&gL.5e = A^ .Sx + A,L.3y + 



where S$, Sx, Sy, te. arc any small arbitrary variations consiitent with j 
geometrioal relations which hold at the time t. 

U we interpret the lemma dyiiuniiciilly (Art. 606), the equation asserta that ^ 
sum of the virtual momenta of the effective and impressed farces for a diapla< 
i& lias the same value whatever changes are made in the coordinates. 

SOB. Working rule. When we solve a dynamical problem we begin 1 
writing down Ihi! equation of vis viva, viz. T- U-t C. 

It appears that when we have done this, Lagrange's method enables us to write 
down all the equations of motion of the second order by performing oeitain 
differentiations on the quantities on each side of the equation (Art. 5( 
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We shall presently show that before perfarming them diSerentUtionft, no may 
remove certain fnctora from ooe side to the other by miikiDg a change in the 
independent variable ( ; Art. 524. 

610. The ftinctlon T. We have assumed that the Cartesian 
coordinates x, y, z of everj' particle of the system can be expressed 
in terms of the generalized coordinates Q, tf>, &o. by means of 
equations of the form 

a.=/a^.*,&c) (1); 

these equations may contain (, but not 0', if>', &c. (Art. 504). In 
choosing therefore the Lagrangian coordinates, we see that they 
[ mtist be suck titat the Cartesian coordinates of every particle could 
, ie eicpressed if required in terms of them by vieans of equations 
I which tnay contain the time, but do not contain differential co- 
► efficients with regard to the time. 

Differentiating the geometrical equations (1) as in Art. 504 

fl^=/<+/.^+/*0' + &c., i/' = &c (2), 

and substituting in the expression for the via viva 

2T=Xm(x'' + y'' + z'') (7), 

, given in Art. 505, we observe that 2T takes the form 

2r= ^„^ + 2A,,0'<i>' + ... + B,ff + 5,0' + ... + C. 
where the coefficients A^, &c, Bt, Bj, &c., and C are functions of 
(. e, <f), &c. 

In most dynamical problems, the geometrical equations do not 
contain the time ea^licitty, i.e. ( does not enter into the equations 
(1) except implicitly through d, if>, &c. The term/, will therefore 
be absent from the equation (2), Art. 504. Hence a/, y' , s are 
homogeneous functions of ff, <f>', &c. of the first order. When 
substituted in (7), we find that 2T is a homogeneous function of 
&, 0', &c. of the second order, viz. 
I 22'=^nS'' + 2^„6'f+..., 

where A^, A^, &c. are functions of the coordinates 6, ij>, &.c. but 
not of (. 

ftll. SxuBplM of KasnuMC*'* •4iutlalia. Es. Two partiolos. ol maeses 
il, m, are connected bj a light tod, of length I. The fliat A is constrained to move 
along s smooth fiied horizonts.1 wire, while the other B is free to oscillate in the 
vertical plane mider the action of gravity, tt is reqniied to find tlie motion. 

To fix the positions of both the partielea in space, we require two ooordinateE, 
My, the distance ( o{ the poiut A from some origin O and the inclination 9 of Ah 
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to the wtiaL TheCartenaneootdiiifttMof Barediaixs^+Ini#ftiidy=:I< 



=i(jr+«)r»+«i«»irr+j«flr« (i>. 

U=mgl€KM0 (2). 

SobslitaliBg in the LAgrsngoui aqTiatioiie, 



we have 



These gm 



^{(jr+«)r+«ieoe#r}=0 



(Jir+M)r+>i^coeR^=J, eoe«r +<#"--# SB # (S), 

where J k a eonstent of integrmticm. EUmiiuiimg ^, we ha^e 

(ir+»iiii*#)rr'+«8m#eoe«r.rs=.|(Jf+m)iin#r. 

This gme bj integimtioii 

(Jf+»Bn>#)^=C+^(ir+»)eoe# (4). 



In this way the velocities ^ and f' have been found in tenns of the ooordinates 
^*. 

We have here need both the Lagrangian eqaations, bnt we mi^t have replaeed 
the second bj the equation of vis viya, viz. 7= r+ (7. Filiminating ^^ bj the help 
of the first of equations (3), we shonld then have arrived at the resnlt (4) without 
an J further integrations. 

6ia. Ex, 1. The fowr eUmentary forwu for the aeeeUratum of a paini follow 
at once from Lagnmge*s equations. For example, let ns dednee the polar fonn 
given in Art. 493. 

We notice that the components of velocity of P along the radins veetor and 
perpendicolsr to it, are respectively r' aod r^, while that perpendieolar to the 
plane zOP is r sin 0^\ Since these three directions are orthogonal, we have 

2r= m (r^ + 1^** + f« 8in« tf O. 

Subetitnting in the Lagrangian equation 

ddTdTdU 
dtd^ d^ " d^ ' 
where ^ in tnm stands for r, $, ^, we obtain 

^ (ii«rO - m (r^ + r 8in« «^'«)=^ , 
^ (mr*e^ - sir* sin tf COS ^^'*=-Jb * 

^ (mr« 8in«W=^. 
which evidently reduce to the forms given in Art. 493. 
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Ex. 2. To deduct the aectiemtion* for moving axen /iirai Laarange'i tquationt 
vhtn the eatnponeiit velocitin are knoaii. 
We h&va given b; Art. 499, 

u=i'-ye,+j9s, v^y' - iSi + ie,. io=!'-re,+jie,. 

the mass o( tha particle being nnitj. Since x' eoteta into tbe eipreaaion for T 

Qnl; through u, while .i eotere tlirough both v and ir, we have 

dT^dTdM^ ll_^^ + ^^=fl_ 

ir' da d^ ' di ^ dv dx da dx ' • ' 

d dT _dT _dV 

dt dx' dx ~ dx 



The Lagr&Dgiui eqoBlioa 



beoomee 



du 



Ex. 3, To deduce the equation oj i-it viva from Lagrangt'e equation*. 
Moltiplrisg the Lagraagian equations 



d dT dT dP d dT 
didS''de 
I 1)7 0'i ^'> lie. respectively and adding the reaulta, 



FiV 



(le-J 



rffl 



where £ implies amnmatioo foe all the coordinntee. 

n the geometrical equations do aot contaio the lime eipUcitlv, T ie a homo- 
geneous tuDotion of B', ip', Ac, Art. 510, and bjEuler'a theorem ZB' -^ = iT, Also 
■luce T and fare not tnuctiona of t. 



M-'^yii*' Si')' S-^di- 



Sabatitnting in the eipreaaion given above, we have 

where C ia an arbitrary coHBtont, usually called the constant of vis viva. 

Ex, 4. The position of a moving point ia determined by the radii I/f, l/i;, 1/f 
of the thiee spheres which pass throngh it and touch three Hned rectangohu 
coordinate planes at the origin. Find the component velocities u, i', w of the point 
in the directions of the ontwnrd normals of the spheres, and prove that the com- 
ponent accelerations in the same directions are t(u/(It + v(i;u-fv)-iD(fio-fu), and 
two similar e^ipresstons. [Ooll. Ex. 1B06.] 

Writing D = S' + rr' + i' we deduce from the equations of the spheres that 
x = 2ilD, £c. Noticing that the spheres are orthogonal, we find, b; resolving the 
vdooitiogy, y\ t' along tham, u= -i{'/f' ''= ~Vl'h' '"— ~=i'l{- Hence 

Also the acceleration along the{ axis is dCjudl or -iDdUjdi. Babititating in 
the Lagrangian fonnola jT = S7 jF ~ dT ' "* "^^^ ** reqniied result. It may 
■lao be deduced from the foimulie of Arts. 4!I9. SOS. Ex. 2. 
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613. To apply the Lagrangian equations to d^ermine i 
small oscillatUyiis of a system of particles about a position of" 
equilibrium, when the geometi-ical equatiotis do not contain the time 
eixplicUly. 

Let the system have n coordinates and let these be 8, 4>, &c. 
Let their vahies in the positioD of equilibrium be a, 0, Sic, and at 
any time (, let 6 = ei + x, ^ = S + y, &c. 

The vis viva being a homogeneous function of 8', <^', &c. (A 
510), we have 

2T = Pff' + 2Q9'^' + R'f>-' + Sic, 
where P, Q, &c. are functions of 8, <^, &c. When we substitute 
8 = a + x, &c and reject all powers of the small quantities above 
Oi6 second, this reduces to an expression of the form 

2r=jl„ic'*+2^,^y + 4^'' + &c (1), ' 

where the coe£ficieuts are constant, and are known functions ( 
a, y8, &c. 

The work function P^ is a fiinction of 8, tft, &c and whei 
expanded takes the form 

2U=2U, + 2B,x + 2% + &c. + B,,^ + tB.jCy + &c....(2). J 
We assume that these expansions are possible. 

Since the system is in equilibrium in the position defined l 
x = Q, y = 0, &c., we have by the principle of virtual work. 



dU 



= 0, 



dU 



= 0, &c.; .-. -B, = 0, B, = 0, &c. . 



dx ' dy 

If the position of equilibrium is not known beforehand, the valm 
of a, 0, &c. may be obtained by solving the n equations (3>. 

To find the equations of motion we substitute in the i 
Lagrangian equations typified by 

ddT_dT_dU 

dtda/ dx dx ^ '* • 

Since the expansion for T does not contain the coordinates « 
y, kc, we have dT/dx = 0, dT/dy = 0, &c. The equation (4) thei 
fore becomes 



^,y + A„y" + A^' + &c = 



£„j 
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To solve the equations (5) we follow the rules given in Art. 
Let any priiwipal oscillation be represented by 

(c=Gsm(pt + a), i/ = S&in{pt + a), &c (6), 

where G, H, &c. are constants. We find by an easy substitution 

iA^f + B„)G + {Ar,p' + B^)H-\-... = Q\ (7). 

&c. =0J 

[ Eliminating the ratios G : H : &c., the n values of p'' are given 
I by the Lagrangian equation 



Ay,^+B,,, 



A„p' + B,,. 
A^p" + Ba, 



&c. 



..(8). 



614. It is shown in the higher dynamics that, because the 
vis viva 27" is necessarily positive for all real values of ic', y', &c., 
the values of p' given by this determinuntal equation are real. 
If al! the roots are positive the values of p are real, and the 
system of particles then oscillates about the position of equi- 
librium. If any or all the values of p' are negative, some or all 
the values of p take the form ±g-^—l. The corresponding 
trigonometrical terms in (6) become exponential and the system 
I does not oscilUte. See Art. 120. 

515. If a value of p" is zero p has two equal zero values, and 
the corresponding term in (6) takes the form A + Bt. In such 
a case the coordinate may become large and the system will then 
depart so far from the position of equilibrium that it will be 
necessary to take account of the small terms in (1) and (2) of 
higher orders than the second. 

616. Rule. When applying Lagrange's equations to any 
special case of <»cillation about a position of equilibriuvi we begin 
by writing down the expressions for the vis viva and work function 
for the system in its displaced position, and express these in the 
quadratic forms (1) and (2) (Art. 513). If the whole motion is 
required we follow in each special case the process described in 
the general investigation. But if, as usually happens, only the 
periods are required, we omit the intervening steps and deduce 
the determinant (8) immediately from the expansions (1), (2). 
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To help the memory, we notice that, if we drop the accents 
tli£ expressitm for T, the determinant (8) is the discriminant of the 

quadric Tp'+ U. 



3/ IM^^ 



517. To apply Lagrange's equationa to determine the 

motion of a system. 

The method has been already explained in Art. 282, The 
Lagiitngian eqiiatious give the values of d", ^", &c, in the initial 
position without introducing the unknown reactioDs. Diffe 
tiating the Lagrangian equations of Art. 506 we obtain ff", tft' 
&c., and any higher differential coefficients. 

If a:, y, z are the Cartesian coordinates of any point P of 
system, we have by Art. 510, 

fl;=/,(S,0,&C.), J/=/,(5,^,&C.), « = &C., 

and therefore by differentiation the initial valuea of 

y, y", &c., z', &c. may be found. The initial radius of curvati 

follows from the formulai of the differential calculus. Art, 280. 

818. iet, for example, the initial accelerations be requin 

■mhen the system starts from rest. The initial position being ^ = o, 

= ^, &c. we put, as in Art. 513, 6 = a + ia, tf> = ff + y, &c. Since 

the system starts from rest, the velocities x', y', &c. are small and 

we can make the expansions (1) and (2) as before, Since the 

initial position is not one of equilibrium, we uo longer have B, = 0, 

B, = 0, &c. Retaining only the lowest powers of x, y. Sic. which 

occur in the equations of motion, we hat 

Ani^' + Ai^ty" + kc. = 

Ai^af' + A^y" + &c. = Sa 

&c. = & 

These determine the initial accelerations of the coordinates a 

therefore the component accelerations of every point of the syatei 

SI9, Ex. 1. Let Q9 applj the Lagrangian eqaations to find the mull a 
tions of the tvo particleii desaiibed tn Art. Sll. 

The qaoutitieB {, B represent the deviations of the rod from ita position ( 
equilibriom. The vis viva and work fnnction eipreaaed in quadratic 

The determinant ii the diBcriminaQt ol 

= i(Jl/+m)p»P + m/p!f9 + imI(:p'-9)e"; 
I (JU + ™)p>, mlp' 1=0. 



.■.|.. 
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lotion is givea by 



I M 



i = GaiD{pl + a), $ = n Bin (pt + a). 



le ooordiDaM takes the form 
projeatad aloDg the horizontal wire 



11 small oecil- 



I 



I' The other is determined b; ji'^O; this impliet 
It is evident that the rod ooald be ei 
that { haB this form while 6 = 0. 

The student should apply Lagrange's equatioiiB to the problemi 
l*tionH and initial motione already considered in the chapter on motion in two 
ne. He will thus be able to form a companEon of the advantages of the 
' different methods. 

Ex. 2. Three uuifoim rods AB, BC. CD have lengths 2a, 2b, 2a and masses 
m, m'. III, Thej are hinged togethiu' at B and C, and at A, D are small smooth 
rings which are free to move along a fixed fine horizontal bar. The rods hang in 
eqailibrium, formiog with the bar a vertical reulangle. When a slight sjmmetrioal 
displacement is given, the period of a small oaoiilation is given by 4inuji^ — 3ji(ni + ni'). 
Find also the periods when the displacement is anEymmetrical. [Co!!. Ex, 1897.] 
Ex. 3. Two eqnal strings AC. BC have their eniis at tile Qied points A, B, on 
the same horizontal line, and at C a heavy particle is attached. From C a string 
CD hangs down with a, second heavy particle at D. Find the periods of the three 
small oseillations. [The two periods of the osoillationa perpendicular to the verti- 
cal plane throagh A and B are given in Art. 300, Ex. l.J 

620. Solution of Lagrange's Equatdoni. Our success 
in obtaiuing the first integnils of the Lagrangian equations will 
greatly depend on the choice of coordinates. When the position 
of the system is detennined by only one coordinate, the equation 
of vis viva is the first integral, and this is sufficient to determine 
the motion. 

When there are two or more coordinates, integrals can be 
found only in special cases. The general problem of the solution 
of the Lagrangian equations is too great a subject to be attempted 
here. It is sufficient to state a few elementary rules which may 
assist the student. 

S21. We should, if possible, so choose the coordiiiates that some 
[ one of them is absent from the expression for the toork function U. 
For example, if there be any direction such that the component 
of the impressed forces is zero throughout the motion, we should 
take the axis of z in that direction and let s be one of the co- 
ordinates. Again if the moment of the forces about some straight 
line fixed in space, say O2, ia always zero, the angle 1^ which the 
plane POz makes with xOz will be a suitable coordinate. In that 
case dU/d4i = and U is independent of ^. These, or similar, 
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niechanical considerations generally enable us tu make a prope^^H 
choice. 

Let B be the coordinate absent from the work function, then 
if 6 is also absent from th e expression, for T, though the differential _^^ 
coefficient 0' is present, the Lagrangian equation -^^H 

d dT dT dU , dT . ^H 

dtde'~ de = de ^'=*'™^^ de- = ^' ■ 

where A is the constant of integration. Thus a first integra^^H 
different from, thai of vis viva, has been found. 1^| 

Baa. Uoavllla's InUsral. Liouville has given an int^ral of liagnage'a 

equations which has the advantage of great eimplieitj when it can he applied. 
Thia may be found in vol. ii. of hia Journal, 1816 ; the following is a slight modi- 
fication of his method. ^^— 
Let na suppose that the vis viva has the form ^^H 

2T = JW(i'(f + y*'» + fllt'' + 4c,) (1), ^H 

where the products d'^'. ^'^', 4o. are absent. The method teqaira that tht co* ^^ 
tjJUeient P should be a /unction of 6 oidy, while Q, if, dc are not functions of 6. 
We notice that il may be a function of all or any of the coordinates, and ^. R, Ac. 
functions of any except B. It it alto ^tecetianj that the impreeaed foroea ahould be 
such that the \rotk fanction V luu the form 

31{n+ C)^ f\(») + F{^, f, &e.) (JI),J 

where C ia the oonstanl in the equation of vis viva, 

r=(7+c lay 

TVe shall now prove that tnhen thete eoitditiorui art iati^td, a jtnt iMltgnl |( J 

ia/'Ps^=f,(e)+^ (^J 

We first put Pe'^^i"^, then f is a function of B only and we may Unipora 
take I, #, i)r, Ac. as the coordiuates. We now have 

r=liV(i'' + e^'= + 4c.f=l.-+C, 
and the Lagrangian equation for { ii 

Using the equation of vis viva, this takes the romt 

Subalitnting on the right-hand aide from (3) aud multiplying by {', we have 

Since F, {9) is a function of f and not of any of the other coordinatM, ti 
^vea by an easy integration 

iiP^ = F,{e)+A. 

Betuniing to the coordinate e. we have the integral (4). 

When the initial conditioua are given, the value of C can be found by intro 
ing these conditions into the equation of vis viva. If a eolutiou ia required ford 
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initial coDditione C ie Brbitrary and in that eaie the condition (2) requires that 
both MU ftnd M should have the generitl form indicated on the right-hand of that 
I aqnatian. If 
' M {U + C] = F,(ei +F.,{<fi) + die., 

d Q, R, Aa. are reapeatjvcly funccions of 1. 1/', &e. only, it is evident that the 
method Buppliea all the first integralB. 

Ei. IT r=if(P«" + (?^'"), il=/,[0)-i-f,{0}, MU = F,{Sj + F.. {</,), inugrali 
tlu Lagrangian equatioiit by Liauiille't mtllmd. The integrals are 

iiPP9-' = F,(B) + Cj\{9) + A,. iJ«"g*'' = F,(#) + C/,(*) + Jg, 

adding these and asing the eqaatioD of via viva we see that Aj + A^ — O. The paths 
'e then given by 

Multiplying these by/,, /, and adding, the time is found hy 

s/lF, + C}\ + Ay ^IF^ + C/.,*A^ ^ ■ 
irhere all the variables have been separated. 

aas. jaeoWa intssiBi. If T be a homogeneons fonetion of (he ooordinatea 

t, p, ftc. of n dimensions and (' a homogeneoas funotion of the Bome aoordinates 
-{n + S) dimensionB, then one integral is 



"ii^^ 






^(n + 2)Ct + A, 



where C ia the constant of via viva and A an arbitrary coastant. 

To prove Out, we mnltiply the Lagrangian equations by S. ^, ibc. aud add the 
produots. Remembering Enler's theorem on hDmogeneous functions, we have 

The left, hand side ie the same as 

:nGe T is a homogeDeous function of e\ «>', die. of two dimensions. Remembering 
that r-r;=C. we have ^ je^^ + Ao.l =(b + 3) C. 

Ex. A free system of particles moves under the influence of their mutual 
attractions, the law of force being the inverse eube: show that Zmi' = A + Bl+ Cl' 
where r is the diatanoe ot the particle ni bom the origiD. 

[VorUtimpcn liber Dynamii,'] 

Borne developments of these results are given in the fint volume ot the author's 
treatise on Riffiil Dijnamlea. 

abl*. Jt '■ tonutimei uirful to be able 
iiiie't tqvatiojit from t to >ome other 
luiittitijT $0 that dr^ Fill, irherr P ii any /uaclion of the coordinafei. 

We suppose that the geometrical equations do not contain the time eipUoitly, 
3 that r is a homogeneous function of the form 



T=l,A„t 






..,(1). 



21- 



324 LiQKAKGE's EQtTATIOSS. [CHAP. VII- 

Let auCBxes applied to the ooordinateB meao differeiitiBtioDa with r^ard to r 
JQSt as ftccenCs denote diQeieatiatioug with regatd to i. Then 

Consider how any one of Lui^anije-'s aqnatione, aay. 
d '^ _ rfT _ dtf 

dt dip' dit>~ df 

IB aBected by the change of t. Let na vrrile 

r,=(id„e,'+j,,eift + )P (8),^ 

Snppowng that P ii a fanntion of the ooordinatM onl;, not of S". #', Ae., ve 11 

The Lagrangiaa eqnation therefore becomea after a alight redQOtion 

rfr d^, d# ~ P d^"*'p d^ ' '"1 

It weaae the eqaatioD of vie vira, viz. J'=U-i-C, and notice that T^PT,, 
right-hand aide of tbia equation becomea ^ — ^ . The tTpioal Iitgrangiaii fi 

therefore takes the form 

d^ d3\ _ dT, _ ^ I7+C 

drrf^i d^ ~dit> P 

We notice that though 2*=pr,, they are diflerently exprewed. To obtain f 
partial diflerential coeOicienlB of T,, the quontitjea 9', $', ±o, mnat be replaced If 
Pi9i. P^, >£c. before difletentiation. 

Suppose for eiample that the equation of tib viva (Art. 509) i> 
T = M\liA9'' + Ao.\ = U + C. 
and that we wish to remove the factor il before deducing the Lagrangian eqaatic 
Changing the independent variable eo that dr-Pdi, we declnce the Lagrang 
equations b; operating on 

r,=ifp;ije,' + &c.j, ii,= ^-^. 

Chooeing JfP — 1, we have 

ri=iJP,*+&o., t;,=jw((7-f-c). 

r^iB factor M hat tkVM beta traniftrrid /nini Oit ixpreuion far tlu v 
the Kork fuactiaii. Here Jf is a function of the coordinates only. 

We may now change the suSiies iato accents if we remember that the diffen 
tuitions are to be taken with regard to r inatead of t. This diSerenee it 
importance if we require only the patha of the particles and not their poaitiom ti 
any time. If the time also be required, we add the equation dl - Mdr. 

sas. OrtboBonal OoordlnatM. The Lagrangian equations are much » 
pliGed when the eipressiou Cor T can bo put into the fonn 

T=i{Pff''-i-Qp~- + ix.). 
inhere the prodacti 8>', iff. are abient. We shall now prove thai thia will be II 
caae when the coordinates of the particle are the parameterB of ayatenu of e 
or surfaces at right angles. 
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I 



Let the ei^iiationa of tliree ti;atema of sarfaces vhich intersect at right 

ftngleB be /,(t. j,, i) = p,. /, (j-, <j. i) = p„ /,{t, y. :) = t>, (1), 

where p,, p„, p, are three oonatantn or paraiaetera whose values detenaine whioh 
surface of each BfBtem is taken. Tliese paraineteia ma; be regarded aa the oo- 
ordinates of the point of intereection of the three BOrfaces, 

Such coordinates are called sometimea orttiosfonal coordinates and sometime! 
CKirvilinear coordiHaltf. Their theory was giien b; Lam£ !□ hia Lf/im nir let 
coordoTirUtt curvitiffnei, 16G9. In what follows we adopt hia DoCation aa for ob 

Ae aa example of orthogonal coordinates we call to miod a ii/item of con/oeat 
ellipioiitt aiul hijperbolaidi of one and tico slieeu, the lengths of the major axes 
being qbqoII; taken aB the panuneterB. These ore called elliptic coordioates. We 
may also notice that all the coordinate! in c-ammoniue, ichelher Carlfiiaa, cylindrical 
or polar, are orthogonal. In the lirst the point is defined aa the intereection of 
three orthogonal planes, in the second we use a cylinder cut by two pUnee, and in 
the third a sphere eat by a right cone and a plane. 

I'et (a,, b,, c,) be the direction cosines of a nonnal I 
parameter is p,, then 



~l^h 



i the surface whose 



-L^p' 



fti dy' 



_ldpj 

"ft, lit ■" 



v=(S)'^(^r^{£)' ">• 



where 

Let dt^ be an elementary mc of the intersection of the tw 
di, is also an elementary length meaBored along the normal 
we travel along this arc i. y, ; and p^ vary, while p,j, p, are 



BUrfaoeSfi,. fi^; then 
o the surface />,. Aa 



.-. />idx + b,dy + ridi = dp,jK, (4). 

Sut the left aide is the sum of the projeotions of dx, dg, di on the nonnal and ii 
therefore ib,: henee dt^ = dpflhj. It follows that the component t', of velocity 

Id the aaiue nay the componanta 



along the normal to the snrface p, is v, 

of velocity normal to the other two aurfaoefl may be found, and a 
right angles, 



=/7:='''''+i;:'^''- 



I 



.. (6). 



'V" ^v^ 

where acuents denote differential ooefflcienta. 

In order to ubs this expression, it will be neceasary lo eipreEs h,, k,, h,, in 
teima of the new coordinates p,, p,, p,. To eSect this we solve the eqoatione (1) 
and determine x. y, t as functions ot ^, p,, p,; finally snbBtitntiog these values in 
the eipresBions (i) for h,, h,. A,. This li Bomebmea a lengthy prooeas. 

Motion on a Carve. 

626. Fixed Curvei. To find the motion of a particle tm a I 
amootk curve fiiced in space. 

To find the velocity, we resolve the forces along the tangent 
to the curve. If F be the component of the impressed forces 



826 



MOTION ON A CURVE. 



[chap, vn 



X, Y. Z, this gives as in Art. 181, 



= F: 



as 



dy 



-t 



If U be the work function, F=dV'jds, and we have 

which is the equation of vis viva. 

To find the pressure, we resolve in any two directions wHoi 
may suit the problem under consideration. Supposing that we i 
choose the radius of cur^'ature and binormal, we have 

P 

where G, H are the components of the impressed forces; R,, S^ I 
the corresponding components of the pressure on the particle. 

These equations show that the pressure of the particle on the i 
curve is the resultant of two forces. (1) the statical pressure due | 
to the forces urging the particle against the cun^e. (2) the centri- 
fugal force vii^jp acting in the direction opposite to that in which J 
a is measured. Art. 183. 



SS7. Ex. 1. A plane 19 ilrawii through the Cuugent at P making an angle j | 
with the oBOulating plane. If p' he the radius of the cirtile of closest oontMit ti 
theonrve in this plane, then , —G' + R'-v/heie G' and Jt'are the components of J 
tbe impressed accelerating force and of the pressure respectively. 

This CollowB from the theorem on corves p'ooai^p. oorreapondiag to Meaoier'a ^ 
theorem OQ gnrfaces. 



Ex. 2. A helix is placed with 




its asia vertical, and a bead slides on it under I 
the action of gravity. Find the motion and I 
preasun-. 

Let II be the radius of the cylinder, i 
inclination of the tangent to the horizon. 1 
Drawing PL perpendioalar to the axis of :, the | 
radius of curvature in n length measured along I 
PL equal to a sec' a. If PT is the tangent, th» I 
osculating plane is LPT. If the helix iBaiuooa''f 



- 231 + C. 






we see that C = 2gh. Since 
descending that hei({ht is cose 



11 the patticle atart from rest at a height h, J 
-dtjdt and dt»\Da. = dt, we find that the tims off 
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If the helix ia FOU|j;h. thefriotion it n^{It,'' + Rj'). Supposing that tbeooeffioient 
of MctiDD is u^Una. the resolution nlong Ihe tangent becomes 



vriUug v^ ooB n = { (or brevity, i 



To integrate this we multiply the 
on the left-hand dde b; the denominatot 
then find 

log {..' ooa a + V(i^ OOB' B + aV) I - ^^ 



Aod denominator of the fraction 
:th the minuB sign changed. We 



To find C w 



□itial value o[ r 



the particle would 



I 



Ex. S, A. rough helical tube of pitch o and radiuB ii ie placed bo as to have 
its axis vertical and the coefficient of friction ia tan a cob i, An extended Sexible 
string which jUBt fits the tube ib placed in it: tthow that vrhen the striog hae fallen 
through a vertical distance ma ita velocity is {ag nee a Biohlii}^, where u is 
determined by the equation 

cot S( tanh |i- Unh (» sin < + ^ m cua a xin 2(). [Math. Tripos, IB86,] 

Ex. 4. Two small rings of niaHses n, m' can elide freely on [wo wires each of 
which ie a beiii of pitch p, the aies being coincident and the principal normaU 
common : the rings repel one another with a force equal to ^rnni'r when they are at 
a distance r from one aaother. Prove that if ^ be the angle the plane thiongh one 
md the axis makes with the plane through the other ring and the axis, the time 



n which ip 






{Atf^-iBeomfi-i-Ci'idifi, where 



•e the radii of the cylinders on ivhioh the heliceB are drawn. 

[Coll. Ex. lege.j 



ftSe. XoTinc Bww. Kx. 1. A panittf P i 
plant fiirvt c =/ {x), ahieh rotatei about a tiraight 
line Oi in Ut plant villi an angslar vetoeity u. 
II 11 riq-aired to form the equationi of motion. 

Applying to P an acoeleration u'x tending 



cold rained !• 






1 the a 



B of I< 



it the CI 



If it were Bxed, Art. 495. Taking the tangential 
and normal reaolutians, we have 



~= --K^ic 



"**r» 



df in 

where v i« the velocity of the particle rtlativtly to the curat, ^ the angle the tangent 
at P makes with the axis of x, and p is the radios of curvature. Alio F and O are 
the oowponentB o( the impressed forces along the tangent and radius of onrvatnra 
at P. 

We may replaoe the first of these equations by the integral of vis viva, via. 






MOTION ON A CUHVE. [CHAP. TH, 

The Koond eqnatioa then gives the component Ji of preunre in the pUne of th* 
ODTve. The oompoaeut It' ot preagure perpeDdicolar to tha plane ot the onrv* 
is given by 

where H is the correspondiDg componeat of the impreasad toice, and x is 

diitanoe of the putiole from the axis of rot«liun. 

Ei. 2. A circular wire is eou»[riiined to torn round a vertical tuigeat Oi i 

B uDifonn angular velocity w. A hekvy amootb 
bead, starting from the highest point A witboot 
any velocity relative to the curve, deacende under 
the action of gravity. Find the velooity and 
pressure. 

Let C be the centre, OC^a; let P be 
particle, the angle ACP = a, v = adBldt. We 
duce the plane to rest by applying to P an : 
rating force measured by im'x, where jss-i-aui 
and acting parallel to 0(7. The eqaatiou of 



J 




a then gifee 



V'=y(i- 



Tbe components S, R' of the pressure 
perpendicular to the plane are given by 



) + u=a'{2Bintl + Bin't»). 

1 the particle respectively along PC 




- = aoc 



i5i''M = 



o R' = 2mava: 



The latter equation redncea U 

Ex. 3. Two small rings of masses m, m', (m>m') are capable of sliding on * 
Bmooth circular wire ot radius a, whose vertical diameter is fixed, the rings being 
below the centre and connected by a light string of length o ^2 : prove that il tha 
wire is made to rotate round the vertical diameter with an angular velocity 

J— 4^ —^ ;-} , the rings can be in relative equilibrium on opposite sidee of the 

[a^S m - m ( 
vertical diameter, the radius through the ring m being inolined at an angle 60° U> 

the vertical. Show also that the lension of the string is , * g. 

[Coll. Ex. 1897.] 

Ex. i. A smooth oireular oona of angle 2a baa its axis vertical and its vertex, 
pierced with a amall bole, downwards. A masB M hangs at rest by a string which 
paaees through the vertex and a mass m attached to the upper extremity describes 
a horizontal circle on the inner surface of the cone. Find the time 7 of a complete 
revolntion, and prove that small osciUatioua about the steady motion take place m 
the time Tcoseca {(iU + m)/3m|*. [Coll. Ex. 189«.] 

Ex. 5. A smooth plane revolves with uniform angular velocity u about a filed 
vertical axis which intersects it in the poiut 0, at which a heavy particle is placed 
at rest. Show that during the subsequent motion v' = ji'u*4.2i7:; wberer is the 
depth of the particle betow O, p its distanoe from the axis and i> the speed with 
which the path is traced on the plane. [Coll. Ex. 1S93.] 
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SS*. A oma* ol 



don wltb two oaateM of Mroo. Ex. 1. A particlf P, 
of tini't man, ii cotittraitud to move along an tUiptie wire ujilhout inertia lekieh tan 
turn freely obDtif itt nuyor axit. The particle i'» aeted on bi/ hco centre* of forte, 
lituated in the foci S, H, which attract aeeording to the lav> of the i'lverie square. 
Prove that the pre—ure on the curve if zero in eirtain casei. 

We take the major Aiin bs tbe aiie of 2 and the origin at the ceatre. Let ui be 
tbe angalar velocity of the wire. Represenling the itiatance or thb particle P from 
the major aiia by y, the component /'' of preseure on the parliole perpendiealar to 
the plane of Che curve is given by 



1 d 



{yM=K- 



B Che wire ii nithont inertia, i.e. nithoat mau, the wire moves so that 
□re R' on it la isero, Art. 267. We therefore Lave throughout Che motion 



where fl is the 



of angular momentam abont tbe axis of rotation. 



,; and let the central 



Let the distances of the particle from the foci 5, if be r, 

forces be ni/rj', u.Jr,". 

To iind the motion in Clie plane lOP, we apply to P an aecel^ration aA/^£*/jf', 
tending from the major aiie, and then treat the curve as il it were Gied. We 
notice that the particle could freely describe Che ellipee ander any one of Che forcea 
t^il'i'' t^J't'i i''l'j' i' properly projected; see Arts. 333. 3a3. It immediately 
follows that if all the three forces act simullaneouely, the pressure on tbe particle 
vUl be a constant mnltiple of the curvature, Art. 272. 

The pressure will be zero, if the square of Che velocity of projection is equal 
to the sum of the squares of the velocities when the particle describes the curve 
freely unJer eaoh force separately; Art. 378. We find therefore that if v, be the 
velocity relatively to the curve, the ptessure ia zero, if 

If ir be the resultant velocity of the particle in space, we have v' = v^- + iAj'. Henoe 
, /2 IN /a IS „b'-6» 

■■-''(f,-i)+».U-i)-'"-p- 

When the pressure is zero, Che wire may be removed and the particle describes 
its path freely in apace under the action of the two given centres of force. The 
general path under all cireumstanoeB of projection has not been found. If the 
particle ii projected along the tangent to any ellipte having S, H for foci icith a 
velocity ahoie eomponeni in the plane of I'le ellip$e U n,. and ahme compoaent 
perpendicular to the plane it ii' = w^ = J]/y, it will eotOinue to deierilie the ellipte 
freely, lehUt the elllpie ittelf inorei round the itralghl lint SH aith a variable 
angular velocity a = Blij'. 

Ex. 2. If the particle is also acted on by a third centre of force sitnated at Cbe 
centre and attracting according to the direct distance, prove that the pteamra a 
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at rotation be the Bxia ot i and let the axes of z, y be fixed lo thi 
e round 0: with the sBgular velocity lu. Let as refer the motion t( 
leB. Since fli = 0, e, = 0, flj = u, the equations of Art. 499 beoonw J 



vhere it,, R„, if, are the componenta of the 



df 



= 7. + lt. 




The resultant of the two acceleratinn foroee X,'^ij'x, 1\ = 
directly from tbe axis of rotation and whose magnitade is 
diBtaoee of the partiole F from the axis. 

The reBnllant F^ of the two toroea Xj = yd£u/dl, 1",= - irfu/d( ii 
and it acts perpendicular!}' to the plane containing the a 
partiole in the direetion in which the angular velguitj u 

To find tbe resultant t\ of the foroea .Y, = 3ud)//d(. i\= - 2udc/(K, w 
that the oomponent along tlie tangent to the curve, viz. Xfilzjdi ■*■ y,dt/l(b, U s 
The reeultant acts perpendicalarl; to tbe given curve, and maybe oompouiided w 
and included in the reaction. When only tbe motion of the particle is required, 
the force ?', may be omitted. 

Beaaoning as in Art. 1117, we see that the equations of notion (2) becoae tlie 
same aa if the particle were moving; on a Bied curve, provided wa impreas on the 
particle (iu addition to given forces .Y, }', Z) two accelerating tonies, viz. (I) > foroe 
F, = ui^r and (3) a force F^^ - rdujdt. 

The process □( including the two furcee F^, F, among tbe impressed foroes is 
sometimes called reduciag the curve to re»t. 

The curve having been reduced to rest, the velocity of the particle relatively to 
the curve is found either by the ec[uation of vis viva oi by resolving along the 
tangent. We find 

where U represents the work function. It the angular velocity ie uniform, I 
reduces to 

The velocity thus found is the velocity relative to the otttve. The aotnal « 
in space is tbe resultant of velocity v and the velocity ur of tbs point of tlw 01 
instantaneously occupied by the particle. 



+ j,^rdr~ jr^.rd*, 



ART. 534.] A CHANGIHa CUEVE. 331 

tax. Tbe preenare of the Gied aorre on the particle U noc the same b.s the 
actual preaanie of the iiii)vin(t curve. RepreBenting the first by S' aod tbe second 
b; R, we see that R' is tbe leaultuut of J! and llie two forcee S^ = 2<iidg!dt, 
¥,= -3uitr/dt. We raaj ooinpoand these two forces into a single force F,. We 
project the moving curve on a plane perpendicular to tho axis of rotation. If P" 
be the projection of P, dxjdl and di/ldt are the oomponent velocities of P. The 
resultant la then evidently P', = a«p' where v' is the velocity of P' relatively both 
to tbe curve and its projection. The direotiou of F, is perpendicular not ouly to 
(be given curie but aUn to its projection. The components along and perpendicular 
(0 tbe radius vector are +1laTdBld< and -iadrldl. 

sas. El. A small bead olides on a smooth circular ring of radius u which 
is made to revolve about a vertical aiia passing through its centre with uniform 
angular velocity u, the plauo of the ring beini; inclined at a constant angle a to the 
horizontal pinne. Show that tbe law of angular motion of tbe bead on the ring la 
the same as that of a bead oo the ring ot radiaa n/sin a revolving round e vertical 
diameter with angular velocity w sin a. [Coll. Ei.J 

saa. A ehangtng cor**. A bead of unit nuua rniteet on it nnoolA cxiTve 
\choie J'onn it ch-ingiiiri in any given mamitr. It ii required to find the motion. 

Let the equations of the curve he written in the form 

!=/,(». 0. »./,(»•"). »=/.(», il («. 

where 8 ia an auxiliary variable. We may regard the position ot the particle at 
any given time ( as defined by some vatoe of d. Onr object is to find 6 in terms of 
the time. 

Let us use Lagrange's equations. We have 

T=lS(V+/,)» (3). 

where S implies summation tor all the coordinates, and partial differential coeffi- 
cients are indicated by suffixes. The Lograngian equation is 
ddJ^_dT_dU 

dtdS- da de ' '' 

■'■ ^Jw+W»-='//'+.'(H/«/'+/«)=^ (*)■ 

This is a differential equation ot the aeoond order from which 9 may be found. 

The three componente ot tho pressure on the particle in the directions ot the 
axes may be found by differenliating the equations (1). If A', Y, Z, be the com- 
ponents of the impressed forces; Ji], if,, Ji^ those of the pressure, the Cartesian 
aqtiatione ot mottou are 

^.x.H,. g.y«.. g.z.... 

Binoe the presiDre mast be peipendicnlor to tbe tangent to tbi 

position ot the curve, we do not necessarily require all these equations, thoug 






lethen 



884. E-c. A helix is constrained to turn about its axis Oi, nhich is vertical, 
with a uniform angular velocity w. Find tbe motion of a purticle of unit mass 
descending on it under the action of gravity. 

Let the axes UA, Oil move with the curve and let 0.4 make an angle wt with 
some axis of z fixed in spaoe. Let the angle AOli=$. See the figure of 
Alt. SST. 




which idmiu of t%Mj intcpstioo- It ibonld be noticed Ifaal lM> nualt U ii^D- 
pendent of the u>giil&r velooitj of the gniding earn, pmtided onlj it is eooalsBt. 
A iinulu retnit bolda for U17 curre on a ri^t circnlaT ^linder """"g ■■itaaify 
•boat Jt« aiu. 

To find the pnerare of the helix on the putieb «e lue ^Imdrieal aooBdiMrii^ 
Art. i9\. Let P, V. ii be the conipoaeBtB of the pi 
^=a, 4 = 0-rHi, vefind bvi 

P=-a<»' + u)', V=a*". ^-3=otMi««". 
TbcM abov that the pi e oui e mi the puticle U eqnivftleiil lo k 
fooaa aetiog pefpewtienUiljr to the oacolmting pUne together with the i 



MoUoit on a Sar/ace. 

535. Any Surface. To find the motion of a partieU € 

fixed surface. 

Let F be the position of the particle at the time t, j 

tangent to the path, P^ a Dormall 

the suHace, and P( that tangent to 

the surface which is perpendicular to 

the path. Let PC be the radius of 

curvature of the path, PA the bi- 

/ normal, then PA, PC lie in the plane 

" f ?. Let X be the angle CPf. 

Let X, y, Z be the resolved impressed forces parallel to 

any axes x, y, t fixed in space. Let the equation of the surface 

>yftf{ic,y,s) = 0. 

The resolved accelerations of the particle in the directions 
PA, Pfj, PC are known to be zero, vdv/de and ii*//> respectively. 
Art. +96. Hence resolving in the direction Ptj, 




= X 



dy dz 
d^-^^ds' 



which if U be the work function at once reduces to 



hmif=U + C 



This is the equation of vis viva. 



8.] ELEMENTARY RESOLUTIONS. 383 

Let R be the pressure of the constraining surface on the 
particle measured positively inwards. Then resolving along 
the normal, 

— cos y = H + R, 

where H is the componeot of the impressed forces. If p' be the 
radiua of curvature of the normal section ijPf of the »ur&ce 
naade by a plane through the tangent to the path, it is proved 
in solid geometry that p = p' cos ;^. We therefore have 



..(2). 



r B8«. U a. b are the ndii of aorVBtnre af the piinaipkl Motiosi of the iDrfMie 
■t P, # the angle the tttngeot to the path makes with the Mction <i, we have b; 
Eolet'i theorem 



J be the rewlved velooilies of the particle along the taDgentt to the 
ition«, then i7,=voo8# knd t>,= vsin#. The eqtiatieii (S) then takes 






I 537. If the forces are conservative, tlie velodttf of the paHicle 

* is given by the equation (1) in terme of its coordhiates at any 

instattt and uf the initial conditions. To determine the velocity 

at any point we do not require to know the path by which the 

particle arrived at that point (Art. 181). 

The pressure R is given by (2) in terms of the velocity at 
that point, the normal component of force and the radius of 
curvature of the normal section of the surface through the 
tangent. The pressure is tho-efore also independent of the path. 
The whole energy C being given, the pressure depends on the 
jKsitio}i of the particle and the direction of motion. 

The equation (2) shows that the acceleration of the particle 
normal to the surface is f'/p'. It is therefore independent of the 
position of the osculating plane but depends on the direction of 
motion. 

538. To find the path of the particle we resolve in some 
liird direction. Choosing the direction F^, we have 



334 



MOTION OV A SURFACE. 



[CHAP. TO. 



where F is the component of the impressed force along that 
tangent to the surface which is perpendicular to the path, 
may also be written in the forms 

P" 
where p" is the radius of curvature of the projection of the | 
on the tangent plane. It is also called the geodesic radius i 
curvature. 



r tan X = f , 



T^F, 



639. Qeodeslc path. If the only impressed forces t 
on the particle are normal to the surface, F=Q, and the thj 
equation ehows that either siu ;^ = or that the path is a stn 
line. The path is therefore necessarily a geodesic line. 

If the surface is rough, the frictiou acts opposite to ' 
direction of motion, and F would still bo zero. So also if t 
particle moves in a resisting medium the resistance is opposite f 
the direction of motion. Generally we conclude that tlie path ^ 
a particle on a rough surface in a resisting mediuvi when acted t 
b^ forces normal to the surface is a geodesic. 

Conversely, ifthepath is a geodesic line we must have ain jf ■ 
and therefore ^" = 0. The component of the impressed force I 
getitial to the surface must then also be tangential to the paVi. 

640. To find the radius of curvature of the path and 1 
positioti of the osculating platie tuhen the position and directioH a 
motion of the particle are given. 

To effect this we use the two equations 



miP 



t = F 



s' if> sin' <t _ cos X 



The particle being in a given position, v'. a and b are knm 
Since is the angle the direction of motion makes with I 
principal section whose radius of curvature is a, we have 

F= A cos 4> -i- B sin <f>, 
where A and B are the given components of impressed (at 
along the tangents to the principal sections. Thus the valuesJ 
both sin j(!p and cos ^/p follow at once. 
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541. Motion on a tarfkce of revolution. When the 
surface on which the particle moves is one of revolution, it is 
generally more convenient to use cylindrical coordinates. 

Let the axis of figure be the axis of z and let f be the 
distance of the particle P from that axis. Let the equation of 
the surface be z =f (f ). Let U be the work function, and let the 
mass be unity. The equation of motion obtained by resolving 
perpendicularly to the plane tOP is 

td?^^*' = frf^ <^^- 

We have also the equation of vis viva 

r=i[f'» + /"+f>"} = U-+C' (2), 

which, by using the equation of the surface, may be \vritten in 
the form 

jrli + dyi + iw-tf+c (3). 

Here accents denote differentiations with regard to the time. 



By solving (1) and (3) we determine the two coordinates f, 
terms of the time. 



|. 

^^r In ceitain cases the solution can be effected. The equation 
^■<1) gives 

Let the impressed forces be such that 

(•u-F,^<^)+F,^(.!) en 

where F,, Fj are arbitrarj' functions. We then have 

f'fa(ff)-^^'*'; .■• !fy-y.(«+j...(5). 

Substituting this value of ifi' in (3) we find 

i{T{i + (|)'}-^.({,«)+C{-^ •'''■ 

lince 2 is a known function of f, the variables in this equation 
are separable. The determination of f as a function of ( has 
therefore been reduced to integration. The differential equation 
of the path is found by dividing (.5) by (6). It is evident that 
here also the variables are separable. 



I 
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[OHA».fl 



Since the expression for the vis viva, given in (3), can 
written in the form 

T-iCiPC + ■!:-]. 
where P ia a. function of f only, this solution ja an example i 

Lionville's method of solving Lagrange's equations; Art. 522. 

542. Motion on a sphere. When the surface on 
the pai-ticle moves is a sphere, we may use polar coordinates, the' 
centre being the origin. The equations corresponding to (1) and 
(3) of Art. 541 are found by putting f=f ain^, where / la the 
radius ; we then have 



„(.in'9f)-j 



dU 



IP I 



I J, \Diii i/ifi / — j-j , 51. 11/ -r 001 utp I — (/ + (/. 

These admit of integration when U, expressed in polar coordiiutl 
has the form 

The resulting integrals are 



I 



Ex. 1. A p-mrticle of mass 
B cone of revolution, whose Bemi-Teitic&l anglt 
ulnive force mp-lr' from the kxib ; the kngulu 
axis being m^^Una; prove that its paCh U 
;ntricily ia sec a. 



res on the inner eurfMM 
under the kction of ft 

of the particle aboat 
)( a bjpGcbola nhoee 

[Math. Tripos. 1897.] 



Resolve iilong the generator aod take momenta about the aiie, thus avoidiitg 
the reaolion, Art. 641. Thcee prove by integration that the path liea on a ploue 
parallel to the aiis. The angle between the SBTUiptotea in therefore eqnal to the 
angle of the cone. 

Kx. 2. A partiele P niovea on a sphere of radina I ucider the action both of 
gravitj and a force A' — ^/r* tending directl; from a vertical diametral plane taken 
aa the plane of y:. Show that the determination of the motion can be reduced 
to integration. If the particle ia projected horizontallj from the eitremity of the 
axis of X, ahow that when next moving horizontally, it is in a lower poaition. 

Ex. 3. A particle ia acted on by a force the direction of which meets as 
inSnite straight line AB at right angles and the intensity of which is inversely 
proportional to tlie cube of the diata,ncc from AH. The particle is projected with 
the velocity from infinity from a point P at a diatance <i from the nearest point O 
of the line in a direction perpendioular to UP and inclined at an aagle a 
plane AOF, Prove that the particle is always on the ephere the centre of wU 
is 0, that it meula every meridian line through All at the angle a, and ttut 9 
reaahes the line Ali in the time a'aeoa/^ju, where ^ ia the absolute force. 

[Math. Tripos, IM 



I 
I 



iBT. 546.] TABI0U8 SUHFACES. 837 

Ex. 4. A particle mavGR on a ipherical BurTaoe of Dait ladiuB. ilB position 
being di>t«rinineii by its polar diaEance S ■.nd its loogilude 0. If the Inngentiftl 
mcceleration ia alvajB in the meridian, and Bin'0<l0/ill = A, Mt«=u, prove that 

Prove also tbat the law of force perpendioalar to the equstoiial pUne under 
whioh the Bphero-conic ^-j- = f.?L* + -!--* can be deacribed ia that of the inverse 
cube of the diBtanoe. [Math. THpos, 1893.] 

Ei. 5. A particla move* on u amooth helicoid, i-afi, nnder the action of a 
force )tr per anit maBB diiecled at each point along the generator innards, r being 
the distance from the aiia of t. The particle ia projected along the Burfaoe 
perpendicularly to the generator at a point where the tangent plane makes an 
angle a »ith the plane of j:^, its velocity of projection being a^ii. Prove that the 
equation of the prujeetion of its path on the plana of xy ib 

l + aVr» = Bec'ttjcoBh(0/coaa);«. [Math. Tripos, IBM.] 

a«4. Orllndan. Ex. 1. A particle moves on a rongh cireolar cylinder 
under the action of no external forces. Prove that the apace deseribed in time I ia 

log I 1 -f ~ J where the particle haa initially n velocity V in » direc- 
tion making an angle a vitb the transverse plane of the oylinder. 

[Math. Tripos, 1888.] 

Ei. 2. A heavy particle moves on a rongh vertical cirenlar cylinder and is 
projected horizontally with a velocity ''- Prove that at the point where the path 
cuts the generator nt an angle ip, the velocity v ia given by 

ojj/r"sin'« = aji/P'5 + aMlog(cot* + ooaec^), 
and that the azimuthal angle e and vertical deawtnt i are ag$=jr'd^ and 
as = Ji»"oot0,i0. thelimite being p^Jir to*. [Math. Tnpoa, 1888.] 

The cylindrical eqaations of motion give 



Bin*}= 



-rAvooip)=g- 



' an* 4> COB ip. 

First eliminating dl and putting v~llic we obtain the fiiat reault. Secondly 
ellmiDating ^ we obtain the others. 

Ex. 3. A smooth cylinder whose crosa section is a cardioid ia placed with ita 
generatora inclined at an angle a to the vertical and having the generator throngh 
the cusp in its highest position, and a particle is projected from the cnsp line with 
velocity V along the inner autrace of the cylinder inclined at an angle fi to the 

.11 leave the surface if F'< - - , , where 2a b the 



generator; slio' 
breadth ol any 



n throUKh the cusp. 



[Math. Tripoa, 1887.) 



S4S. BtiiiiB on a si]iAe«. Ex. 1. A string, one end of which is fastened 
at a point of the surface of a smooth circular cylinder whose aiia is vertical, winds 
Tonnd the cylinder for part of its length, and terminates in a straight portion of 
length c at the end of which a particle ie tied. Show that when the particle is 
projected in the direction horizontal and perpendicular to the string it begins to 
rise or tall according as the velocity is greater or less than sin a [gc sec a)' ; n being 
the angle at whioh the atring outs tha gcneralota. 

B. D. 22 




HOnOM O* A SURFACE. 



[cHAF. ru. 



Ha* a* )«agtb of the ptojcrtkn of the *ai^ pectiaB af Ob «ri^ on k 
boiiwMtal plane, w the Bttgnlar idocilj at the rvtieal iiliiw 4i«na ihnti^ the 
tlrii«nd<dMn£M<>( tbeerliDda. [CML Ex. USE.] 

£'. 2. A Mmc n vanod nitmd a vettieal ^tiado' of ndi^ ■ b tt* loom of 
■ (ivtn belii. the iDelinaMm to the boritoa betas C Tfc* appn «»J »» »«>theJ to 
• iiad point on Ibe crlindB, uid the Iowa-, e portkn of tiM itiing «f bngtfa 
Imc i b»ring been anvoimd, has ■ — terial paitkJe attacbed to it «hich ij alao in 
eonturt with a roo^ horizoDtal plane, tli« eoelfiaent of friction being ^- 
Sopponng a horixontal iclocitT F pcTpendieiUar lo the b«e portioD of the rtnns 
lo be applied lo the paiticle ki m to tend to wind the ibtng on the cg^iader, 
determine the motion and prove thai the partiele will leave the plane after the 
projcetion of the unwound puttion of the string apon the pUne hea iliiei ifliiil 



-log 



[Uath. T. I860.] 



Ex. 9. A fine itring of length I ii hatened to ■ point J ot t emooth ^lii 
of ndina a, and, being wooad loimd the cjlindt?, has a particle of given b 
alteehed lo tbe free end. Show that, it the particle ia projected in anj din 
il will, to long as the itring U tight aad aome portion of it remaiug wonnd on ti 
cylinder, describe a geodeaic line on the Rlrfue 



"'j-J' 



-j^-^ 



+ y lin- (^P-i'~ -Ji^ + i/^- 



"=) = o. 



where the aiii of tbe (rflinder ie tbe axia of z, and the axis ol x it 
thioDgb A. 

Show also that the particle cannot be lo projected that tbe string Hhall not li 
on the ejlioder, except when the path lies in tbe plane of the oironlar ■ 
tbe cylinder drawn through A . [Math. Tripoa, ISMJI 

a«0, Oanas' ooordinataa. The motion of a parttole ou a surface ma; a! 
be investigated by using tbe geodesic poUr coordiDstes ot Gauss. In this metliod 
every surface has a geometry of its own. in which all the lines andei cousiderntion 
are drawn on the surface. The geodeeies on the surface correspond to slroight 
lines on a place, and tbe properties of the figures are discussed by reasoni 
analogous to that of two dimtnaioos. 

Let O be any origin, p tlie lennth of the geodesic drawn from O lo any moii 
point F. Let w be the angle OP makes with some fixed geodesic Ox. Let OP" % 
a neighbouring geodesic, PL the perpendicular to OP", Then in the limit LP'=^ 
I'l.-Fdu. Tbe theorem that OP-OL is proved in Salmon's Solid Otm 
Art. 304. edition of IS»2. The quantity /■ is a function of p and u>, whoee fam~| 
depends on the particular surface under consido ration. On a plane P= 
a sphere of radius a, P=aBiu /ija, On an ellipsoid when the origin t 
nmbilioUB, i' = ^(»seau, where <■! is the anglo the geodesic OP makeu with the arc 
coiilaining the four umbilici. The difficulty of finding the value of P for taj. 
surface prevents this method from coming into general nee. 

Tbe vis viva iT ot a partiole ot unit mass is given hy 

whore accents as usual denote differential coefQcients with regard ti 



Part. 549.] qauss' coordinates. 339 

' IiCt U be the work function ; J*', G (he accelerationB at P along and perpendtaular 
to the geodeaio rsdins vector OP. We have b; Lagrange'B theorema, 

dldp- dp dp~ ' ■■ '-P ^ dp" '*'■ 



...(a). 



A47. iVe tuny alto arrive at tbete reaulU ivithoat uting Lagrange'i tqaationi. 
Let H, V be the component velocities of P along «id perpeiicUcular to the tangent 
PT al P to the geodesic OP. Let P'T be the projection of the tangent to OF on 
the tADHent pliine at P. Siaoe the taogent planes at P, P' make an indeSnitel; 
Email angle with each other the compocent velocities at P along and perpendionlar 
to FT are u-t-tlu and d-^iZi'. If dB be the angle PT makes -with FT, the acoele- 
iitions nlong and perpendicular to PT are (as iu Ait. 325), 



F= 



dS 



dt 



'5 = 57 + '' Jl- 



I 



Now ti = p', v = Pu', and bj a theorem proved in 


1 Salmon's .Solid Gfometry, Art. 


893, dfl = ^ d«.. We therefore have 




l + ^"dp- 


These redact to the same forma aa before. 





ft4B. E.[. A particle F, coostrained to move on an ellipsoid, is attached to 
an umbilicus bj a string of given length, which also lies on the surface. Prove 
that the particle describes a geodesia circle with a uniform velocity V, atid that the 
angular velocity of the string about the Qmhilicus is Fsinu/jf. Prove also that 
the accelerating tension is I"cos^/y, where fi is the angle (he tangent at P to the 
string makes with the aiia of y. 

54S. DarBlopaldB miCuiaa. When the surface on which the particle moves 
is developable, we ma; Bouetimes &x the position of the particle by using the edge 
as a curve of reference. Let t be the arc of the edge measured from some fixed 
point A to a, point Q such that the tangent at Q passes through P. Let QP = u 
measured positively in the same direction as i. We then have 

■"?" ■-*'•■*•■'■• 

The form of the surface being given, the radius of curvature p of (he edge ■( 
Q is known as a function of >. When U is given as a function of u and $ (he 
Lagrangian method sDpplics two equations to find the coordinates u and i. 

Ei. A lieavy particle moves on a developable surface whose edge is a helix 
with its aiis vertical. Obtain two integrals by which / and u' may always be 
toond in terms of u and t. Show also that if the particle is projected along a 
tangent to the belii, it will continue lo deaaribe that tangent. 



MOnOK OP A HBATT PABTICLE. 
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Motion of a Aency particle on a mr/ace of rmotation. 

560. To find the motion of a heav^ jjarticl^ on a a 
revolution the aids of which is vertical. 

Let the axis of 2 be the axis of the eur&ce and let 1 1 
measured upwards. The velocity t is then given by 

v^ = Zg(h~z) (1X| 

where A is a constant depending on the initial conditions, 
the plane x = hhe called the level of no velocity. 

Let f be the distance of the particle P from the axis of figi 
and ^ the angle the plane zOP makes with the plane zOx. 



dt ' 



.■(2)ri 



where mA i.s the constant angular momentum and its value 
known when the initial values of f and d^jdt are given ; Art. 492. 
The velocity v at any point being given by (1), the angular mo- 
mentum A must lie between zero and uf. It is the former when 
the particle is moving in the plane zOP and the latter when 
monng horizontally. The particle therefore can occupy only 
those points of the surface at which v^>A, i,e. those points 
which 2(f (h — z) f ' > A'. If then we describe the cubic surface 

(h-,)S:A'll!, (8Xj 

the f of the particle for any value of z must be greater than 
corresponding f of the cubic surface. 

This cubic divides the given surface of revolution into zoi 
separated by horizontal cireles, and the particle can move only in 
those zones which are more remote from the axis of figure than 
the corresponding portions of the cubic. The zone actually moved 
in is determined by the point of projection. The particle moves 
round the axis of figure and must continue to ascend or to descend 
until it amves at a point at which the vertical velocity can be 
zero, that is, until it reaches one of the boundaries of the rone. 

If the particle is projected horizontally it is on the bount 
of two zones. It will move on that neighbouring zone which is 
the more remote from the axis than the coiTesponding portion of 
the cubic. If the cubic touch the surface of revolution, Uie 
particle is situated on au evanesceut zone and will then di 



only 

I 



ida>^^ 



I 
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a horizontal circle. The path is stable or unstable according iis 
the neighbouring zones are less or more remote from the axis of 
figure than the cubic surface. 

sal. Ex. A particU it projectid boritontatlg with a vtlocitij V at a point 
tehoie eoorilinat't are f, e. fi'iU it ritf or fall? 

1( mJi be the pressure oa the portiole, ^ tlie angle the r&diaa of ourratare 
makes with the vertical, vie nee b; resolving verticalty, that the particle it inside 
ODil f < i»- will rise ur fall according as R cob ^ is greater or less than g. 

To find n we reeolTe along [ho normal to the surface. Since the particle is 
moving along tliat principal section whose radius of curvature is the normal ii, 
we have J"/n = R-j)coBV'. Art. GBfl. Since n sin ^ = f. wo see that (fepnrH'crle iciVf 
riir, /oU, or deicribe a horiionlal circle according at F' u greater, leu, or equal la 
jf (nn^. If '=/{() be the equation of the surface of revelation, t«ii \i' = d!Jdi. 

To find the level to which the particle will rins or fall we nee the cnbio surface 
described iu Art. SSO, the constants A and h being known from the equations 
Ti-A, V* = 2g()i-c). The intermediate motion may be dedncsd &om the equation* 
(1), (3) of the same article. 

SftS. Ex. To find the preiiun on the particle when in any potition. 

We u»e the formula given in Art. 636. The principal radii of curvature of the 
anrface are the radius of curvature /> of the meridian and the normal n. The 
velocit; perpendicular to the meridian being v, = ld^ldt, the velocity i', along the 
meridian is given by i''=i'j*+r,'. The formula 

— + — =B-ffCOB J-, 

p n 
diows that 



This problem has a special int«rast bwanse we oai 
mtall; the path of a particle under the action of a c< 
projection of the particle on ■ horizontal plane, the motion of Q is the same as 
that of a particle moving under the action of a central force whose magnitude is 
R sin ^. If then a surface is so consCmcted thai the generating curve satisGea the 
difFerentiat equation Ii sin •l' = lilC, where R has the value ^ven above, the path of 
Q sliould be a conic with a focus at the origin. 

The experiment cannot be properly tried with a particle, for the surface mast 
then be very smooth. It is better to replace the particle by a small sphere which 
is uiade to roll on a rough surtaoe, hut in that case, the theory must be modiAed to 
allow for the size of the particle. Nature, 1697. 

SSS. Small oacUlaUon. Ex. A heavy particle P, deicribing a horiionlal 
circle an a turfaet of revolution, it •lightly ditlurbed. It it reqaired to find the 
otciUationt to a flrit approximation. 

The plane lOF may be reduced to rest if we apply to the particle a horizontal 
Hoeleration ([d^ldt)'. Art. iOS. Since pitipfdi^A, this aooeteration is equal to 
J*/{*- Resolving along the meridian, we have 



(P* 



gsiu J- 



where ^ is the angle PGO which Iho normal to (he surface makes with the axis. 
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at tfa ^aa (ink fac A'^i = r aad U Ac n 
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The podtion at (lie <irele of nfimuiuj is ms Tct ■rtribai? exwfit llMt f 
deTutiim J miict be mutll- Let it be so chosai thmt ths mean Tsloe of t (taken t 
ftn; loDg time) u zen: ve then hare F=0. The mean circle and the 
momentoni aJ ate go related that A'=e'ftMay, «hil« lb* oaaUmtotj a 
fSren b; i = Ltio(pt + 3I)irixn L, If are the wnHUnla of iotegration. 

To find the motion raand the axtt of Sgote «e om die eqnation f<l«/dr=J; I 

■■dF-?-?l'-7""-'J- 

where .V is the ooiutant of integiatioD. 

If we write V lor the meao Talne of dflit, w« have J = A*. We then Snd 
c^^gt^y, p^^-^C-^^-' + aco^iU'-^?^. 

The time the particle takes to travel from the highest poeition to the lowest or Q 

rB»erBe U rip. 

fiS4. Tlia PaiKbolold. Ex. 1. A smooth paraboloid ia plioed with its ■ 
vertical Bud vertex downvards, and its eqnatioD is ^ = iar. A heavj pattielel 
projected honioctallj with velocity r, the ioitial altitude being i = b. show that q 
particle is again monng horizonlaU; at an altitade i=V'liy. Show a 
the preware on the enrface at any point of the path ia inversely proportional to fl 
rsdins of carviture of the parabola. 
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To provB the first, we notice that the angular momeDtum A = V( where S' = iab. 
The cabic f (ft - r) = J'/2j bBoomes i^- Ai+ t"6/2g = 0. one root of the qaadrstio 
being I = i, the other 6' U BiTen either by 6 + Ii' = A or fc'=I"/2ff. The second part 
follows from Art. 562. 

It the time T of paMing Inim one limit to the other be required, we flrst 
notice that 






the limite being b and b'. This integral can be reduced to elliptie forma by patting 
a + c = {h' +a)aoa'e. 
Ex. 3. A particle moves under the action of gravity on a smooth ptU'abotoid 
whose axis is vertical, vertex downwarde ao-d latuK rectom 4a. If the particle be 
projeoted along the sarface in the horizontal pluie through the foouB with a 
velocity ^'{Initg), prove that the initial radius of curvature p of the path, and the 
angle 9 which the rodiun of curvature makes with the axiA. are given by 

^/(n= + l)p = 2iw^/2. (l-n)lan# = l + .t. [Math. T. IB71.] 

Ex. 3, A heavy particle movea on a paraboloid with its aii» vectioal, the 
equation of the inrface being x'ja + y'Kt^.iz. Show that the particle when moving 

horizontally must lie on the quartio surface ^l-^-*JI — --^1- ' ■, 

where -. = ^ + 1^ + 4, andS is the initial value of -(^ -l-^ + 2flV Show also 

P' a' P" P' \ 1 fl / 

that whi^n the paraboloid is a Burfaoe of revolution, the intersection redncee to two 
horizontal planee and two coincident planes at the veiti^x. 

S56. The Conical Fendulum. To Jirvi the nwtion of a 
heavy particle P mi a smooth sphere*. 

It will be convenient; in this problem to take the origin of 
coordinates at the centre of the sphere and to meaaure Oz 
vertically downwards. Let I be the length of the string OP and 
$ the angle it makes with Oz. Let i^ be the angle the vertical 
plane zOP makes with some fixed plane zOx. Let r be the 

* The problem of the conical pendulum has been considered by Lagrange in 
the second volume of his ilfcanique Analytique. He deduces equatione equivalent 
to (It and (3) of Art. oS5 from his generalized equations, and notices that the 
oubio has three real roots. He reduces the determination of ( and $ to integrals, 
and makes approximations when the bounding planes are close together. He 
refers also to a memoir of Clairaut in 1785. There in an elaborate memoir by 
TisBOt in LiouvilWi Journal, vol. xvii. 1853. He expreases i, i, ^ and the arc a in 
eUiptic integrals in terms of u, A long communication by Chailan may lie fonod 
in the BulUtiH de Soc. Math, df t'Tancc, 1889, vol. xvii. There is a brief discussion 
of this problem in Oreenhill's Appiicalioiit of EUiptic fiinetiont, 1892, Art. 20B. 
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diatance of P from Ot. Let A be the altitude abore of the 
level of zero velocity. We now proceed as in Art 550. 
By the principles of angular momeDtum and ?is viva, 

Elitninattng d^t/dt and writing r = / sin 9, 

fsia^0\^J=2ff(k+lcos0)mn'e-^ (8X | 

Putting 2 = / cos ^, this may also be written in the form 

l'(^)'-^<l' + 'Hf-f)-A- (3V| 

To find the positions of the horizontal sections between which t 
particle oscillates (Art. 5oOX ve put dildt = 0. We thoa ha^ 
the cubic 

ih + z)(l'-i^)-A'!2g = (4> 

Since the initial value of x must make {d-tjdty positive, ( 
left-band side of the cubic (4) is positive for some value of j 
lying betweeo e= ± I. When z = ±l the left-hand side is negative, 
hence the cubic has two real roots lying between ± / and separated 
by the initial value of r. Let these roots be z = a and z^b. 
Lastly when z is very large ajid negative the left-hand side is 
positive, the third root of the cubic is therefore negative and 
numerically greater than I. Let this root be z = ~c, Theparttde 
oscillates between the two horizontal planes defined by z = a, z = b. 
Since the cubic can be written in the form 

i^ + k>^-Pz + (A^l^g - m = 0, 
we have the obvious relations 

o -f fc - c = - A, (a + 6) c — at = i', ahc^ A'/ig — t'L 
Conversely, when the depths a and b of the two boundaries of 
the motion are given, the values of the other constants of the 
motion, viz. c, k, and A, follow at once. We have 
^f + ab A'^( l^-a')(f~b >) 
"^ a + b ' 2g a + b ' '"'^ " 

SBC Ex. Prove (1) that one of the two horizontal pl&nee boanding th* 
motion lies below the centre ; (2) that the plane equidiBtunt Trom the two bouDding 
plane* also lies below the centre: (3) that both the bonnding ijlanea lie below the 
centre if 2ghl'-£.A^; (4) if > length OC = c be mesinred apwards from the oentre O. 
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the point C ii not onl^ *boie the top of the sphere, but above the level of zero 
Telooitj. 

To prove (1), we notice that if kll the roots vrare nesative, every coefliaient of 
the onbie (4) woold be positive, which ii not the case. To prove (2) ; linee both 
a and b are namericalty lees than I, it follows from the valae of e that a-^b it 
poeitive. (3) The two roots a and h nill havL' the same or different signs according 
as the left-hand side of the cnbic when 2 — and i-f has the same or different 
signs. The fourth resnlt followi tiata the fact that c-h. i.e. a -h h, is positive. 

The Brst and tliird resalts follow also from Desoartea' rule of signs; tor since 
all the roots of the cobic are real, there are as man; positive roota as changes of 
sign, and nx man; negative roots as cootinuationa. 

«ft7. Ei. To Und the tauion of the siring we prodac« the radius vector OP 
outwards to a point Q go that PQ is half the length of the strinR. Let :' be ths 
depth of Q below the level of zero velocity. Prove that the tension mJi is given 
by tR^2g!'. Tbeuce show that the tiring can become ilack only lo/ien Q CTOl»e» 
the Uf-l of tern vtlocity. It may be noticed that the tension or pressure on a 
sphere is independent of the angular momentum mJ. 

SSe. Ex. 1, A partiete P it projected horizontally teiih a vtiocity I'. 
Determine whether it irill riie or fall, and find the potition of the other boundary to 
the motion. 

Let the initial radius OF make an angle a with the vertical. Resolving along 
the normal, we End that the initial tension mli is given by Il^gcoaa+V^jl. 
The particle will rise or fall acoording as R aoa a is > or <jf, that is, according U 
V'cosa is > or <l0Bin'a. If these are equal the particle describes a horizontal 
oirole. See Art. fi5i. 

To determine bow far it will rise or fall, we notice that one root of the cubic in 
Art. 556 Is known, viz. j^lcosit; the cnbic may therefore be reduced to a qnadrstic. 
But It II Biore eaiy to repeal the reanoning. "We have by the principles of angnlar 
momentum and vis viva 



Elin 



[latiag dpidt and putting zero for dgjiU, the limiting values 



of e 



ij|=J" + V(«w*- 



la); 



,'. r' |00Bff + cosa) = 2al8in'S. 
Potting V'l'igl=in for brevity, we find 

coBfl= - " + s/(l - 3" oOB " + "')t 
where the positive sign is given to the radioail because cos 9 must be less than anity. 
This value of cos ^ and cos e = coB a determine the positiona of the bounding planes 
of the motion. 

Ei, 2. A heavy particle, conetraitied to move on the surface of a smooth 
sphere of radios a, is projected hotizaiituily with a velocity 1' from a point on the 
surface whose depth below the centre is x. Prove that, when next moving hori- 
■ontally, the depth i' of the particle below the same point is given by 
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Ex, it. In the centre of a hollow sphere resides a TepuIuTs force. A beoT]- 
purticle is projected hoiixontaU; along the surface of the sphere from a poiot 
distant 60° from the highest point with a Telooit; doe to Mling through the 
diameter b; its weight ont;. Prove that it will be again moving horizontally at a 
point whose distanca from the lowest point is tan-'^j, [Coll, Ei.] 

Ex. i. A particle is attached by a string to the top of a hemispherical dome, 
and is projected horizontally along the interior surface, which is rough, with a 
velocity just sufficient to prevent it l!ram at once leaving the surface. Find the 
velocity after describing a given arc, and show that it will always remain in contact 
with the surface. [Math. Tripos, 1B53.] 



ftSft. £ 



:. 1. Show that the radtiu of curvature of the path and the i 
oieulating plane to the normal to Ihf tphere are given bg 



cU^^ 



here r i" JJi* velocity and rii 

We follow the method gi 

It ion along that tangent : 



tlie eoi'ilant angular moitientwn. 

•.a in Art. 540. Let F be the component of aooele- 
the ephere which is perpendicular to the direotioD 

— Bin X = ^- ^0 S°d ^'' ve notice that the acc«lera- 
P 
idian plane is tero, while that tangential le g tanS. 
ion makes an angle ij/ with the meridian, 
f = sine sin f. 
Since the components of velocity in and perpendicular to the meridian plane are 
(10' and aaio^^', we have ccosf — US', d sin ^ = f sjn 0^'. Ghoosiiig the latter 
component to find ip and remembering that Paa'S^'=A, the values of ooa xjp Uld 
Bin xIp are evident. 

Ex. 2. A particle is projected with velocity )' horiEOotally from a point on 
the surface of a smooth sphere. Prove that the radius of curvature of its path is 

e I is the radius of the sphere and a the tncUuation to the 

.t the poiQl. [Coll. Ei, 1881.] 



Kx. 3. A particle i 
^'2gl along a tangent t 
is 211^5. 



projected inside a smooth sphere of radius I with a velocity 

the horizontal equator, prove that at first the radius of 

{CoU. Ex. 1897.1 



aaO. Ex. Prove that the pngectiaa of the path of thf particle o?i a horuontal 
plane it a central orbit detcribed under a force Etin S = %j [^h + 3,f{t' - r*]}, tehrrt 

Show also that if the two roots a and b of the onbio in Art. fiSS have the auM 
signs, the central path is a spiral curve touching alternately two circles whose 
radii are V( '*-"') ""'' VC -''')- the cur\e being always concave to the centre of 
foroe. If o and b have opposite signs the central path after touching each bonnding 
circle, touches the circle r-l and then touches the other bounding circle. Then 
will be a point of inOeiion only if R vanishes and changes sign. 
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avi. Ex. If im iBrile | A-t-I C0BS = jr cob 4>, the gineral tqjiatioti of m 
a eonkal pendulum may be reduetd (o the form 



'"{dij -ap*' 



by properli/ chooimg the coiulanti i 
Show that these values are 

Find also the positiiiDB of the bounding plat 



a when the coDBtaata •: and a of the 



562. Time of pauage. The motion of the particle as it 
travels from one boundary to the otiter may be found by an elliptic 
integral. 

We write the equation (3) of Art. 555 in the form 
V(2g)^_ r dz 

I JV(a-2)(2-6)(3 + c)' 

where the limits are z = a and z = b, and a>b. Putting j = a — f -, 
the integral takes a standard form which is reduced to an elliptic 
integral by writing f = ain^ v'(" — ^*i i-e- we write 
s = a cos' -^ + 6 ain' ^ ; 
. '^2ff) 2 [ d^ 

■■ I v'(a + c)iV(l-«'8in'f)' 

-b ^ ft + oi 

fc' a-\-b ' 



where 



K»=- 



If the time of passage from one boundary to the other is required, 
the limits are and \ir. 

If tlie two bounding planes are close together, k ia small. By 
expanding in powers of k and effecting the integrations we find 
that the time from one boundary to the other is given by 

If the two bovmding planes are also close to the loioeat point. 
we put 

a=lcosa=l(l-^tt'). b = lco8 9 = 1(1-^0'). 
We then find that the time of passage from one boundary to the 
other ia 
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thf fourth powera of a and boing aegtected. This result is 
giwo by Lagrange. 



Let 



"=/:. 



and K be the value of u when 



^ = Jw, Let t be the time of passage from the lower boundoiy 
to the depth z defined by any value of if-, and T the time &om 
one boundary to the other, then tjT - njK. 

SM. Ex. 1. Prove that when half the time of passing from the lower to Ibt 
upper botrndory hu elapsed, the particle is above the mean level between the Mo 
bootidariM. Prove also that the depth of the pArtJcleiatheD(i'a + 6)/[i' + l),«lMM 
»'' = l-j^. [Ti-ot] 

Ex. 9. Prove that when a quarter of the tine ha* elapsed, the depth m at |ha 
particle ia 

aV«-(^(l+.c'l + l) + tM l4f')-^/0 

C64. Tlie apsldal angle. To find tlie change in the value 
of <}) a* tiie particle moves frovi one bounding fdane to the other. 
Kiiminating dt between (1) and (3) of Art. 555 we find 






where the limits of integration are 2=6 and £ = a, and a >b. 
Putting a = m + fi, b = m- n, z = j« + fao that m is the middle 
value of 2 and fi the extreme deviation on each side of the middle, 
we have 



y_(2i,) 



where the limits are f = 



P)V(»n 

- fi and /I. 



rff 



K)K'-("i+f)T 



565. When the bounding planes are close to each other, t 
range fi of the values of f is small. If also the planes are nofe^ 
near the lowest point, the two last factors in the denomlnab^l 
are not small for any value of f. We may therefore 1 
these in powers of f and thus put the integral into the form 



After calculating P and R. th 
A- - -"J— 



(P + gf + jif)-»(p + lfl»'). 



1- 



3(3iM 
iif-r, 
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saa. If both the Iwunifinjf jilantt art near the UivittX point of the iphert, I and 
I are oeurlj equal, and the last taotor in tlte denominator of ^ (Ait, 664), ma; be 
so Bmatl that its changes in value an eonsiderable fraotiona of itaelf. We write 

the integral in the form 

^'la-'J [ di 1^ _ 

The two Taetora in the denominator of the seouuil fraction are not small and these 
ma; be eipanded in powers of some small q.uitnlit; proper!; chosen. We ahAll 
make the expansion in powers of f-r = i|. 

Iteoiemtiering the values of A and e found in Art. 565. we have 



ij(i-'ijii 



■«/.i 



.J!l. 



nil these integrals are common forms. To find the first we pot 1-1 = 1/u. 



J-J{"-')-Ji'->'}{t-z) ^{l 



1 f da 



limits of the first integral, via. i = a, i = b, make the denamlnator vanieh, the 
limits of the other must be u = a, u = ^. Potting u = i(a + ^)-(-£ we see at onoe 
that the value of that integral is w. Sinoe « = 2~i the valoea of the t«niainiiig 



where a and ^ ore two constants which we need not calculate. For a 

limits of the firs 

limits of the othi 

that the value of 

iotcgrala have juat been found. Hence 

»-^)i4^(i-.iv('-')(|j^^,+|)j. 

where wo have written for e + 1 its value given in Art. 666. 

It p, q be the radii of the circles which bound the oscillation, we have 



and in the small terms which contain the product pq an n factor, we 
a=l, b = l; hence (see Art. 663) 

The first of theM resultK diBera from that given bj Lagrange, The 
was first made b; M. Dravaia in a note to the iKcaniqur Analytiqiie. 

»«7. Ej. a aimple spherioal pendnlum of length ( is drawn out to the 
horizontal position and is then projected horizontall; with a volocit; 2pl, Show 
that, if 6 is the angle tliat thi! string makes with the vertical, and ^ the azimuthal 

angle of the vertical plane through the string, siu^Hio lip - pi)- Jiattae, where 

II ia eqnal to Jpfi. [Math. Tiipoa, 1S9S.] 
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Motion on an Ellipsoid. 

668. Cartetian coordinate!. To find the motion ofM 

■particle of unit mass on an ellipsoid*. 

Let X, V, Z he the components of the impressed forces m 
the directions of the principal ascs. Let R be the pressure on 
the particle measured positively inwards. Since the direction 
cosineB of the normal are pxja^, &c., the equations of motion are 

^'-J-ii^i, f.T-Rp^. ^■ = Z-Kp^...m. 

where accents denote differential coefficients with regard to 1 
time. We also have from the equation of the surfiice 

?i+J^ + ^.i, 5i'+a + ?i'.o (SM 

u" 6* c' a* 0* c' ^1 

xa^' vv" 2^' ^' V'' *'' n ,—1 1 

a» 6" c" n' 6' c* ^ " 

Multiplying the dynamical equations (1) by x', /, /, adding i 

integrating, we have 

\{j;'- + y'''-\-z'') = C + S{Xda>+Ydy + Zdz) (4)^ 

where U is the work function and C is a constant. This i 
course the equation of vis viva. 

Substituting from (1) in (3), we find 

* The motion of a partiole aoDBtmined to remain an an ellipsoid is ditM 
b; LiouTille in his Journal, vol. ii. 164G. He uses elliptio coofitinates tuid a 
that the variableB can be eeparated when U {n' -r') = F,[ii) ~ F,{f). There i 
B paper OB the Hsme subject bj W. R. Westropp Roberta in the Procetdingt of'^ 
Matfitmatical SocitUj, 1B83. He also uses elliptio ooordinatcs and espeoially b 
of the cose in which the path ia a line of curTatare. The ease in irhidl ^ 
particle is attracted to the centre by a force proportional to the diat 
in Cartesian coordinates by Painlevi^, Lepin* lur I'integraiion dei iqaatiotit d 
rentiellei de la Micaniqut. 189o. He also treats Beparatel; the limiting ease of a 
heav; particle moving on a paraboloid whose axis is vertical. There ia a short 
paper by T. Craig in tie American Journal of Hathfiaatici, vol. i. 1878. He 
discnsses the same problem as Painlev£, beginning with Cartesian coordinates, bat 
passing quickly to Elliptic coordinates. He Bhows that the path is a geodesic when 
the central force il zero and the particle is acted on by vhat is ei|uivalent to a 
force tauRcntial to the path and varying aB/(f} + F(a)c where ■ ia the arc deaori bad. 
This result follows also from Art. S39. 
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In an ellipsoid we have 



1 



I I' 



..(6), 



p' a* b* c*' jy a? b' 
where D is the semi-diameter of the ellipsoid whose direction 
cosines are {I, m, n). Also the radius of curvature of the normal 
section whose tangent is parallel to D '\a p = If/p. Taking D to 
be parallel to the tangent to the path l = x'jv, m = y'/v, n = z'lv. 
The equation (5) is therefore the Cartesian equivalent of 

R=--N (7), 

P 
where N is the inward normal component of the impressed force. 

689. In certain cases we may find another integral. DiflTer- 
eutiating (5) and remembering (6), we have 

Substituting for x", y, «" &om (1) and using (6), 

■■"•s(|)-a^a<^'')+^ w 

If then the forces acting on the particle are such that 
1 rf,^_,, Id 



we have 



R = 

Substituting in (5) or (7), we ha^ 
be written in either of the forms 

a;'' y e'* Xx Yy 



Ajf.. 

e the third integml which may 



....(9), 
..(10). 



-Af 



--N-Ajf 



If only the direction of motion is required, we eliminate V 
between the equations (4) and (7). Remembering that p = D'Jp. 
we see that the direction of motion at any point of the path 
is parallel to that aemi-dianieter I) whose length ia given by 



H U+C) _ 



D' 



.dp' + 



N 



..(12). 
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Supposing the coadition (9) to be satUtied we notice 
when the initial velocity and direction of motion are such \ht3i 
the equation (11) gives ^ =0, it follows by (10) that Oie pressure 
R is zero throughout the motion. The particle is therefore free 
and moves unconstrained by tlie ellipsoid. Conversely, if the 
particle, when properly projected, can freely describe a curve on 
the ellipsoid, the condition (d) is satisfied. If it can describe the 
same curve when otherwise projected, the pressure varies as p*. 

If the components X, Y, Z do not satisfy the condition (9), 
we may sometimes make them do so by adding to thera the 
components of an arbitrary normal force F and subtracting F 
from the reaction fl. The condition (9) then becomes 

where F is an arbitrary function of x, y, z and j> is a functioi 
(C,y,z given by (6). The equation (10) then becomes R = F -y- Ajf. 
It is only necessary that the condition (9) should hold for the 
path of the particle, but as this is generally uoknown, the ( 
dition should be true for every arc on the ellipsoid. 



070. Ex. A particle is Boted 
centre of the ellipsoid, the force being 
the tangent to the path, prove that 



by a 



«tedk^^H 
inlts to^^l 



Tbeee reduce to the ordiDUirj formula or central foroee when i 

Since .V= - 1CJ-, 40. the condition (9) ia aatiafied. The first of the resnlts 
proved then foUofvs bom (11), for N=Kp, 

671, Ex. A particle P moves on the ellipsoid under the action of & foN* 
¥= - KJ'J*. whose direction ia alnajs parallel to the axis of y. and ia projected ttoTO 
any point P with a velocity v' = il!i* in a direction perpendicalar to the geodesic 
joining P to an umbiliooB. Prove that the path ia a geodeaic circle having the 
nmbilicuB for centre, i.e. the geodesic distance of Pirom the ambilicus ia constasi*. 

We see by snbititntion that the condition (9) is satiafied b; thia law of for«e. 
The path ie thercfoie given by 



--■*!. 



+ac. 



la before, D in the semi- diameter parallel to the tangent to the path. 
ine of the angle the normal makes with the aiia of if is pi//b*, we fe 



* Thia resnlt ia due to W. K. W. Boberts, who givea a proof by eUiptia M 
ordinates in Ihe Procitdiiigt of the London Math. Sue. 1883. 
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^tplb'y*. The oonditionsof projection show lb«t C=0. Heuoe ^ = —p^y'-k 
p, a are the semi.axBB of the diametral pUne of P 



li-diaioeterB at right angUi of the i 



' p'D'' ■ 



?.V 



.V 



SabBtitutiog for p and r theii Coctesiiu] valucfl 

Uaing the eqaatJon to the Borfaae, this becomes 

- Ii') (f - c' ) _ ^1 v" 



y^C ~ aV ^ 



a^6^' 



(fc.- 



Since the particle is projected perpeDdioularl; to the gaodeeio dsSned by piy = ac, 
the coeffloient o[ y' niaet be zero. It tbea foUovB that throaghout the anbaequeat 
motion pD' = ac, and the path cuts all the geodesies from the umbilicus at right 
tmgleB. These geodesios are therefore all of coOHtant length. 

Let u be the angle which the geodesic joining the particle P to an umbilieuB U 
makes with the arc joining the nmbilici. If da he an arc of the orthogonal trajectory 
of the geodesies, di = Pdai. where P=yli\n u (Art. 646). Binoe ii' = i:/y'. it toUowB 
that (he angular velocity u' of the geodesic rsdiaa reotoi is given by u'= —- Binw. 

When the ellipnoid reduces to n diso lying in the plane xy, the geodesies beoome 
straight lines and the geodesic circle reduces to a Euclidian circle having its oentre 
at B (Art. 676), The theorem is then identical with one given by Newton, viz. that 
a circle can be described under the action of a force Y— - xly'. 

The motion of it particle in a geodeiic circle under the action o/ a force, or tension, 
atong tk gtodetic rudi'ui is given in Art. 548, where the result is deduced from 
Gaass' coordinates. 

073. £x. 1. A particle, moving on the ellipsoid, ia anted on by a centre of 
force situated at any given point £. It the foree F ia Buoh that the condition (9) 
is satislied, prove that F=ia-jP', where r and P are the distances of the partiele 
bom E and from the polar plane of E reepeotively. Thsnce show that, it the 
initial conditions are such that the constant A = (i. the path is a conic and Che 
velocity at any point ia given by r" = p.V. 

To prove this we put ,V=0(j;-a), r=0{(/-^), Z = G(i->), where OsP/i- 
•nd (a, p, y) are the cooTdinales ut E. Substitnting in the equation (9) and 
remBmbering (3) Art. EGS, we have an easy differential equation to find G. Whan 
A =0, the particle moves freely on the ellipsoid under the ooCion of s central toroa. 
The path is a plane curve and is therefore a oonic. The equation of via viva faili 
to give the velocity, bat tfaia is determined by (11) Art. 5U9, when the dirsotioii of 

K. D. S3 
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Ex. 2. A pftrtiole moving on a prolate Bpheroid ia acted on bj a centnU foioe 
tending to one toouH and attraatiag sccordlng Co the Mewtonian lav. Prore tli^^^^ 
the integralB of the equations of motion ore ^^^H 

\dt) -7-i[?+'*-^-^'^' •'-7+c. ^^ 

where p ia the perpendicular from the centre on the tangent plane, r the distauoe 
from the focus, and A, !l the constants of integiatiou. 

079. Ex. 1. A particle nnder the action ot no external forcea is projected 
from an umbilicus of on ellipsoid, piove that the path is one of the geodesies 
defined bypD = in;. 

Ex. 2. A particle ie projected with a Telocity o along the surlaoe of an 
iDdefinitely tbin eUipsoidul sliell hoanded by similar ellipsoids. Prove that wheu 
it leaTes the ellipsoid the perpendicular p from the centre on the tangent plane is 
giVBD by MI^R'=v''p^abc, where R is the radius vector parallel to tlie initinJ 
direction of motion, P the perpendicular on the initial tangeDt plane, il the 
attracting mass and a, b, e the semi-aies ot the ellipsoid. [Math. Trip, 18G0.] 

ft7«. Ex. Let the forces be each that -^iXdX + Yd^*Zdf) is a perteet 

differential, say dS, for all diaplacementa on the ellipsoid, where X, n, 
direction cosines of the normal, i.e. \=pi/a', Ac. Prove that 

JV + » = 2,>(S+B). j.r(ijtt' + lj^ = j^(s+jii 
where B is the constant of integration. 

Divide (B), Art. 5ti9, by p" and integrate by ports. The int^nls of the w 
of motion are then obtained by using (G) and (7), remembering that p = D*lp. 

ft7B. Ill order to iiielude in out fornt uU the dijerent eaiet of paraboloidM, e 
and eylindert, it may be nseful to state the reaulte when the quadric on which l| 
particle moves is written in its most general form ^(j;, y, i) = 0. 

Writing —^ = ipi+ip^ + 4'^, where suffixes denote partial differential coefBdM 
let the forces satisfy the condition 

i,j,».--vi+ii(».-n+i4(..-2)=o 

for all displHoementfl on the quadric. We then find that the piei 

The three components z', y', i' of the velocity may be deduced from the eqnatii 

*^ + ,6,/ + #/ = (2), l(i-' + j,-' + i'")=t/ + C. 

«^''4*o. + 2#^'j/' + 4c. + 0^V + *,y + p,Z= - {s\ 

where the numbers appended to the equations correspond to those in Arto. 666, i 

B7S. milptlo ooordlnatsa. Priliminary itattment. The position of I 
particle P in space is defined by the intersection of three quailrica confooal to » 
given qaadric. In the figure ABC, A'MM', A" NN' are respectively the ellipsoid, 
hypetboloid of one sheet and that of two sheets; only that part of each being 
drawn which lies in the positive octant. Let their major axes Oj 
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OA"=r. Let a, b, c be the three axes of any conrooal. It a'-6' = A', a'-e= = t=. 
then 0H= h, 0K= k are the msjar axes of the focal conies. 

The quantities \ ^ r are the elliptic foordinatCB of P; the first \ is ftlways 
positive and greater than k; the second ^ h leas than k and greatei than h; the 




ttiird r U less than A, and changes sign when the particle arosMs the plane of yi. 
The y axes ot the quadrios are ^/{X' - h?), ^{n' - h*}, ^'l''- A*M two at theae are 
i«al anil tlie third is imagiDary. Thesa radioals are positive when the particle lies 
in the pasitive octant, but the second or third vanishes and changes sign when the 
particle crosses the plane of n, ecisurding ab it travels along PS or PM. Similar 
remarks apply to the s aies. 

The major axes of the three confocals which intersect in any point {i, y. i) are 
given by the cubic 

where h and k are the constants of the Bystem. 
ing the cubic in descending powers of ifi, we Be< 
fnch Chat 



X' + 



+ .= = I»K 



!/'+»■ 






From the third equation we infer by symmetry 

V(V - M) ^(^' - ft') J(A' - *=") = ft ,/(f - ft») y\ 

B77. To prove that the velocity i 
coordinates is given by 

^_(X' -V) (X'-^'jX" (m' -N' l [>'''->' 

" -" (X>-A')IX'-*^ "^ (»>-ft*)(,A'-J 

We notice that the three quadrics confocal to a given quadric cut 

each other at right angles at P, so that the square of the velocity 

23—2 



of a particle in elliptic 
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is the sum of the squares of the norma) componenta of velocity. 
It is therefore sufficient to prove that the first term is the square 
of the componeDt normal to the ellipsoid, the other terms follow- 
ing by symmetry. If p is the peqiendicular on the tangent plane 
to the ellipsoid, the nonnal component is p'. Let (i, m, n) be the 
direction cosines of p, then 

p' = X'f + (X= - A') ni' + (X' - if) n' 
= X' - h?m' — kw ; .-. pp' = XX'. 
If Dt, B, are the semi-diametei-a of the ellipsoid raspectiTely 
normal to the tangent planes at P to the two hyperboloids, we 
know that 

See also Salmon's Solid Geometry, Art. 410. 

578. To find the motion o/ a particle on an ellipsoid in elliptic 
coordinates. Let the ellipsoid on which the particle moves be 
defined by a given value of X. The mass being taken as uuit^ 
the via viva is determined by 

This we write for brevity in the form ^^| 

2T=M{Pfi"-i-Q;>''] (5). 

If we express the work function U in terms of (X, /t, v), we 
have (since X is constant) the Lagi-angian function T+ V expressed 
in terms of two independent coordinates fi, v. 

Comparing (5) with Liouvi He's form. Art. 522, we may obviously 
solve the Lagrangian equations by proceeding as in that article. 
The results are that when the forces are such that the work 
function takes the form 

(jA'-v')U=F,(^) + F,{v) <^>J 

the integrals arc ^^H 
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I There is also the equation of vis viva 

ii''=D- + t7 (C). 

' Dividing one of the equations (B) by the other, and remembering 
that X is constant, the equation of the path takes the forms 



(»'-x')(rfri' 



in which the variables are separated. 



-x')W 



•)iv'-k'i\t\l^i-C^-A) 



-.(D). 



67S. £3. 1. Let Fj uDd V, be the oomponentB of the velMit; of the putiole 
n the dlrectioDB of the lines of curvature defined by fi = (jDnstant and fsooiiBtuit 
'WpeotiTelf . Prove that 

1 ,_ f,(>)-C-'-^ 1 ^ F,Oi) + Cii'+d 



Prove also tb«t the preeBore R on the particle is giveo tj 



B+N= 



X'-r* 



ap 



re 7 is the perpendicular on the tangient plane and N ths normal impieBsed 
force. The value of p in elliptic coordinalea ia given ia Art. 577. Bee Art. 568. 
Ex. 2. Supposing that the equation {D} of Art. 57H is written in the form 
^ Pdn = Qdv in which the variableBara scparateii, show that the time 

(^JP^V^-fQf'ci*. [LitmriUt, 11.] 

The equations (B) become 

llJ-v'')Pdix = dt, 0""-p') Qdp=dc, 
Multiplying these b; n', y' reapectivelj and subtracting we obtain the result. 



I 



S80. To Iraniliile the eUiplic expretiiom into Carfetian ge^ 
equations (1) and (2) of Art. 576. Let the oormaU at the foar om 
intersect the major axis in the two pointa £[, E„ which of ci 
distant from the centre O. We easily find that 



'e uHtha 



0E,= 



E.U,= 



■■ (!)■ 



fi'-h'XX'-t') 



The equations (1) Art. 576 give 

Let r, . r, be the distances of the pajilcle from the pointa Ej , E,, and let a 
he the distauee of E, from the umbilicus U^ ; then 

(^-^)' = V-m', {^ + y)' = r,^-m^ (3). 

From these ii, r may he found in terms of i. y, i and the constant X. 

5B1, Ex. Show that the eqaation Uiji'-r')=Fi(it)-t-Fj (r) is equivalent ti 
^, (t'ftPj=^,(tW,). where p,=J(r,'-»*), ft=^/W-m>). 

■Wehave^-t/(^'-»') = 0, aodby (ajArt. 580 



(ffi dp^ dpi ' dii dpj dp^ 



[ The result follows at 01 
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The emtdiiUm (A) of ArU 57B» ru. 

0.«-i^r=F,W+F,(Fi (AH 

««» fo tatu/Ud bjf iereral law§ of faree. 

L Let titt fofM tend to Ibe eentra of Ibe tOipmd nd VB7 as Ac dHtoBOi. 
Ib tytwuntim r tbe forac hj Hr, we luiv«, bj (1) Aft 976, 

Sotaitatiog ibow in the eqtiatioDs (B), the moftiofi is kDovm. 

r Lei the direetioo of the foree be pwrnDcl to the axis of x, aad X=s -tSlJ*. 

S. Let the work functioii U=:—,.-^ ^, where r^ it the 
partid«CronithepoiiitE|, Art. 580. We then have 

To find the foree we noiiee that since dUjdXsO, the direetiaB of die 
fmtlal to the eUlpsoid. Also 

^_dU_ H { hk (hkz ^\dX( 

with similar expressions for T and Z. Now the eqaation to the ultipaoid bciaig 
Xssoonstant, the last term of each of the three expressions repsesente the compo- 
nent of a normal force. This normal force has no effect on the motion. Takim^ 
only the remaining terms we tee that X, Y, Z ate the camponenU of a eemtral forte 

Hr 
tending to the point E whou magnitude it ^ . When the eHipsoid ia lediioed 

(rj« - m«)« 
to a disc, X=zk (Art. 676), and m=0 (Art 580). The point E^ becomes a foeus and 
the law of force is the inverse sqoare. 

#••• Ex, 1. Show that a particle can describe the line of c ur ? atiir » tUfinmA 

Hr 
bw fissfu under the action of the central force ^ — r tending to the point £,. 

(r,«-«»)» 

Show also that the Telocity at any point is then given by v^=^H \ j_ v . 

l(ri*-si')» Mtl 

We notice that when the ellipsoid reduces to a plane, m=0, and this beoomes the 

oommon expression for the velocity under the action of a central force varying as 

the inverse square. 

Beferring to the general expressions marked (A) and (B) in Art. 578, we see that 
the particle will describe the line of curvature if both /a'=0 and /a"=0 when /i s/i,. 
This will be the case if we choose the constants C and A so that 

2^i(fi) + C/i' + ^ = (M-Mo)V(M), 
where 0(m) is some function of fi. Supposing this done, we have, when M=/<«f 

(Art. 679) 4e.= t;+c=^M-;-^--^. 

Mo -» 
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In the special case proposed t/=H/((i-p). We have therefore to i 
C>i' + Wn + J = ((*-Ho)'C. Thiagiveg -3C^ = H, A = C^^. AlBOP,(>') = Hr. 






Ex. 9. A portiole is coDEtrained to move on the soitaoe y = 
puttiiigz=>iooHni, y=/iBinn£, wehavc 

•■""•"■+') ti.r+, + 'i-"(f+-")' 
Hence show that nhoD the Corcee are such that 

(^^> + l)r/=F,C«) + F,(.t), 
the Logiangian equations can be int^rated. The path is given by 



[Lioaville, 1 



It the partiole is acted on hy a force tending direotlj froni Iha axis at t and 

varying as the dislance from that axis, find the oompone&ta at velooity along the 
lines of cun'ature. 

864. KplMTolda, When the ellipsoid on which the particle moves beoomei a 
spheroid either prolate or oblate, the formulai (A) and (B) of Art. STS require some 
slight modifications. 

Let {X, 6, c), (b, 6', c'J, {», b", r") be the eemi-axea o( the three quadrios which 
inlersect in F; then also a — \.a' — ii, a" = ii. 

In a prolate spheroid b = c, h = k, and the fooBl oonios become coincident with 



CU 




Prolate. 



Oblate. 



OHnniHA. The axes of the hyperboloid of one sheet are ii=h,b' = 0.e' = 0; it 

therefore tedncee to the two planes «/'/''" + ''/<'"=<'. ""O ratio i/jc' being indetei- 
minate. Ait. 676. 

In an oblate spheroid \=b, h = 0: one focaJ conic beoomea coincident with OC, 
vhlle the other ia a. drole of radina k. The axes of the hyperboloid of two sheets 
arep^O, b" = 0,t"^= -k'; it therefore redacea to the two planes I'/i-' + y'/f'^O, 
the limitin;; ratio rfb" being indeterminate. 

In the figore the positions of the fooal conies jail befort they assume their 
limiting positions are represented by the dolled lines, while Pilf or PN representB 
one of the planes asanmed by the byperboloid. 

Before taking the limits of the equations (A) nod (B) we shall make a change of 
variables. In the prolate spheroid we replace ^ by a new variable 4>. such that 



tani^s 



-ft'' 



.'♦=---_ 



V-h" 



-f'*-- 



U*- A*) (/.»-*» 
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Thus tan ^ yaries between the limits and oo as /t varies between k and h, Binee 
b'*=fi^-h*, e'^=fi*-k^, and y*lh^+z^lc^=0, it is dear that is ultimately the angle 
the plane PM makes with the plane AB. Patting /a=^, the fonnnlsd (A) and (B) 
become 



-iih^-^/^^^^P^^fii^HCh^+A, 



In the oblate spheroid, we replace r by the variable where 

tan*0= -J—, /. f>=^coB0, •*• "^''="«i:i5» 

thns tan varies between and od as v varies between h and 0. Also since 
«'/i^+yV^"'=0, is ultimately the angle the plane PM makes with the plane AC. 
Putting 9=0, /i=0, the limiting forms of the equations (A), (B) are 
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SOME SPECIAL PHOBLEMS. 



Motion under two centres of force. 

586. To find the motion of a particle of unit mass in one 
plane under the action of two centres of force*. 

Let the position of a point P be defined as the intersection of 
two confocftl conies, the foci being if,, ff.,, and let OH, = h. Let 
the semi-major axea be OA=/i, OA' = v: the 6 
are therefore VC^' - h'), ■J(y' — h'). 



i-minor axes 



Since - 



JL- 



= 1, we have 



(1). 

t/ uf any point 



k; 



^' - (a^ + y" + /i") fi" + IW = 
The relations between the elliptic coordinates 
F and the Cartesian coordinates x, y are therefore 

where r la the distance from the centre. We also have r, = /i + c, 

ri = ii. — v, where ri, ?■, are the di8tance3 of P from the foci. 

* Ealer waa the tirst vho atlanked tbe probletD of the motiau of & particle in 
one plane about two filed centreB of force, Mimoiret de I'Acadfiaie dr Berliu. 1760. 
LftgraDKe, in the Mfcaniqwe Analytiqvt, page 93. begins by eiouBiiiR bioiBelf for 
atMmpting a problem which has nothing correHponding to it in tba Bystem of the 
world, where all the oentcsa of force are in motion. He BopposcB the motion to 
be in three dimenBions sod obtains a Bolution where the fotcee lire ajr' -l- iyr and 
^jr' + iyr. LegBDitre in bii FoncHont ttliptiqati pointed out that the variables 
used by Euler were really elliptic coordinatea, and Senet remarks that this is the 
first time these coordinates were nueiL Jacobi took this problem as an example 
of taia principle of the lesat multiplier, Crelle, utii. and iziz. Lionville in 1846 
and 1817 gives two methods of solution, the first by Lagrange'a ei[Uatious and the 
second lij the Hamiitonian eqnatiooB. Serret eitends Liouville's Hrat method to 
three dimensions. LiouvHWi Jaarrwl, ml. 1848, and gives a history of the problem. 
Lloaville in the aaine volume gives a further oommunioation on the subject. 
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Proceeding as in Art. 577, the velocity v of tbe particle ei- 

pressed in elliptic coordinates is _^^| 

2T.^.(,'-^)\^t^,-^). (2)H 

where the accent represents d/dt. Comparing this with LiouvilI^^^| 
form ^^H 

in Art 522, we may obviously solve the Lagrangian equations by 
proceeding as in that Article. The results are that when t he 
work function has the form 

(M'-^)!r-r,W+f,W (3i! 

we have the two integrals 

\"; (*N 

There is also the equation of vis viva which may be dedui 
from these by simple addition, viz. 

^v' = U + C (5>j 

586. Let the central forces tending to the foci be regpectiv^ 
ifi/r,' and HJr,\ We then have 

The integrals (4) then become 

'",! (7)3 

where K, = H, + H„ K, = Hi-H,. To find the path we elimir 

<d^)' -(jy)' _ a (dp' 

0.'- ft') (C;.' + r,^+^) " (»=- ft') {- C^ + K^ ' i) (;.'-»V 

The initial values of ft, (i, v, v' being given, the equations ( 
determine the constants A, C. Another constant is introduM 
by the integration of (8) which is also determined by the initial 
values of ^, v. A fourth constant makes its appearance when the 
time is found in terms of either (i. or v. 
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Se7. Ex. 1. ShoiT tbat the parUole -nil] describe the etlipae defined by 
fi=^,, ir the piutiole h projected along the tangent at any point with a velocity c 
given hj 






To prove this we notice that it the particle describe the ellipae, i; 
throughout the motion, and the va!aea of )/, ^" given by (7) ronst be zero. The 
right-hand side of that equation must take the form Cf^-^)', and thetelore 
- 2(.X=K',. Subbtitnting tor (7 in the equation of rJB viva (5) the result toUowB 
at once. See also Art. 274. 

Fix. 3. A particle is projected bo that both the conatanta .1 and C are Kero. 
Shov that the velocity is that dne to an infinite distance and that the path is 
given by 






N/(l-4fli 



^x. 3. A particle movea nnder the action of two equal centres of force, one 
attracting and the other repelling like the polea of a magnet. The particle is 
projected with a velocity due to an infinite distance. Show that if the direction 
of projection be properly chosen the particle will oscillate in a eemi -ellipse, the tvro 
poles being the foci. If otherwise projected the path is given by 

where »='(COS=* + psin=fi, 2it = l-^/ft and J =2//;9. 

Ex. i. Prove that the lemniecate, rr' = c', can be deeorilied tinder the action 
of two centres of force each Hji* tending to- the fod, provided the velocity at the 
node U ^ k/^- Sm Art. 190. Ei. 11. 

588. To find tite motiim of a particle of vnit viasa in three 
dimensions under tlie action of two centres of force attracting 
according to the Newtonian law. 

Let the two centres of force fl,, H^, be situated iu the axis 
of a and let the origin bisect the distance H,Ht. Let if> be the 
angle the plane xOP makes with tOx and let p be the distance 
of P from Oz. 

Since the impressed forces have no moment about Oz, we have 
by the principle of angular momentum (Art. 492), 

f^'f>' = S (1). 

We now adopt the method explained in Art, 495. We treat the 
particle as if it were moving in a fixed plane zOP under the 
infliience of the two centres of force together with an additional 
force pij)^ = B'jp' tending from the axis of z. This problem has 
been partly solved in Art. 585 ; it only remains to consider the 



364 TWO CENTRES OF FORCE. [CHaP. VIII. 

effect of the additioQal force. This force adds the term — ff/Sp* 
to the work function U. 

Taking H„ H^ as the foci of a system of confocal conies, let 
fi, V be the elliptic coordinates of P. As before, we suppose that 
the work function U of the impressed forces satisfies the condition 

(^'-p»)t7=/',(^) + -F,(y) (2). 

Since p is the ordinate of the conies [Art. 583], 

._ 0t*-V)(y'-4') . p'-i/ ^ k' h? 

•^ — A' ' " " p* fi' — h}ifi~h? 

The term to be added to U has therefore the same form as those 
already existing in V and shown in (2). To obtain the integrals 
we have merely to add the terms given in (3), (after multiplii 
by - ^B') to the functions J",, F^. 
In this way, we find the integrals 



■■(syl 






''*'^A' = -^'<''* + ^'''-*-. 



= F,{p)-Cv' + i 






+ A 



When the central forces follow the Newtonian law, 
ff, . H.. 



u=t 



n 



. {fi?-^)U- 



We thei 



where i^, = fl, + ^„ ^, = ^, -iT,. as in Art. 586. 
write in the solution (4), /", (m) = JiT,**, F3iv) = K^v. 

If the particle is acted on by a third centre of force situated 
at the origin and attracting as the distance, we add to the 
expression for U the term —^H,r' = -^}it(fi' + i^~h'). The 
effect of this is to increase the functions ^i , J*, by — ^H, (/i* — k'ft'), 
and ^ff, (V — AV) respectively. 

In the same way if the particle is also acted on by a force 
tending directly from the axis of e and eiiual to KJp'. or a force 
parallel to j and equal to KJi*, the effect is merely 
additional teiTus to the functions ^i and F3. See Art. 51 

6aB. Ex. A partiole F moves under the attitetioo ot two oenttM of G 
A ftnd B. If the uiglei PAS, PBA he respMtivelj «„ 8,. the disUneea ] 
BP be r,, Tj, ftnd Ihe accelerations be Ci/r,', *ijr,', prove that 

It and tli« motion is in one plane. 



where ,JB = a. C ia 
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BRACHISTOCHRONKS. 

three dimeosionB, prove that 

i't^ ) ■•■ *''™' *i "*■* *'^'' '*"' ""^ *'■* 

round the line of centres. 



On Brachistoclirones. 



BSO. FraUmlaazT BtaUment. Let a parlicio P, projected tiam a point A tX 
a time r, with a velocity v„, move along ft smooth fixed wire andei the inflnenoe 
of forces v,-boBe potential V is v, given functian of the coordinDites of P. and 
let the puticle arrive at a point liMa. time I, with a. velocity i', . Let ua auppoee 
that the circumatanceB of the motion are elightly vuried. Let a particle Mart 
from a neighbouring point A' at a time lg + Sl„ with a velocity I'g + ji'g. Let it be 
coneCrained by ■ smooth wire to deaoribe an arbitrary path nearly coinoident with 
the fonner nndec forces whose potential is the same function of the ooordiDStee as 
before, and let it arrive at a point £' near the points at a time(,-<-8lj with velooity 
11, + *?,, 

Aceording to the same notation, it x, ^. i; x', y', i', are the coordinates 
and resolved velooitiee at any point P of the (iret path at the time 1, then 
x + ix, (tc; X' + ix', &B., are the oootdiuates and resolved velocities at any point 
P" of the varied path occupied by the particle at the time t + j(. 

Let P. Q be any two points on the two patha simultaneonsly ooonpied at the 
timet. Let the coordinates of Q be x + ^. i)+Ay,Sia. Then Sx exceeds Ac by 
the space described in the time it, 

.: Ai^Sx- {x" + ix-] tt = dx -x'Bt 
when quantities of the second order are negleoted. 

We may regard 3t, Sij. S;, as any indefinitely small arbitrary ftmotions of 
X, y, i, limited only by the geomotrioal oonditiona of the problem. 

We here ooosider two independent chungea of the coordinates. There are 
(1) the differentials lix, dy. di when the particle travels along the nndbtarbod 
path, and (2) the variations 3x, i>j. ic when the particle is displaced to lome 
neighbouring path. It follows from the independence of these (wo displacementE 
that d3x = 3<fi. 

591. The Bracbifltocbrone. A particle of unit TJiaaa moves 
under the action of forces so that its velocity v at any point is given 
by ^i/' = n + C, where U is a known /unction of the coordinates, the 
constant C being also known. Supposing the initial and final 
positions A, B to lie ow two given surfaces, it is required to find 
the patii the particle must be constrained to take Viat the time of 
transit may be a minimvm*. 

' An acooQiit of the early history of this problem is given in Ball's Short 
HUtory of Maihtmaiici. PaaBing to later times, the theorem i' = Jp for a DeDtral 
force is given by Eulei, ilechanica, vol. a. There is a memoir by Boger io 
Liouville'i Journal, vol, ull 1S48; he discusses the brachistochrone on a sarliuw 
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The time ( of transit being t=jd8lv, we have to make thii 
integral a minimum. Since a variation is only a kind of dif- 
ferential, we follow the rules of the differential calculus and make 
the first variation of ( equal to zero. Let the curve ABhe varied 
into a neighbouring curve A'S, each element being varied into a 
corresponding element. Since the number of elements is not 
altered, the variation of the integral \s the integral of the variation- 
Writing for l/o to avoid fractions, we have 

Since {daf = {dx-f-ir{dyf + (dz)\ we have 

dsids = dxidir. + di/Bdif + dzBdzi 



t f('t*&4.#S 



I 



Integrating the first three terms by parts, 

where the part outside the sign of integration ia to be taken 
between the limits .^ to .B. 

We notice that in (big variation, C baa not been varied, 
far tbe different tntjectoriea, we ehniild have 



,*« 



x«., 



There would then be an additional tonn iuaide the integral. It tollowa t 
regarded at Ihe tamt ftitutioit of i, if, i /or all the trajtetoriet. 

Since the time t is to be a minimum for all variations con- 
sistent with the given conditions, it must be a minimum when 
the ends A, B ai'e fixed (Art. lli). We then have at these j 
5a; =0, Bi/ = 0, Ss = 0, and the part outside the integral vanishel 

The required curve must therefore bo such that the int^ 
is zeix) whatever small values the arbitrary functions Sx, Sjf,i 
may have. It is proved in the calculus of variations (and is 

and geueraliBea Enler'a theorem thai the normal force i» equal to the cetitriTagal 
(oroe. Jellett in hie Caleului of Varialiont, 1850, proves these theorems and 
deduces from tbe principle of leBit action that the bracbiBtocbrone becomes a free 
path when E = k^le'. Tait has applied Hamilton's obaracteriatio [unction to the 
problem in the Edinburgh TramiKtioiu, vol. xxlv, 1865, and dedoces from a more 
general theorem the above relation to free motion. Townsend ij 
Journal, vol. xiv. 1877, oblains the relation iJ = r' in free mo 
nnmerona eiamplee. There are atao some Ibeorema by Larmoi ii 
of the London Malhematicoi Society, 1681. 
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THB GENEHAL EQUATIONS. 



perhaps evident) that the coefficients of ix. By, Sz must separately 
vanish. We therefore have, wTiting' 1/u for tf>, 

dxyvj dii\vds/' di/\v/ dsKvds/' de\ 

These are the differential equations of the brachistochrone. 

These three eqtiatioiia really unoant to only two, for if we multiply them by 
^dsjdi, ipdyjdt, Arc. and add the products, we find 



'e\v}~ds\vd8) 



d*_l d 



mth^ih^mv 



which IB tn evident identity. 

692. Supposing these differential equations to have been 
solved, it remains to determine the constants of integration. To 
effect this we resume the expression for H, now reduced to the 
part outside the integral sign. We have 



U 



'*(S^*py-P')' 



which is to be taken between the limits A to B. Since we may 
vary the ends ..4, B of the curve, one at a time, along the bounding 
surface (Art. 144), this expression for Bt must be zero at each end. 
The variations Bx, Si/, Sz are proportional to the direction cosines 
of the displacement of the end, and dccjds, &c. are the direction 
cosines of the tangent to the brachistochrone. This equation 
therefore implies that the brackistookrone meets the bounding 
aurface at right migles. 

The expression for St may be put into a geometrical form 
which is sometimes useful. Let Sff,, Sffj be the displacements 
AA', BB' of the two ends. Let fl,, 0, be the angles these dis- 
placements respectively make with the tangents at A and B to 
the brachistochrone AB. Let Vj, u, be the velocities at A, B. 
Then 

. _ SiTj COS $3 S<r, cos 0, 



893. In some problems the velocity tp is a given 
the coordinates of one or both ends of the cnrve. 1 
affect the differential equations, for in these the oo 
ends, when hxed, are merely constants. 

The case is different when we vary the and 
of the expression for Bt which is outside the in 



368 OK BRACBIffrOCHRONES. [CHAP. TIIL 

must (idd to that expression the terms of 5^ due to the variation 
of the ends. If ir^, y„, z„\ je,, y,, ^i, are the coordinates of 
ends A, B, we then have 



1 



where the &c. indicate terras with y and 2 respectively written 
for jT. The conditions at the ends are then found by equating 

this expression to zero. 

594. The equations oE the braohietoahronB us foond bj eqaatiug the fint 
TBrifttion of the time to zero. To determine ffhetber this ourre nuikeB the linw a 
maiimani, a, miniumiD, or Deilher. it ia neceBBoi? to eiBroine the terms of the 
second order. For this we refer the reader to treatises on the calcnluB of vi 
lu moet caaea there is obviouslir Bomc one path (or wMoh the time in 
and if our eqaatione lead to but one patli, that path muat be a true bis«faiBtochroo«. 
In other cases we can laae .lacobi'a rule. Let AB be the curve from AXo B given 
by the calcolua of variations. Let a second aurve of the name kind bat with varied 
constants be drawn through the initial poiut A and make an indefliiitel; huU 
au|i;Ie at A, vith the curve AB. If the; again interBeot in some point C, theenrv* 
satisSea the conditions For a true miuiinnm only if C be bejond B. 

595. Theorem I. When the only force on the particle acts 
(like gravity) in a vertical direction, i^ = l/ti is a function of r 
only, and the first two differential equations of the curve (Art. 
591) admit of an immediate integration. Remembering that 
dx/ds = COB o, dy/ds = cos yS, it follows that lite brachistochrone for 
a vertical force is »uc/i a cune that at every point v = a coa a, 
v = bcosff, where a, ^ are the angles tlie tangent makes with any 
two horizontal straight lines, and a, b are the two constants of 
integration. By equating the two values of v and integrating, 
we see that the brachistochrone is a plane curve. 

596. Theorem II. Let X, Y, Z be the components of the 
impressed forces, the mass being unity; then since Jji' = P' + 0, 
we have X=\di?lds!, &c. The differential equations of 1 
brachistochrone therefore become 



d iXd^" 



i\ d^\ 



5 = 0. 



ds \v ds) 



= 0. 



Let X, n, V be the direction cosines of the binormal, then i 
the binormal is perpendicular both to the tangent and the i 

of curvature 



, dx 









d^ 






aUT. 598.] THBEE THEOREMS. S69 

E Vaing the values of X, I* Z given in (1) we find 

\S + l*T+vZ=0 (3), 

I the resultant force is therefore perpendicular to tlie binOT^ital, and 
I its direction lies iVt the osculating plane. 



Let l==p 






I 
I 



positive direction of the radios of curvature, then 
IX + mY+nZ ll' + n 



^^©{'£h 



Since the radius of curvature ia at right angles to the tangent, 
the last term is zero, and we have 

LY + mF + ji^ = -- (4). 

P 
This equation proves that r'li any brachistochrone the component 
of the impressed forces along the radivs of curvature ia equal to 
minus the component of the effective forces in the savie direction. 

597. To find the pressure on iJie constraining curve. Let F,, 
Ft be the components of the impressed forces in the directions 
of the radius of curvature and binornial. Let Ri, R, be the 
pressures on the particle in the same directions. Then by Art. 526 

v'Ip = F, + R„ = F^ + Rt, 
In a brachistochrone Fi = and F, = — v'/p, hence jfi, = and 

698. To find a dynamical interpretation ofTlieorem II. 

We see by referring to the equations of motion in Art. 597, 
that if we changed the sign of ^,, the component of pressure i2, 
would be zero, and the path would then be free. We also suppose 
the tangential component of force to remain unchanged ao that 
the velocity is not altered. It follows immediately, that o 
brachistochrone and a free path may be changed, eiUier into tlie 
other, by making the resultant force at each point act at the same 
angle to the same direction of the tangent as before, but on t/ie other 
aide, and still in the osculating plane. In this comparison the 
velocities of the particle, when free and when constrained, are 
equal at the same point of the path, i.e. v =v. 

R. », • U 
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599. Theorem III. The equations of motion of a p 
P conBtrained to describe the bcachistochrone are 

ds[vdaj~dw\v)' ~ds\v ds)' dy\v}' 
If we now write w' = k^ or, which is the same thing vds=*'k 
where v' = ds/dt', the first of these equations becomes 
d / , dx\ _ dv' 
ds\ dsi da' 

Now i/dx/ds being the cc component of the velocity, is equal 'I 
dxjdt'. Multiplying by v' or ds/dt', the equations take the ton 
^ _ 1 di/' 1^ _ldv'' , 
rf('' ~ 2 dx ' dt"' ~2 dy ' *^' 
These are the equations of motion of a free particle P" moving 
along the same path with a velocity v' and occupjdng the position 
X, y, z at the time ('. It follows that the brachistochrone from point 
to poiTit in a field U + G is tlie same as the path of a fivs pari 

jfc* 1 f 

in a field V + C, provided U' + C' = -y jj — ^ ; i.e. «' = — . 

To understand better the relation between the two fields of 
force we notice that if A', X' be the components of force in any 
the same direction at the same point, 

^^. ■■•^■=-^(!)'- 

We also notice that dlf/dt = vjv'. 

aoo. This theorem is useful, as it enables tiB to apply to ft biuhii 
the dyiiBiaical Tulea «e have already studied for tree motion. It tiao a 
to express at anoe the fuDdamental diflerential equatiouE in polar or i 
ordioatea. 

The But theorem (Art. 59B) follows at once from the third, toi when the II 
Jb vertical we see by resolving horizootallj that u' coa a is oonstaut. Sioce r'= 
this gives the result. 

To deduce the eeoond theorem, we notice that tn the free motion r'^lp= 
ivbere F,' ia the oompooelit of force along the radios of curvature, 
theorems n'^f/p, X=-.V (*/«)<. (where .V is here F,) this beooniea i-'/jjs 

eOl. Ex. 1. To find tke braehiilochrone from out given curve to 
the aeting /ore* btiny gravity and the Irrel of no velocitg given. The U 
sopposed to be in a vertical plane. 

Let the aiia of z be at the level of no Telocity aod let y be measure 
wards; then Tp = ^gy. By Art. 595 the curve is such that t' = acosa. Thu g 
i/ = 26cos'a, where b is aii undetermined constant. Thia is the viell-kiu 
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II at the Itrel 0/ 110 velonili 



The radius 
a determined bj 
I at right RtigleB: 



of 



tguatii 

ti>e generating circle and the poa 
tbe conditions that the ojcloid 
Art. S93. 

Ej:. 2. I( in tbc last eiample the bonnding carves are two etrHight lines 
vhich intersect tbe axis of no Telocity in tbe points Z., /•'; and make angles p. p' 
with the horizon, prove that the diameter 2 b of the generntiog circle is LL'Ufi- p') 
and the diatuice of the cutip from L ia 2bfi. Explain the results when the lines 
Are parallel. 

•oa. Ex. Show by aaing Jaeobi's rule that the cycloid from one given point 
A to another £ is a real minimnm, the level oF zero velocity being given (Art. SU4), 

Tbe cycloid found by the calculus of variations passes through A and B and 
there is no cusp between theiie points. Describe a neighbouring cycloid passing 
through J and having its cusps on the same horizontal line, the radii of the 
geocruting circles being b and b + db. SiDce the base of a cycloid from cusp to 
cusp is 2irh, it ia easy to prove that tbe next Intersection of the two corves liee in 
a vertical which passes between tbe two next cusps. The cycloids therefore 
cannot again intersect between A aad B and the time from A to B must be a 
minimnm. See also Art. 654. 

SOa. Ki. Find the braohistocbrone from one given curve to another when 
the acting force is gravity and tbe particle starts teom rest at the upper corve. 

Fixing the ends, it follows, from Art. 601, that the braehittachrone U a cydaid 
lun'ing a euip on titt bightr evrve. To determine the constants of the corve, we 
examine the part of St due to the variation of the two ends. Let Zg, y^; 7,, 1/, be 
the coordinates of the upper and lower ends, theu v'=2g{ij-y„). By Art. S9S 

where ^ = l/ii and the expression is taken between limits, Kow in our problem 
_rf^ _dr^_ ^( dy\ 
dy„~dy ~ diy dtj' 
by using the differential equation of the btachistochrone in Art. G91. We there- 
fore have 

Bemembering that = 1/0 and v = aDosa. this takes the form 

[ijr + tBnB{!,];-Si/„[tanai=0. 
When we fix tbe lower end, we have, since y is measured downwards, 51^ = 0. 
tyi=0. Hence 

-(J*, + tan«,Jj,)-8yo(taiia,-tana„) = (1). 

Wben we fis the Dpper end, Sz, = 0, Sjfo = 0; 

.-. Sx, + tana,Sy, = (2). 

The last of these two equations proves that t'ii< brae hiitoehrone miU Ikt towtr 
Clime lit riyht anglei, while the first, giving Jya/bg = Ay,/Jlj:,, prove* that the 
tangtntt to the bounding curvet al tbe poinlt abere the bntehittocfa^ne metU Iftcm 
are paralUl. 

24—2 
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•O*. Ex. 1. A particle falls Trom reet at » flied point ^ to a fiiad point C, 
puiing through another poiat B ; ficd the entire path vheii the time o( motion is 
ft mini'"""', (I) auppoBing ii to be a fixed point, (2) auppoaing B conatrained 
on ft given curve. [Math. Tripof. 1S66.] 

The paths from A to B, B to C are cyoloida having their cusps on a level with 
the point A. It ia supposed that there is no impact at B in passing from 
oj^Ioid lo the next. The particle desGribes a small arc of a curve of great oi 
tnre and moves off along the neit cyoloid nithout loss of velocity. 

Wa have yet to find the position of B when it is only known 
curve. Tfliing the origin at A, and the aiis of i veclioally downwards, wo 
r' = 2gz. The time is given by 






;ff' 






:s refer to the lower cycloid. 



by Art. £92. Let (a, p, y), [a', ff', -/), {9, <p, ^) be the direction aoglea of the 
tangents at B to the two cycloids and to the oonstraining curve. Then remember- 
ing that A and C are fixed points and that fi is varied on ti 
(cos acoB 0-1- coaflcos^-f COSY cos ^) - (cos a' cos -I- COS ^ O 
It follows that the tangent lo the locui of B tnaiti tqual anglf leith thi tangt 
the (ICO eycloidt AB, LC. This determines the point B. 

Ex. 2. Find the curve of quiukeat descent from a Gied point A to another C. 
Bnpposing thftt ft screen ia interposed between A and C having a given finite 
apertare thiongh which the path most pass. [So long as the cnrve AO can be 
arbitrarily varied the minimum curve is found by Arts. SSI, 601. Hence if the 
single cycloid A C does not piss through the aperture, the minimum cnrve must pa«3 
tbroogh a point B on the boundary of the aperture. The carve then consists of two 
cjdoids AB, BC, and the position of A is found by Ei. l.J (TodhUDt«r.J 

aOS. Ex. 1. If the brachistochrone is a parabola when the force is paralld,! 
the axis, prove that the magnitude of the force is inversely proportional to 
sqnare of the distance from the directrix. [This followa from the eqtiKtij 
t' = a cos a.] Prove also that the time of describing any arc PQ varies as tb 
contained by the focal radii, SP, SQ. [For cos a varies as 1/^, therefore 41 
as pifa.] See also Art. G19. 

Ex. S. A point moves jn a plane with a velocity always proportional 
curvature of the path, prove that the brachistochrone of continuous curvnitare 
between any two given points ia a complete cycloid. [Math. Tripos, 1875.) 

We here have |p(ir = Jf it a minimum, where = (l + a'')7ff"- The curve Oftn 
be immediately found by using two rules in the oalculus of 
we have 5j*iJj-= *Jr-)- (I", -!'„ ■)«-)- I'„u' + J(- IV-H'„")<j. 

where Y,, 1',, are the partial difFerential coefEcicnts of ^ with regard to y*, 
u = St/-y'Sj:, and the part oatside the integral sign ia to be token between 
Also accents denote difFerentiation with regard to x. The extreme points 
given, (1=0. ly = at each end. Henee exactly as in Art. 691, 6! 
differential equation ot the curve is i','- I'/'-O and I'„ = at each end. 
Bife«r,-r„'=.i. 
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SeBondUj, the calealua of varistionB giTca also the iategcal 



= (1',-I',/)!'' 



i'„y'- 



EUminnting Y,l between onr two first integrals we find t=.Ay'+ T„y" + B, 

which containB two oibitrary contitanta A, B, Sobatitatlng for 4> and Y„, tbie 
leadsto {l+</'fly" = iAy' + iB; .: pdi = l,Ady + iBdx. 

Titkiag the straight line Aij + B^ = aa ao axis of f, this ie equivalent to 
p = Csia^ vhere sin f-ifi;/ift and C ia a constant. Thie is the known equation of 
a cycloid. The condition r„ —0 at eoeb end gives y" infinite and therefore /i— 0. 
The cycloid is therefore complete. 

Ex. 3, Prove that the differential eqaation of the brachistoohrone from rest 
at one given point A to another point B, when tht length of the curve U alio gieea, ia 

To make jdijv a luinimnm aabject to the oondition that Jili is a given quantity 
we use a rale supplied by the calculus of Variation a. We make j{\lv + l)di a 
■ninimum without regard to the given condition and tinaUy determine the constant 
\ so that the arc has the given length. 

SOS. Cvntrol n>ro«. Er. 1. Prove that the bmchistochraDe for a central 
force F in given by i'= Ap, where Jr' = Jfiirand p is the perpendicular from tbe 
centre of force on the tangeut. Tbe masa is unity, as is usual in these problems. 

The brachietoahrone is a free path for a particle moving about the same centre 
but with such a law of force that tbe velooity u'=i'/p. Since ii'})=A by Art. S06, 
wehaTeI!^.^Jl. 

When F=tLU', and the velocity is equaJ to that from infinity, tbe difTerentiol 
equation v = Ap con be integrated eiactly as in Arts. 3S0, S63. 

Ex. 3. Prove that the same path will be a brachistocbrono for F^/ui' and 
a tree path for F = ii'u^ il n-i-n' = 2, provided the velocity in each case varies as 
■onie power of the distance. 

For the brachislocbrone and the free paths respectively, we have 
t.' = 3«u-Vln-l), r" = 2/u'-/(n'-l). 
These ratiafy the condition vv'=k* if n + n' = 2, (Ait. fi99). 

Ex. B. Prove that tbe ellipse ia a bracbiatoohrone for a central force tending 
from tbe toons and equal to^!{ia-T)\ [Townsand.] 

Tbe oonic is a free path for a force lijSF' tending to the focus S. Hence 
making tbe force act on tbe other side of the tangent as deacribed in Art. o08, the 
«onio is a brachtstochrone for an equal force tending from the other focas B. 

Ex. i. Prove that tbe central repulsive force for the braohistoobronism of a 
plane cnrve varies as d {p*)ldr, tbe circle of zero velocity being given by tbe 
vanishing of p. 

Prove that the cjaaoid x(z'-i-^) = 2iiy' ia brachistochronous for a central 
repnlaive force from the point (-a, 0) which at the distance r from that point fl 
proportional to rKr'-t-lSa']*, the particle starting from rest at tbe cusp. 

[Math. Tripos, 1896.] 
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Ex. fi. Prove that the lemmecate of Bernoulli can be described as a biaohifc^ 
toohrone in a field oF potential fir", r being measnred toin the node of the 
lemniacate, and find the Qeoessar; velooity. {See Arts. 330, G06, Ex. 3.] 

[Math. Tripos, 1893.] 

Ex. a. A particle, acted on by a oenlral attractive force whose accelerating 
effect nt a distance r is j j., ." being a constani, is projected frama given point 
with the velocity from iuSnily, Prove that the form of the groove in which it must 
move in order to aiTive st another given point ID the sbortest possible time u a 
hyperbola whoae centre coincides with Che centre of force. [Math. TripoB.] 

Ex, T. Show that the force oF attraction towards the directrii of a catenary, 
along perpendiculars to it, for which the catenary is a braohiittochrone, will vary oa ._ 
the inverse cube of the perpendicular. [Coll. Ex. Id97,|| 

607. BrachUtoctarone on a aur&ce. To tiDd the brachi 
tochroDe on a given surface we require only a slight modificati 
in the argument of Art. .591. Proceeding as before, we find 



where P-- 



: -J -J- (-T-), with similar expressions for Q s 

R. Since Si is zero for all variations of the curve on the 8 
we must have 

PBx+QSy + mn^O. 
li f(x,y,z) = Q is the equation of the surface, the variations t 
connected by the one equation 

Mx+fyhy+fM = Q, 
where suffixes imply pai'tial differential coefficients. We i 
therefore have Pjfx = Qjfy = Rj/,. The equations of a brachis 
chrone on the surface /(a;, y,z) = are therefore given by 

\da:v da vda) /■''~[dyv d^ vds) '•'" ~\4zv da vds) /■'n 
If the brachistochrone is to begin and end at given boimding 
curves drawn on the surface, we equate to zero the integrated 
part of 8(, taken between the limits. Fixing the ends in turn, we 
see that at each end the cosine of the angle between the tangents 
to the curve and to the boundary is zero (Art. 592). The brachis- 
tochrone therefore cuts the boundaries at right angles. 

S08. By writing v=lfl{v' as in Art. 599 these eqaatione nay be pot ij 
the form 
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Tbeae are the equations of motion of a partiole movlDg free!; on the oonBtiBimng 
iDtfaoe. It follows that Ihc brachiMloehrone from point to point on a cimilTaining 
I iiir/oc* in a field U+C it a free pathon thf tamtiur/aet ina field U' + Cvhtre 

The reUtion between the component forces in anj' direction is F'= - f{-j . 

Ex. If tbe particle is coDBtraiaed bj a uncoth wire to deBcril>e tbe braohisto- 
dhrone on tbe aurCace witbool s change in the Geld of foroe, prove that 

-o'9iu^,> = G, v^coaxlp = H + ll. -2G = R„ 
where U. G are the componentH o[ the impressed forces along the normal to the 
■urfaee, and that tangent to tbe aurrace which ia perpendionUt to the path, and 
R, Rj are the componente of the piessore in tbe same direotions. Also p ia the 
radioa of onrvature of tbe path, and x the angle the osonlatine plane makei with 
the normal to the eurfaoe. 

The Bret is obtained by ti-ana forming the equation ot motion of a &ee particle 
P', viz. v''siDxlp—'j' by the rule given above, the otheni then follow from the 
ordinary eqnatione of motion ot the particle P. 

ao0. We may also sometimes find the bnichistochrone on a given sarfaoe by 
making a comparison with tbe braehiBlochrone on some other more suitable 
surface. 

Let ua derive a second anrface from the given one by writing for the coordinates 
X, y, 1 ot any point P aome tonctiona ot f, ig, f, tbe coordinates of a cortsapoudiug 
point Q. Let Iheae functions be sncb that 

where >i ia a function ot £, i;, f. Geometrically this equation implies that every 
•lementai7 arc ili drawn from b. point P on the aurtaae beam tbe Mtae ratio to the 
oorreapooding arc dt drawn trom ij, viz. the ratio /i : 1. 

The brochistucbrone on tbe given surface ie found by making ( a "lin'mnm, 



_ fdt _ ("arfff 



knd tbe velocity v of P is some given function of tbe coordinates of P. 

EipresBing v in terms ot £, ^i, f, this integral implies that tbe correaponditig 
curve on the derived surface ia also a brachistocbrooe, the velocity v' being given 
by v'=vIp.. The work tunctiona lor the moticna of P and Q are respectively 
r' = 2((y + C) and V^[U+C}ln'. 

If vre arrange matters so that ^n is constant, the velocity on the eaeoud 
aurfaoe is constant. Ike bracAwlocAroim on the given mrfaet then eonetpand to 
geodeiict on the derived turfact. 
I Tbia comparison asaiats ua in determining the point on a brachistochrone with 

I one end given at which the time ceases to be a minimum. 

The derived aurfaoe may be obtained in many ways, foe example by naing tbe 
method of inveraion, The theory of this aurfaoe is also used in making maps; 
see the United States Coast Survey. Craig'i ireatite on Priytctioiu. The applica- 
tion to brachiatoahronea is given by Darboux in his ThSorit gtnirale det Surfaeei. 
Ex. A particle P moves on a sphere under the action of a centre of repulsive 
[ force situati'd at a poiui O OD the aurtace, and the velocity v at any point distant 



376 



ON BRACHI5T0CH BONES. 



[chap. VIIl. 
e given point U 



r from O ia c^.li^. Prove thai the biacliistocluoiie from ( 
another ii a circle whose plane passeB through O. 

laveiting the sphere with regard to 0, Che diameter 2a being the coiurtAiii ol 
inTGTsioa, the derived Hufuce it n tangent pUne. The curve is trMed oat bj Q, 
naiiaUj called the HmogTapkic projection of that traced fa? i*. The ratio of tb« 
elementar; arcs described b; P and Q are in the ratio r^ : 41'. Hence if the path 
of P ia n braehiatochrone for a velocit; v = Ar^, that of Q ii a brMhistochmne for 
a aniform velocity. The path of (^ is therefore a straight lioe and that of f ts a 
circle. Another proof follows from Arta. 608, 318. 

eiO. Bartrsnd's ttMorom. A series of braohiatochrones ia drawn on a given 
■Diface &om a point A, and the ares AB, AB', &c. are described in eqnal timea. 
the velodt; at A being given. Prove that the locus of J3 cuts all the brachisto. 
chrouei at right angles. 

The toUowing amoants to Bertnind's proof. If possible lei the angle ABB be 
BOtite. Drawing the arc BC so that the angle CBB'^CB'B, the sides of the 
triangle BCB' wilt Ihtn be elGinentai; and the triangle may be legorded as recti- 
linear. It follows that the are CU'^CB. The time of describing CB' is s- than 
that of dcecribing CB because the velocit]' at ever; point id the neighboiirhood of 
C ia nltimately the same. The time of deocribing the line ACB is therefore leoi 
than that of describing AB' or AB. The path AB oould not then be a braebiato- 
chrone. This proof is the some as that nsed b; Salmon in his Solid Gfometry, 
kn. 994, to prove the corresponding theorem for geodesies. Bertrand'a theorem ia 
now general!; enimoiated in a generalized form and to thia we proceed in the aezi 
article, 

•11. A surface 8, being given, let ua draw from everj point A on it that 
brachiatocbrone which starts ofl at right angles to the surface. Let lengths AB be 
taken along theae tinea *o that (he time l of transit from the aortace along each is 
equal to a given qnantit;. The locus of the extremities B traces out a second 
sutfaco which we ma; call Sj, B; Art. 592, we have 

a(= Sir, cos tfj/C, - Sffi COB e,/D, . 

B; construction cos if, = D for each line and, since the times of describing neigh- 
bouring tinea are equal, j(-0. fl follom that the tur/aee S, alia ruM Iht Uiu» at 
right atigla. 

If the aurfoce Sj la an infinilolj small sphere all the brachiatochrones diverga 
from a given point A. The locus of the other extremities of the ores drawn from A 
and described iu equal times ie therefore an orthogonal aurface. 

This proof ma; be applied to braohistoohrones drawn on a given sorfaee lij 
eipiesaing the conditions at the limita in Art. 607 in a form aimilor to that ia 
Art. 592. 

This theorem though enunciated for a brachistoohrone applies generaU; lo 
problema in the calculus of variationa. The time I ma; atand (or an; integral of 
the form jl> .dt where qS ia a given function of x, y. i, and the curve ia saob that 
the integral is a minimum between an; two points taken on it. 

flis. Ex. 1. Prove that the equations of a brachistochrone on a lorfkoa of 
revolution for a heavy particle with a given level of eero velocity are r'-^=:Jt, 
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tj'=%i, where r, ^, 
from the zero level, 
tbe zero level. 

Kx. 2, A heavy particle is projected from a given point along a smooth groove 
cut on Ihe iuifoce of a right oiroulor cone whose axis is vertical and vertex 
upwards, with a velocit; due to the depth from [he vertei. Prove that, if it reach 
another given point not more than half-wu^ round the cone in the least posEible 
time, the ourvo of the groove must be such as would, it tbe cone were developed, 
become a parabola with tbe point corresponding to the vertex as focua. 

[Math. Tripol, 1878.] 

Ex. S. Prove that the brachistochioue on a vertii^al a^liniler (or a heav; 
panicle with a given level ot zero velocity beeomea Che brachistochrone on a 
vertical plaue when the cylinder is developed on the plane, [Roger.] 

Ei, i. Piad the bracbiBtochroDe when the velocity at any point ot space ia 
proportional to the distance from a given atraight line. Prove that tbe carve lieB 
on a Bpbare and outs all the circlea whose planes are perpendicular to the given 
straight line at a eonstant angle, i.e., the carve ia a loiodrome. [Tait.] 



I Motion of a particle relative to the earth. 

613. Let be any point on the surface of the earth and let 
X be its latitude. Then \ is the angle which the normal to the 
surface of still water at makes with the plane of the equator. 
Let OL = 6 be a perpendicular from on the axis of rotation. 
Let CD be the angular velocity of the earth, then the earth turns 
round its axis from west to east in the time 2-jr/a>, 

As we intend to discuss the motion of a particle P relative to 
axes moving with the earth and having the origin at 0, it is 
convenient to begin by reducing to rest. We therefore apply 
to the particle /■■ an accelerating force equal to ta'b and acting in 
the direction LO. We also apply an initial velocity equal to tob 
opposite to the direction of motion of 0, i.e. in a direction due 
westwards from 0. 

When the particle has been projected from the earth it is 
acted on by the attraction of the earth and the applied force u'{>. 
The force usually called gravity is not the attraction of the 
earth, but is the resultant of that attraction and the centrifugal 
force. The form of the earth is such that at every point of its 
surface this resultant acts perpendicularly to the surface of still 
water. Let g be this force at the point 0, then when the particle 
is at 0, and has been reduced to rest, tbe resultant force is 
represented by g. 
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When the moving point P has ascended to a height A, the 
attraction of the earth is altered and is nearly equal to j^(l — 2&/aX 
where a is the radius of the earth. Since A is usually not more 
than a few hundred feet and a is roughly 4000 miles, it is obvious 
that the change in the value of gravity is so small that, for a 
first approximation at lea^, we may regard gravity as a force 
constant in direction and magnitude. Since 27r/co is 24 hours, we 
find that cn^a is nearly equal to gl2S9, Hence if we neglect gh/a 
we must also neglect a^h at all points near 0. The applied force 
ta^b is not neglected because at points near the equator h is nearly 
as large as the radius of the earth. 

614. The equations of motion of a particle referred to axes 
moving with the earth have been already formed in Art. 499. 
We have here merely to express the components 0i, 0,, 0, in 
terms of the angular velocity to of the earth. We then substitute 
the values of the space velocities u.v^w m. the equations of the 
second order and neglect all terms of the form ca^x, tohf, ul^z. We 
thus find 

where X, Y, Z are the impressed forces other than gravity, the 
mass being unity. 

616. It will clearly be convenient to choose as the axis of z 
the vertical at 0. If the axis of x be directed along the meridian 
towards the south and the axis of y towards the west, we have 

$1=^(0 cos X, ^2 = 0, ^, = — ft) sin X, 
since X is the latitude of the place. 

It is sometimes necessary to take the axis of x inclined to the 
meridian at some angle )3, the angle fi being measured from the 
south towards the west. We then have 

^1 = ft) cos X cos /3, ^, = — ft) cos X sin /8, ^, = — ft) sin X. 

616. If we wish the axes to move round the vertical with 
an angular velocity j>, we have fi=:pt + €, where 6 is some constant. 
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We then have 

^1 = u COS X coa |3, tf, = — « cos X sin ^8, 5, = - « sin X, + p. 
The components 5, , 0^, 0, are not now constants, and in making 

the substitutions for u, v. w in the equations of motion their 
differential coctficicnta will not disappear. But if p be any small 
quantity of the same order as a>, these differential coefficients are 
of the order w'. The equations of motion will then be still 
represented by the forms given in Art. 614. 

617- As in some few cases it is necessary to examine the 
tenns which contain w*, we give the results of the substitution 
when the axis of i is vertical, while those of x, y point respec- 
tively southward and westward : 



"J-- 


Bin X ^^ - M^ sill' X^ - Q)= sin X C03 X2 


S-- 




£-- 


soiX^ -»'C0S'X«-<«'BinX,c05)u:. 
at 



aiB. Ex. A parCicIc P it allachtd to a point A at the tammil of a high tourer 
and when rn relative reit the particle U allowed to fall freely. The point A being 
at a height h verlically above O. it it required to find the point at lehich the particle 
ilrikei the horiioninl plan£ at 0. 

Taking the axes of x, y to point dae BOath and irwt, the egaatiooa of 
motioD are 

x"-2i/e, = 0, y"-2i'fli + 3x'Ss=0. *" + V'i=-ff> 
where ^, =iiiaos\. $,= -usin X, and the accents denote djdt (Art. 614). Wi lolve 
then by taceeitive appTOtimation. 

Aa a first apprcxiaBtioD, we neglect the termi wbioh contain u. Bemembeiing 
that initiallj x, y, i', y\ t' ue each zero and t = ft, we arrive at x^Q, y=0, 
t = h^hgf. 

As a second approximation we acbatitute these values of x. y, t in the terms at 
the differential equations trhioh contain Soru. We obtain afteran easy integration 

The particle being initially in relative reel we have x*— 0. ^'-0, I'^O, hence 
A =0. C=0, £ = 0. The initial velooities in ipare are not required here, bat (alter 
has been reduced to reat) these are given by ii=0, r= - M,, w^O. To the 
valae o\v we ma; add the velocity of 0, viz. -wb. Alao when t = <i,'9& have z = 0, 
V = 0, « = Ai 

.-,3 = 0, S=-iffl'tfi. t=h-\3t\ 
We see &om the valae of i that the vertical motion ii vm^ected by the rotation 
of the earth. The time of falling ia given bj h = lij('. Since i = throughout 
the motion, the particle strikes the horizontal planu on the axis of y, and there li 
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no noiithetiy dtciation. Since e^^ui cosX we have •/= - \gaeiM 
fart a devuition toicardt the rait which it proportional to the cl 
descent. Thii deviation is greatest at the equator. 

•IS. Ex. I. Show that the path of a particle tailing from relatife rest is 
nearly tJis curve 3a6oy' = c(iB' Xi°. 

Ez. 3. A particle is projecwd vertically upwards in vacuo with a velocity V. 
Prove that wheo Uie particle reaches the gronnd there is no deviation to tbe 
ijoutb, and that the deTintion to the west U iv oosW^l^g^ [Laplaoe tv., p. Sil.J 

Ex. 3. A particle lalls from relative rest at a point A situated at a height X 
above the point O. Bupposiug the resistance of the air to be represented b; n 
where r is the velocity and ■ a small qoantitj, find the effect on the eMtcd^ 
deviation. 

Measuring i apwards and negteoting the termi z'0,, ^ff,, 
that they are of the order u' (Art. 618), the eqnationa of motion bMoma 

The vertical motion is sensibly tlie same as if the earth were at rest. 
tntingi'= ~gt in the first eqQation, 

where j^d/dc. This leads at oi 

'Itciation U tfurrfore itighUtj diminithtd by ike retittance of the w 

Ex. 4. Prove that, if the attraction of the earth on the falling p 
represented by X- -0r/u, 1"= -gyja, Z= -0(l-2i/n), the time of (ailing fl 
rest at a height h, as deduced from the equations of Art. 6U. would he increased ty 
the inappreciable fraction 6h/6a of itself. Thence show that the easterly deviatiuD 
is not perceptibly altered. 

Ex.. 5, The lautliern deviatinn. A particle falls from relative rest at si point .* 
Kitnated on the vortical at a point O on the surface of the earth. Let the sootbera 
horizontal component of the attraction of the earth be represented by 






,\'= 



>.»(.< 



+ c.), 



where J and C are very small functions of the ellipticily and the augular velocity 
of the earth, the point O having been reduced to rest. Prove that the sontham 
deviation measured on the tangent plane at is sin XcoB\iiH(f u'+ ,'i C). 

This result is obtained by sabstituting the approximate values of y and i 
obtained iu Art, 616 in the small terms given in Art. 617. EtpressioDs for Ihs 
components of the attraction of the earth are to be found in 
'■figure of the earth" (see Stokes' Mathematical and Phgiical Papen, vol. : 
H2). These give approximately (after some reduction) C = (Siit-c)8|;/a, ^ 
m = i^ajg and (=1/300, hence (7 = au' nearly. 

620. Two casei of motion. Two special cases of the mo) 
of a particle deserve attention ; (1 ) when the particle in its motion 
does not deviate far from the vertical and (2) when the motion is 
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Supposing the axis of z to be vertical, the horizontal velocities 
dxfdt and dyfdt are small compaied with the vertical velocity 
dz/dl in the first case. The products of the horizontal velocities 
by to are therefore of a higher order of email quantities than the 
product of the vertical velocity by &> and should be neglected in 
a first approximation. 

In the second case, on the contrary, di/dt is small and we 
neglect its product by ea. The two sets of equations are therefore 
as follows (Art. 614): 



\ = ~g + Z. 



We notice that when the motion ia nearly vertical the com- 
ponents ff,, 0., enter into the equations, while 6^ does not appear 
until we proceed to higher approximations. It is therefore the 
component of the angular velocity about a tangent to the earth 
which affects the motion. 

On the other hand when the motion of the particle ia nearly 
horizontal it is the component of the eai-th's rotation about the 
vertical, viz. 6,, which plays the principal part. 

If we compare the x and y equations for the case in which 
the motion is nearly horizontal with those given in Art. 614, 
when the square of <■> is neglected we see that they express the 
motion of a particle moving freely in space but referred to axes 
which turn round the vertical with an angular velocity 9,. If, 
as is generally the case, the forcas X, Y are either zero or in- 
dependent of the changes of the nearly constant quantity z, we 
can thus obtain these eqtiatioTis in an elementary way. The particle 
moves Ireely in space, unaffected by the rotation of the earth, 
but the axes of reference move round the vertical and leave the 
particle behind. This geometrical interpretation of the equations 
may be made more evident by considering some simple cases. 

•91. Aa an eiample coniider the cate of a peJidalam, Wben the bob DiakeR 
small oBcillatioiia the motion U nearly horizonUI. To oonatruot the motion we 
■nppoie the pendulam to owiUate freely in Bpaoe {with the proper initial oonditioiu). 
This osoillalion is left behind bj the earth, and the effect i> that the plane of 




MOTION RELATIVE TO THE EARTH. [CHAP. Vllt 

n appe&n to revolve about the veilical with an angular velocity eqn^ and 
opposite to the vertical component of the earth's aogaltu' velocity. The plane of 
OBcillation therefore tunts from (rest to south with an angular Telocttj hobIl 
This problem in more folly considerea in Art. 62*. 

623. rlmt trslaotoTlM. A bullet is projected from a gnn, aituated at the 
point O, with a great velooily t*. in a direction making a small angle a with the 
horizon so that the irajnlory it nrarly Jtat. It ia leqnired to find the motion. 

The initial velocity of the ballet in space (after O bae been reduced to re«tj a F. 
After leaving the gun the bullet deecribes a parabolic path in spaoe, white the ksm 
of reference torn with the earth round the vertical at 0, and the bullet £i left 
behind by the aiee (Art. 630). Supposing that the initial plane of xt conbuna the 
direction of projection, the coordinntee of the bullet at the lime I are evidently 
i = ricoBa, fj= ~x9^ where 9,= -disioJi. 

The deviation y ia therefore always to the right of the plane of fixing in tlie 
northern hemisphere, and to the left in the southern hemisphere. If H be tlu 
range the whole deviation is Jttu ain \. We notice also that the deviation y ii 
independent of the azimuth of the plane of firing, and that the time of describing 
e given distance x is independent of the rotation of the earth. 

The third equation of motion (Arts. 614, 61S) gives 

~=-9 + 2B,^, .-. i = r(aino-iffl'-r«(«oo«acoaXaia|9, 

where $,= -uoos^£in^ and p is the angle the plane of firing nuJui w 
meridian. The vertical deviatiou of the bullet Irom its parabolic path 
momeut of reaching a target diEtant x from the gun is therefore - tIu coe \ sin fi. 

•as. Dflrlatlou of a projeetua. Hx. A particle is projected with a velocity 
K in a direction making an angle a with the horizontal plane, and the vertjc^ 
plane through the direction of projection makes an angle p with the plane of the 
meridian, the angle fi being measured from the sooth towards the west. If s m 
measured horizontally in the plane of projection, y horieoutally in a direotian 
making an angle p + fjw with the meridian, audi vertically upwards from the point 
of projection, prove that 

j: = roOBaI + (r8ili at'- 1sC)«cobX Bin 3, 
i/ = (rsinat=-i3(a)i..coBXcoS|S+rcoBa('«aillX. 
*=rainat-lpl>-roos<<(>«ooBX«in^. 
where X is the latitude of the place, and u the angular velocity of the earth. 

Prove also (I) that the increase of range on the horizontal plane through the 
point of projection is 4uSLn ^cos Xsin a ( j sin' a - ooa' a) V'Jg^, 
(2) that the deviation to the right of the plane of projection ia 
4« sin' a Ii COB X COB ^ Bin a + ain Xcos Q) C'/g', 
and (3) that the lime T of flight is decreased by 2T cos aoos Xsin ^ I'u/ir. 

It is not usual in practical gunnery to take account of the rotation of the e*rth 
except when V is very great, and then only the terms containing V are pcroeptible. 

624. Diiturbance of a pendulum. A particle uf mass m 
is suspended by a tine wire of length I from a point fixed 
rolntively to the earth, and being drawn aside, so that the wire 
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makes a, small angle a with the vertical at 0, is let go. It is 
required to find the motion ; see Arc. 621, 

The equations of motion are those given in Art. 614. Taking 
the axis of z vertical and the origin at the position of equilibrium 
of the mass m we see that the ordinate z is less than l{l — cosa), 
and the terms of the form ffdzjdt are of the order lata.'': these we 
shall reject. Let us also make the axes of j:, y turn slowly round 
the vertical with such an angular velocity p relatively to the 
earth that ^j = — msin X+p becomes zero, as explained in Art. 
616. The equations of motion are now 

dC ^ ml' de~ ml' 



df' 



dt 



U2 



dt 



■■(1), 



where T is the tension of the string, and $,, 8, have the values 
given in Art. 016, 

The third equation proves that the tension T differs from ntff 
by (juantities of the order Itea at least. Since x/l and t/JI are of 
the order a, and we have agreed to reject terras of the order wa', 
we must put T = vig in the two first equations, 

Since the two first equations are independent of o>, the motion 
of a real pendulum when affected by the rotation of the earth is 
the same as that of an ideal pendulum, unaffected by the rotation, 
but whose path, viewed by a spectator moving with the earth, 
appears to turn round the vertical with an angular velocity 
p = ta sin \ in a direction south to west. 

If In? = g, the solutions of the equation are clearly 

a; = A COB (nt + G). y = Bsia(nt + D) (2). 

It appears that the time of oscillation, viz. 2ir/n, is unaffected by 
the rotation of the earth. To determine the constants of inte- 
gration, we notice that when the particle is drawn aside from the 
vertical and not yet liberated, it partakes of the velocity of the 
earth and has therefore a small velocity relative to the axes. 
This is equal to — laa sin X and is transverse to the plane of 
displacement. Taking the plane of displacement as the plane 
-of xz at the time t = Q, the initial conditions are 

a: = ia, y = 0, (tc/rff = 0, dt/jdt = — latu sin X. 
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It is then easy to see that ^H 

A = la. Bn = - ^aw sin X. C = 0, D = 0. 
The particle therefore describes an ellipse whose semi-axes are 
A and -~ B. Since the ratio of the axes, viz. a>s\n\ •JfJ.jg) is 
very small, the ellipse is very elongated and the particle appears 
to oscillate in a vertical plane. The effect of the rotation of the 
earth is to make this plane appear to turn round the vertical 
mth an angular velocity w ain \. 

6S0. It ia kiioim that, independently of ftll cocside rations of the rotfitioD of 
the eartb, the path of the bob of a pendulum is approiimately kd ellipse trhoM 
Biea have a small neaity unifonn motion round the Tertjeal. Tbis progresmon of 
the apaes vaniahea when tbe angle BUbtended at the point of anapeoBion bjsilba 
axie of the eUlpae is ^ero; see hit. S6G. As the presence of this progcculon will 
complicate tbe experimeot, it is important (1) that tbe angle of displticemeiit ahonld 
be Email. (3) that tbe pendulum wlien drawn aside should be liberated withont 
Riving tbe bob more transverse velocity than is necessary. This is nBually effected 
b; fastening the bob when displaced to some point fixed in earth \>y a thread, and 
vrhea tbe mnsa bus come to appurenE reaC it ia set free by burning the Ihiead. 
Tbe progression ol the apsea due to the angular magnitude of the displftoetnent 
is in (he opposite direction to that caused by the rotation of the earth. 

The advantage of using a long pendulum is that the linear dieplocement of the 
bob may be considerable though tbe angular displacement ot the wire is vety Bm«]]. 
Tbe bob should also be of some weight, for otherwise its motion would be soon 
destroyed by the resiBlanee of the air; Art. tl3. 

aas. As we have rejected some small terms it is interesting to examine if 
these could rise into importance on proceeding to solve the equations (1) to a 
second approximation. To determiae this we substitute the first approximation of 
Art. C21 (3) in tbe differential equations. The third equation shows that T/m - g 
has two sets of terms. First, there are terms independent of ai which lead to tbe 
solution already obtained in Art. 5oS, and need not be again oonsideted bete 
Next, there are terms which contain u as a factor and have the form sin (nlrfc^) 
where p=gt. Art. 6IG. These when mullipiied by j/i or ijH give no terms of the 
form sinnt or cosiit. None of the terms which contain u con rise into importance 
(Art. 303). 

sa7> Tbe idea of proving the rotation of tbe earth by making experiments on 
tailing bodies originated with Newton. But more than a hundred years elapted 
before any observations of value were made. In 1701 Guglielmiui of Bologna 
made some experiments in a tower 300 feet high. The liberation of the balla wm 
ejected by burning (he thread by which they were suspended, and this waa not 
done until they had entirely ceased to vibrate as observed by a mioroBoope. The 
vertical was determined by a plumb line, but he had to wait several months before 
it came to rest. The results were disappointing for they showed a deviation 
towards the aonth nearly as great as that towaids the east. This discrepanc; was 
due to two causes, (1) tbe nttmeroua apertures iu tbe walls of the tower oaina^^ 
slight winds, (3) tbe vertical was not ascertained until a change in tbe seaatuu^^H 
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altered ita poaition. Olher experimentB were made b; BeozeDberg alioat 1803 iu 
Hamburg, but Beicb'g esperiments in 1831—3 in the mines of Freiberg are 
generally oonBJdered to be the moat importnnt. Tiie height of the fall was 15SJ 
metl«B and (he mean qC lOG experimeuls gave a deviation to the east of 28^ 
inillimetree, the deviation to the south being about a tnentieth of that towardB the 
eaat. These were the experiments that Poiseoii selected to test the theory; he 
showed that the ohsecved easttrly deviation wae within a thirtieth of that given 
by calcDlation. Poissoa also investigates the seneral equations ot motion of a 
partiele relative to the earth and obtains equations equivalent to thoee given iu 
Art. Iil7. He Ihen applies them to a variety ot problems. Joiiriial de Vieole 
patytechniqae, IB.'tS. 

The defect ol experimunt^ on falling hodias is the smallneaH of the quantities 
to be measured. In ISSl Foueaoit invented a new metliod; he showed that the 
plane of oscillation of a simple pendulum appeared to rotate round the vertical 
with an angular velocity equal and oppoeite lo the component of the earth's 
angular velooity. The advantage of this method is that the experiment can be 
continued through several hours, so that the alow deviation of the pendulum ran 
be (as it were) integrated through a time long enough to make the whole diaplaoe- 
ment very large. Foucault'a experiment was widely repeated with many improve- 
menta. Among English experiments we may mention those by Worms in 1B5B 
at King's College, London, in Dublin by Gdlbraith and Uaughton, at Bristol, at 
Aberdeen, at Waterford in I89S. The accuracy of the method is such that it ia 
possible to deduce the time of rotation of the earth. Foucault's observations gave 
39*', SH", QT*. while the repetition of the experiment at Waterford led to 21'', 7'°, aO, 
the true time lying between the two (see Engineering. July S, 1805). Though the 
vxperiment can be easily tried when only the general leault is required, yet many 
difBcuUies arise when the deviation has to be found with afcuracy. Indeed 
Foucault admitted that it was only after a long series of trials that he made the 
cipeiiment succeed (see Bulltiin de Iu Sof.i/ie Ailrotumiiijiie dt i-'rance, Dec. 189<)). 

I Inversion and Conjugate /unctions. 

628. InverBlon*. Let a point P of unit maas move under 
the action of forces whose potential in polar coordinates is 
XT=/(r, 6, ^). Produce any radius vector OP of the path to Q, 
where OP . OQ = k'; the locus of Q ia called the inverse path of 
' that of P and any two points thus related are called inverse 
points. Let OP = r, 0Q = p. 

Let P", Q' be two other inverse points near the former, then 
since OP . OQ = OP' . 0(^, a circle can be described about the 
quadrilateral PQFQ'. The elementary arcs PP', Q(^ are there- 
fore ultimately in the ratio r:p. If the points P, Q move so as 

* The reader may consult a paper by Larmor in Tlit Procecdingt of the London 
Mathematical Society, vol. xv. 1884. The principle ol least action is there applied 
lo both the method of Inversion and that of Conjugate functions, 
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to be always inverse points, their velocities u, w,, are connected by 
the equation ulu^ = r/p. 

The position of the point P in space is determined either I 
the quantities (p, 6, ^) or (r, 6, ^). Choosing the former as 1 
coordiiiates, the Lagrangian equations of the niotion of P i 
deduced from 

r = i«' = i^(p'' + p'^' + p*8in'5f=), 

These equations contain only the polar coordinates of Q. 
primarily give the motion of a point Q describing the invea 
path in such a manner that P and Q are always at inverse poin 
Let us now transpose the factor t*/p* from T to U. We tn 
have (Art. 524) 

2',= ;(/-+ &c.). [7, = ^ [/(^. e. *) + f?}. 

The Lagrangian equations derived from these give the motioal 
a particle which describes the same path as that of Q, but i 
different time. Let the particle be called 11. The form of j 
shows that IT moves as a free particle, acted on by forces wh( 
potential is Ui. We see also that the masses of the particloi 
and n are equal See also Art. G50, Ex. 2. 

The path of either particle may be inferred from that of the 
other. If the path of the particle P described with a work function 
f(r, ff,<f>) + C is known, then the other particle 11, if proj>erl^ j. 
jected, will describe Vie inverse path, with a work function 



''■'iMr '■*>"}■ 



629. To find the relation between the velocities u, v of ^ 
particles P, H, when passing through any inverse points P, \ 
we notice that by the principle of vis viva ^u?=U+C, ^ifl = Z 
It follows immediately that r^uf/p^aud therefore that un^ 
Since the planes of motion OPP", OQQ" coincide, the i 
momenta of the particles, when at inverse points of their ^ 
about every aids through the centre of inversion are equal. 
i constant C is determined bv the consideration thi 
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known velocity u in the given path must satisfy the equation 
^u' = U + C. 

The particles P. 11 do not neceasarily pass through invei-se 
points of their respective paths at the same instant, Let (, t 
be the times at which they pass through any pair P, Q, of inverse 
points; t + dt, r + dr the times at which they pass through a 
neighbouring pair P', Q' of inverse points. Since the elementary 
arcs PP", QQ" are in the ratio r : p while the velocities of P, Yl 
are in the ratio 1/r ; 1/p, it follows by division that the elementary 
times dt, dr are in the ratio t^ ; p\ The relation between ( and t 

, is found by integration from ;j- = -; • This agrees with the ratio 
given in Art. 524. 

Supposing that the particles P, 11 are projected from inverse 
points on their respective paths, their initial velocities must be 
inversely as their distances from the centre of inversion. The 
initial directions of motion must be in the same plane and make 
supplementary angles with the radius vector which passes through 
both the initial positions. 

sao. If the pacticle P is ooUBtTaitiad to move on a buiTaco the argument 
needs but a slight altemtioQ. The inTCTBe point Q desaribes a curve nhioh Ilea on 
the inverse anrface. Let {p, 9, ip) be tliG polar coordinalee of Q \ then Ihwe msj 
aUo be taken as the Lagrangian ooordinAtes of P. Using the eqaatiou of the 



inverse Borbice, 









I 



SubatitatiDg the valaea of p, f 
028, we proceed aa before und a 



] the 



aai. Tb* FnanuM. When the partiolee P, IT are constrained ti 
A lorfaoe and the inverse surface respectively, Ihe prenuret it,, ij,. at a 
invent points are ruck thai fl|r'=J(,p'. 

To prove this we take any aiie of i and resolve the forces oc th( 
perpendicularly to the meridian plane lOPQ, Art. 491. We then have 



1 



oB dt 









+ fl,oo 



where A is the angular momentum of either particle abont the axis of :, Art. 6S9, 
and dt, dr are the timet reapectivel; occnpied by the particlei in passing rrom an; 
pair of inverse points to an adjoining pair. 

Tlie foreea J?,, li, act along the normals to the two surfaoes. To understand 
the geometrical relations, \ce describe a sphere passing through P, Q and touching 
one surface. Then since Che sphere has the property that for every chord the 

25—2 



fndaa OP. OQm ikit 
■omalf thcfdloR BMS in sbe cenm g< sbe 
emr itnigiit Hoc pfzptndkslar sods 
iMohirion «• tlwRfoffc cqsmZ, if db» 
«tBtreof tbe ffiifCic 

Since ^di:=t*4rwni ^r^=^r^iC^CKW€ mt M gbm tfatt r^B^^f'^ Sb» 
■r=sr^, ve Latc JL m*=zS^ c^. i.e. the ff mti at ixiraie painsi aire also as she 
cubes Off the T«lQcitic«. 




Lx. Deface from the iriasioiif ^r^^r^fr^O, }«*=r-C. 

(1; that the pacalkl tampoomita G. G' of the iBprnaed fonea oa the paitirW 
P. n in an J dii ce tk ip pcrpmdieBlar to dbe ndini retux aie cmui e ti M l W dia 
aqoatkm ^'=r<G. 

|3) thaStheEadiaIeGaipooentsF.F'.aiceoBnetiedbT//*^r'F=-4f2(r-s-C). 



••S. £x. L The path of a free partirle nnder tb& action of no foraea ia a 
line: in thia ease we haxe «^=3r~2C. Bj xnTcrnon the path of a free 



paitiele, when r^=e> ^=2r,, i« the invene of a might line. Le. a cirde pasaing 

throng the origin. This giTcs V»=Ck* ^, and the emtral force F^^lCk*;/^, 
This is Newton's theorem that a azde ean be described freelj about a centre of 
fbree on the dreomlefenee whose attraction irmrics as the inrene fifth power of the 
distance. 

Ex. t. Show that a particle ean describe the enrre ^=c2eoi?#+ft^8in*# 

mider the action of a force F in the origin which Tsries as-^ V^'a^'^^* 

When the axes a, b of the carve are lo nneqoal that their ratio is greater 
than ^'2, the force F changes from attraction to repulsion as the paitide proeecds 
from the extremity of one axis to the other. Verify this br tracing the enrre, 
and show that the enrre is eoDrez at the extremity of the lesser axis. 

Ex. 3. Prove that the central forces F, F*, under the action of which a enrre 

and its inverse can be described abont the centre of inversion are so related that 

F'r^ Fr* f* 
^- "" Ts =^ 3 » show also that the velocities r, r' at inverse points are connected 

by rr=r'r'. [This follows easily from the expression for F given in Art. 310. 
When As AT, Art 629, this sgrees with Art. 631, Ex.] 

Ex, 4. A particle P moves on a sphere onder the action of a centre of 
attractive force situated at a point O on the surface, and the velocity v at any 
point is B/r« where r=OP. Prove that the path is a circle whose plane passes 
through O. 

Inverting the sphere, we find that the stereographic projection is a straight 
line. The resnlt follows at once, see Art. 609. 

633. Coi^agate ftmctioiui. Let the Cartesian ooordinates 
{x, y\ (f , fi) of two corresponding points P, Q be so related that 

^ + yi=/(f + in) (1), 
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whereyia any real function and i = v'(—l)- Expanding the right- 
hand side we have 



r + yt = (f, ij) + i/r (f , 7i) i. 



■■(2). 



where ^ and ^ are real functions. The transformation is therefore 
effected by using the equations 

^ = 'l>(lv). y = + (f,^) (3). 

the motion of P following geometrically from that of Q. Differ- 
entiating (1) we find 

'^' - y'i =/' (f - vi) ■ If - v'i\ ; 

.-. a:'= + /" = /£'. If " + ')'') (4). 

where ^' is a real positive quantity given by 

/-'=/' (f+'?')-/'(f-^') (5). 

Let U= F{x, y) be the work function of the forces which act 
on the particle P. The motions of P and Q may be deduced by 
the Lagrangian rule from 

r-i«'(f' + V'), i'-*'»(f.i),+(f,i)l, 

the constant of U being included in F for the sake of brevity. 
Transposing the factor ^' to the work function, the equations 

give by the same rule the motion of a particle 11, whose mass ie 
equal to that of P, which (when properly projected) will describe 
the same path as the point Q, but in a different time. Art. 524, 

To find the relation between the velocities u, v of the particles 
P, n at corresponding points of their paths, we observe that 
since ^u^ = U, Jj/'=t^„ the velocities are such that v = fiu. 

To find the ratio of the times dt, dr we notice that, by (4), 
the corresponding arcs da. da are such at d3=fid<T, while fiU = v. 
It follows by division that dt = fi'dr. 

6S«. Ex. It is kiioWD that a putiole e%o dBactibe the uUipie x'/a*+!/*/b>=I, 
with a rorce tendiug to Che cantre equst to «r. It ia required to And the ooujugtte 
pkth Bnd law of force vheu we use the tranHformation x ^ iji = {ii:iii)''lc''-'. 

Lei j=rco«0. g-rtiaS; f^pcox^, q=p<in#; the eqoation of tmufonuft- 
tioQ thsD gives 



The equation of tl 



■ path is therefore 
oos* ri^ sin' 
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jl^iun ia the diiyde orUt; 






The imtk> of the aacnkr mflmfiita, m. r^/w, m cmOj nen to he cfoii to ■. 

When «=r>l,thii tnBMtannMtJkm hceooics r-^f^ #='^ The 
tkm zednees to a miple iawenkmk, exeegi that ^ ie mumamk fUMtin e ty in the 
oppoeite dircciioii to #• 



Zx. If the peiiirie P m eonelimiiied to move oa aay ghcB eonc with a 
vorfc fdnetion U, whSe the equal partiele n is eoBstiained to tooie on the 
eoDJogate eonre, with a we^ functioo r,=^r, the ibimiiiib B^, B^ oa the two 
enrrcs are in the ratio of the eubea of the letocitiei^ Le. RJ^^^BJt*, Xhia givce 
aleo B^^f^Ri, 



The grouping of trajectories and Jaeobi'M eolutian. 

636. The Cartesian equations of the motion of a free particle 
of unit mass are 

-'£■ ^-f . -'^ •«. 

and to these we join the equation of energy 

r« = af'« + y'« + /* = 2l7'+2C (2). 

When the equations (1) have been integrated we have x, y, z 
expressed by three functions of t with six constants whose valaes 
become known when the initial valaes a, 6, c of the coordinates 
and the initial velocities a^, b\ d are given. 

Since i enters into the equations (1) only in the form (ft, the 
differential equations are not altered by writing < + € for t. One 
of the constants of integration therefore enters into the solution 
as a mere addition to the time. When we eliminate the time we 
arrive at two equations which are the equations of all the possible 
trajectories in space. The constant e disappears with t^ and the 
equations of the possible trajectories contain five constants, of 
*^Hich the energy C may be regarded as one. To understand the 



relations of these trajectories to each other it becomes necessaiy 
to group them into systems. 

We first group the trajectories according to the values of the 
energy G. Taking any one group, having any given energy, the 
four remaining constants are determined for any special trajectory 
when the coordinates of some two points A, B arbitrarily chosen 
on it are given. 

637. Action. If (28 be an element of the arc of the trajectory, 
the integral V^fmvds is called the action as the particle passes 
from j1 to B. If mv' be the via viva of the particle in any position 
we also have V={mv''dt, the limits being the times (, and ( of 
passing through A and B. When we ai-e only concerned with the 
motion of a single particle, it is convenient to suppose its mass, 
to be taken as unity. 

ConsideiTJig a single particle, let s he measured from X to B 
along the trajectory of least action and let the length AB be I. 
Let A'B" be a neighbouring trajectory (Art. 690) from some point 
.d' near A to a point B" near B. Proceeding as in Art. 591, writing 
V for 0, we find 



BV: 



where the part outside the integral is to be taken between the 
limits A and B and the energy C has been varied for the sake 
of generality. It is easy to deduce from the equations of motion 
(as in Art. 599) that the coefficients of Bx, Si/, Sz inside the 
integral are zero. Also since ^tfl = U + C, we have vdv/dC = 1., 
Since vdx/ds is the x component of the velocity we thus have 
SV=x'Sx + y'&y + z'hz - a'&a ~ b'Bb - c'Bc + (t- (,) BC. . .(4). 

When vie conaitler tbe matian of a Bjatem ot particles, either conatraiDed or free, 
and all taking different paths, it is more coovertienl to take I as the independent 
T&risble. Let aa imagiDe the ey stem to be moving in some manner vhich we will 
call the actual course. Let the wotk function of the Geld be V and let L be the 
Lagrangian function, then L = 7'+ IJ (Art. 60(i). Let fl,, ffj, *c. be any indepen- 
dent ooordin a lea of the flyitem. a,, o., Ao. their tivIuob in aome position A oconpied 
b; the system at a time I,. Then S,, 0,, &o. are functions of t. whose forms it ia 
out object to diecover. 

Let UH next suppoBe the ijstem to move in some varied manner, i.e. let the 
coordinates be funotions of ( slightly diHerenl from those in the actual course. By 
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the ftindamental theorem* in the calculus of Tariations, we have 

where w=sd$- e'dt, z implies summation for all the coordinates tf|, tf,, Ac. and the 
limits of integration are t^ and t. Since each separate term inside the integral 
vanishes by Lagrange's equations (Art. 506), we have 



ijLdt = r{T+U)Bt + Z^^,{ie-$'St)y . 



If the geometrical conditions do not contain the time explicitly T will be a 

dT 
homogeneous function of e^, 0^', <fec (Art. 510) and therefore Z ^^=^^* ^® 

also suppose that for each varied course the velocities are so arranged that the 
principle of energy holds, i.e. T- U= C, though C may be different for each course. 
Hence L = 2T - C, and d] Cdt = B {C {t - 1^)} . We now have the two equations 

VLdt=-C(«t-«fJ + 2(^w)-2(^«a) (A) 

d/2Tdt = (t-tj)5C+x(^^Se\-'z(^,da) (B). 

The action V of the system is the sum of the actions of the several particles. 
We therefore have V=j2Tdt, When the system reduces to a single particle of unit 
mass 2T=^+/*+z'*, and the equation (B) becomes the same as (4). 

638. Let us consider the motion of a single free particle and 
let the energy C be given, therefore SC7=0. Let Vi, v, be the 
velocities B.t A, B; So-j, Sera the displacements A A', BR; ^i, 6^ 
the angles these displacements make with the positive directions 
of the tangents at il, jB; then, as in Art. 592, (4) becomes 

SF= Vacos O^Sa-i — ViCOsOiSai (IV). 



* The proof of this theorem is as follows. We have 

8jLdt=j (8Ldt + Lddt) = [Ut] + j(5Ldt - dUt). 
Now L is a function of the letters typified by $, ^, 

.-. dL = 'Z(L9Se+L»'80'), dL=MX{L9de + L$e"dt), 
where suffixes imply partial differential coefficients. Since 

d$_ de + m d0_d80_de d8t 
dt ~ dt+dSt dt " dt ~dt dt * 

.'. W - 0"9t = j^ (5$ - e'St) = c', 

substituting we find 

djLdt = [L8t]-^j^ (Ltfw + Le'w') dt. 

Integrating the last tei-m by parts we immediately obtain the theorem in the text. 



jAcoBi s sonmoN. 

Introducing the mass m, this may be read, tlie change of the action 
in passing /rom one trajectory AB to a neighhounng mie is the 
difference of the virttial moments of the momenta at the two 
ends. 

Taking any arbitrary surface which we may call 8,, let us 
group together all the trajectories which cut Si orthogonally, 
then cos ^, = 0. On each of these trajectories let us take the 
point B so that the action from the surface 8i to B is some given 
quantity. As we pass from one trajectory to a neighbouring one, 
B traces out a second surface which we may call S,, and at every 
point of Sj we have hV=0. It follows that for this surface 
(supposing it to be of finite extent) cos 6, is also zero. The 
trajectories therefore intersect the surface S, at right angles. 

Considering all possible trajectories we first group them ac- 
■cording to the value of the energy. We claaaify them again by 
selecting all those at right angles to some given surface. We 
have now a congruence of trajectories. The theorem just proved 
asserts that all these trajectories can be cut orthogonally by a 
system of surfaces. These orthogonal surfaces are such that, 
when any two are given, the action from one to the other is the 
same for all the trajectories. See Thomson and Tait, Treatise on 
Natural Philosophy, 1879, vol. i. Art. 332. 

All possible trajectories may be grouped together in the manner 
just described in many different ways. One method is to select 
a surface intersecting all the trajectories. Each point of this 
surface may be regarded as the centre of an infinitely small 
sphere which all the trajectories intersect at right angles. The 
Burface S, is then reduced to a collection of points occupying an 
arbitrary surface. This is the method of grouping adopted in 
Arts, 159,330, 339, &c. By a different grouping we obtain different 
orthogonal surfaces. 






639. These considerations lead us to a rule which is a special 
case of that given by Jacobi for the solution of dynamical problems. 
When this method is applied to the d^-namics of a particle the 
orthogonal surfaces are investigated first and the trajectories are 
afterwards deduced. In the general case of a system of rigid 
bodies the interpretation is not so simple. 
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640. Let the action V be expressed as a function of the energy 
C and of the coordinates (w, y, z), (a, b, c) of the particle in the two 
arbitrary positions B and A. Then by the principles of the 
differential calculus, 

the energy being varied for the sake of generality. Comparing 
this with the expression (4) (Art. 637) we see that 

X =-j- , &c., &c., a' = — "T- , ,&c., &c., ^ — ^ = -jjy . . .(6). 

Substituting in the equation (2) of energy, we find 

where Uq is the value of U when we write for x, y, z their initial 
values a, b, c. These are called the Hamiltonian equations of 
motion. 

It is obvious that if we can deduce from the equations (7) 
the proper form for the function F, the first set of (6) will give 
the component velocities of the particle and the second set will 
give the relations between the coordinates x, y, z and their initial 
values. The last equation will give the time. 

Jacobi proved that it is not necessary to obtain the general 
integral of either differential equation. It is sufficient to discover 
one solution of the form 

V^f(x, y, z, a, a, )8) + 7 (8), 

containing three new constants a, jS, y. He also proved that the 
introduction of the initial coordinates a, 6, c into the expression 
for V is unnecessary. Instead of these he uses the two constants 
of integration here called a, ff. 

. 641. In the first differential equation (7) and in the complete 
integral (8), the quantities x, y, z are the independent variables. 
Jacobi's rule asserts that if we establish the following relations 
between x, y, z and a new variable t, the equations of motion (I) 
loill be satisfied. These assumed relations are 

da' ""'' dl3' ^'' dC^^' ^^^' 
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..(10). 



•■where o;,, jS,, and e are three new constants. These new relations 
Bmake tc, y, z functions of t, C and the five constants a, ^, a,, 0^, 
land e. 

To prove these relations wo differentiate (9) with regard to ( 
ind thiis arrive at three equations of the fumi 

'^ j-4-+y j-^+« j-j-=o--- 

axda. (it/da dxda. 
"be other equations have ^ and C written for a, but in the third 
hhe zero on the right-hand side is replaced by unity. These 
R«quation3 determine x, y', ^. 

Also since (8) is a solution of the first of the differential 
equations (7), it must satisfy that equation identically. We 
may therefore differentiate (7) after substitution with regard to 
each of the constants a, /3, 0. We thus arrive at three equations 
of the form 

dxdxda dy dfjda. dzdzdn '' 

The other equations have ,3 and G written for a, but in the third 
the zero is replaced by unity. 

Comparing the three equations (10) with the three (11), we 
e at once that 

^^df ,^d£ ^.^df 
dx' " dy' dz '" 

It also follows that 

'^ daf^^dxdy''^dxds^-- 
tritb similar expressions for y", z". 

We may also differentiate (7) after substitution from (8) partially 
ritb respect to any one of the three variables x,y, z\ 

' ' dx da? dy dxdy dz dxdz dx ' 
Substituting from (12), the left-hand side becomes by (13) equal 
to a/'. We therefore have 



..(12). 



..(13), 



dx ' " di/ ' 
fhich are the equations of motion (1). 



dU 
' dz • 
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642. Consider the system of sor&ces defined by 

/(x,y,^,C,a,i8) = Jr (14), 

where C, a, )3 are constants and K the parameter. The equations 
(12) prove that the direction of motion at any point is ncMinal to 
that surface of the sjstem which passes through the point. Thus 
the surfaces (14) cut the trajectories at right angles. These tra- 
jectories (with their parameters eti, fii) may be deduced from (14) 
by the rales given in the theory of differential equations or more 
easily by Jacobi's equations (9). 

The trajectories in Jacobi's method are thus grouped together 
according to their orthogonal sur&ces. By taking different com- 
plete integrals for (8), we group the same trajectories in different 
ways. Art. 638. 

•49. As an example which requires no long algebraical process, lei as diseoss 
the trajectories when the forces aze absent. The Hamiltonian equation is 

mn^hm'-- «■ 

One complete integral, suggested bj the roles for solving differential equations, iM 

r=!ar+ftf + ^/(l-a»-^i}V(2C)+7 (16), 

another complete integral i^ 

r=:{(x-a)^ + (y-/3)= + 2^J*V(2C7) (17). 

If we choose the first integral the surfaces V=K Bje planes and the trajectories 
are grouped into systems of parallel lines, the lines taking all directions. If we 
choose the second integral, the surfaces V =K are spheres having their centres on 
the plane of ry. The trajectories are grouped into systems of straight lines 
diverging from points on that plane. 

To illustrate the use of equations (9) let us substitute in them the second 
integral. We have at once 

^■=-«>. H~=-^' ,/(2o='+' <^)- 

where T^=(j'-a)* + (y-/3j- + x'. These evidently give a system of straight lines 
diverging from the point x=a, y=/3, 2=0, described with a velocity ^(SC). 

644. When the coordinates chosen are not Cartesian the 
expression for the kinetic energy does not take the simple form 
given in (2). Let the kinetic energy T be given by 

2r=P^«+Qf« + ii^'- (19), 

where P, Q, R are functions of the coordinates 0, <f>, y^. Let us 
now take as the Hamiltonian equation 
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Proceeding exactly in the same way as before, we prove that if 

V^f(0.<l>,ylr,C,a,fi) + y (21), 

be an integral of (20), the first integrals of the Lagrangian 
equations of motion (Art. 506), are 

^^=di «^'=|' ^^'=1 (22). 

The trajectories, &c. are given by 

%'-'•■ %-»'■ %-'^' w 

where ai, )3i, and e are new constants. 

This enunciation includes the most useful cases of Jacobi's 
rule. But his method applies also to any dynamical system, in 
which r is a quadratic function of the velocities. For these 
generalizations we refer the reader to treatises on Rigid Djmamics. 

645. Ex, 1. Apply Jaoobi's rule to find the path of a projectile. 
The Hamiltonian equation is 

Separating the variables, we find that one complete integral is 

F = V(2a)«-^(2C-2a-2^)* + 7. 

Ex, 2. Apply Jacobi'8 method to find the path of a particle in three dimensions 
About a fixed centre of force which attracts according to the Newtonian law. 

Taking polar coordinates we have 

2r=r^+r«^+r«sin*tf0'«, C^--. 

The Hamiltonian equation (Art. 644) may be put into the form 

(.(2)'-^-.c.|.(g)-,^V.(g)-=o. 

If we equate these three expressions respectively to d, -a+/9cosec^tf and 
-p 0006(^6, we obtain three differential equations in which the variables are 
separated and whose solutions satisfy the Hamiltonian equation. Let the inte- 
grals of these be r=/j(r, a), V=f^(e^ a, /9), V^f^{4>^ p). It is obvious that 
rs/j.f/2+/,+'y is a complete integral from which aU the trajectories may be 
deduced. 

Ex, 8. Apply Jacobi's method to find the motion of a particle in elliptic co- 
ordinates (X, fi, v) when the work function is 

jr. ( M»-»>»)r,(X)-f( v' - X»)r,(M)-f(X«-M»)/>(r ) 
(X«-M'')(At*''-v«)(.^-X=') 

. Taking the expression for T given in Art. 577, the Hamiltonian equation (Art. 
644) after a slight reduction becomes 
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= -2{(m«-i^)/x(X) + (.^-XV,W + (X''-m')/,(»')}-2CD. 
where D = (X» - /i«) 0*' - v«) (i^ - X«). Since 

(m« - 1'') + (v« - X*) + (X« - M») = 0, 
X«(At«-F«)+MM»^->^'*)+»^(X'-A*')=0. 

the differential equation is satisfied bj assuming 

(Xa-/,2)(X«-fc«)(^y=-2/i(X) + «+/3X2+2CX*, 

with similar expressions for dVjdfi and dVjdw, In these trial solutions the variables 
X, fit y have been separated, the first containing X, the second /i, and the third r. 
Supposing the integrals to be F=Fi (X, o, /S, C), r = F, (^ Ac.), F=F, (r, Ac), the 
required complete integral is then V = Fi+ F^+ F^+y. The solution then follows 
by simple differentiations with regard to the constants a, /9, C. 

This expression for U is given bj LiouviUe in his Journal, vol. xn. 1S47. He 
uses it in conjunction with Jacobi's solution. 

We may also write the expression in a different form. Let Pn Pn Ps he the 
perpendiculars from the origin on the tangent planes to the three confooiUs which 
intersect in any point, and let X, /i, v be as before the semi-major axes. We find 
by using the expressions for these perpendiculars in elliptic coordinates (Art. 577) 

U = p,^F, (X) + p*F^ (/i) + p,«F, (r). 

Taking U=p^F{\), (omitting the suffixes) we see at once that the level surfaces 
intersect the ellipsoids in the polhodes. The direction of the force at any point P 
is therefore normal to the polhode which passes through P. It may be shown by 
differentiation that the components, T and N, of the force, tangential and normal 
to the ellipsoid which passes through P, are 

N=2p'F{\)St+^F'(\), 



+ rr + -;: . Tue uartesian componei 

p^x F' (X) 



x^ %r 2^ 
where '5„=r^ + ^ + -^, The Cartesian components X, 1', Z are 

A w C 



X=?^{-i+2p'4F(X)+§' 



with similar expressions for Y and Z. 

We may obtain simpler expressions by combining the three terms of U. Putting 
/j (X) = - X«*+*, /a(M)=-Ai**'^*, /3(i')=-i'«*+^wesee that CTisequaltothesum 
of the different homogeneous products of X^, /x^, v^ of n dimensions, each product 
being taken with a coefficient unity. This symmetrical function of the roots of 
the cubic in Art. 576 may be expressed as a rational function of the coefficients. 
We thus find possible forms for TJ in Cartesian coordinates. For example, putting 
/j (X)= - X« &c., we find 

Cr=X»+Ai'+»2=(x*+y«+««) + i4. 



ABT. 646.] 



PHINCIPLE OF LEAST ACTION. 



Ab anotLer example, put /, (\) = - X^ Ac, we then have 
where A and B are 



646. Principle of least action. Lei the extremitit^s A, 
B of the trajectories be given and let the particle be constrained 
to move from one point to the other along a smooth wire, the 
energy being given. Art, C36. Of all the diflFerent methods of 
conducting the particle from A to S there may be one which is 
the trajectory the particle woold take if unconstrained. We see 
by Art. 037 that for this course the value of SP" is giveu by 
equation (4). But since the points A, B are fixed, &c, hy, Bz 
vanish at each end. We therefore have 5^=0. It follows there- 
fore that the free trajectory is such that the change of action in 
passing from it to any neighbouring constrained coui-se is zero. 
The action /or a free trajectory with given energy is either a 
maximum, a minimum, or is stationary. 

Conversely, if the path from ji to B is required which makes 
the action a max-min, the principles of the Calculus of Variationa 
require that the coefficients of &x, Sy, Sz inside the integi-al (3) 
in Art. 63V should be zero, provided the geometrical conditions 
of the problem permit Bx, By, Bz to have arbitrary signs. Assuming- 
this, the vanishing of the coefficients leads, as already explained, 
to the equations of motion. The result is that the free trajectory 
from A to B is then the path of max-min action given by the 
calculus of vaiiationa. 

A similar theorem holde for the motiaa of a sjeiem either free or oonneated by 

geometrical reUtioDs. Lek &aj two conSgnratious oi poBitiona ^ , £ be given. If 

we cooduot the ayatom from A lo II by anj varied paths ts described in Art. 637 we 

have (ainoe the VBrialions of the coordinates of these positione are zero) 

i\Ldl=-C(U-tti) (A), i\-lTdt = (t-l^iC (B). 

Let ui now suppose thai iu these varied paths the particles, withoat violating 
the geometrical relations, are conducted with such velooities that the energy 
C = 2' - U ha> a givenvalM, {the Bameaa in the actual course,] then SC^O, and the 
eqaatioQ (B) shows that the uclioit |3Tdl i* a max-min or i"i italionary in the actual 

The equation (A) gives a companion theoiem. Let as suppose that in the varied 
paths the particles are so condacted that the lime t - (, in equal (o a givm quiintityt 
Iheii jLdt ii a max-min or ii ttationary. 
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Ix asT be tlMS tbez« an ievsml &er pisfei br vhica lb 
&CC1 J b> £. fyMftJTw >:=» cf ibece. »t xI'£, w^ maj mk if tu 
m trae sisisTH. Lee a s/G^hcszisK frte jmsh fcanc^ frcea A %tbit 
ibt max; issovcct ADB a C. To Eapii^ muten jck bo 
iBtcfseet ^i>B m mu to ^ Sfiu C. If B Be W f m i A madC 
frtt path from A to B vhidi is ia fteecrla£«e wish the pnadpuei of 
tisftt path ■■¥>■ the aetioa a trae rtTrrrwaB; Art. M7. If B it WvoDd C, 
are rvo nptghUwiinj free paths fron A vs> C. It bat be proved tiwt 
from J toBisBOt m gesecal a trae minimiQa. the aetke for 

aai for ochen jcs than far the free piath AB ^An. CS9). 




•«•. It EuiTbetfaat there is BO freepashfroiB J toB. jectheRBiHt Wapttth 
of Kmimam actaon. For exasphe, a bernvj panirie projected from A vith a giviB 
Tfck>ctT can or a free path anrve onij at saeh poiBts aa lie vi&iB a r^^tain 
parab»k-id vbchie foicss is a: J, Art. 159. The path of minimizm actaoa fro^ A to 
a point B bejond the panrok-fdal boa&darr ii not a free path. WhcB ^^i*nrmA 
from the Calfcalns of Yariatiocs it *mI1s undtr the eaae BeDtioiied ia Art. 6i6i. Its 
pocition is sneh that it eancoc be razied arbitrarilT on all odkea, Le. the lifitt of 
the Tariatiofu 3x. ly, 2r are not ariHtrarr along the vhole leofth of the eosrae. 

Soeh limitations exist when the path rans along the boandair of the field of 
mocion iArt. 299;. We therefore drav v^ticais from A and B to xBteneci the 
lerel of zero Teloeztr ivhich in this case is the directrix) in C and D. Lk na 
eondoet the particle from A along AC to a point as near C as ve please, and thenee 
along a eoorse coinriding indefinitelj ncarlj vith the directrix to a point as near 
D as ve please. The particie is finallj eondoctcd along the Tertieal DB to the 
giren point B. Throo^oat this coarse the relocttj is alvajs Aupyuaed to he 
^'«2^z> where x is the depth below the directrix. The TekxitT being iilliMaiilj 
zero along the directrix the whole action from J to B is redneed to the sum of the 
actions along the Tcrtical paths AC, DB. The path doae to the directziz canaol 
be Taried arbitrarOj, becaose the particle cannot be condncted above that level 
withoat making the velodtj imaginary. This minimnm path is therefore not gnen 
bj the ordinary mies of the Caknlos of Variations. 

A tiwuloT amowtalff oecun la the ca$e of braehiMtockrfme^ The parabola is a 
bESchistochrone when the force acts paralkl to the axis and is soeh that the 
▼eloeity is inTenelj proportional to the iqnare root of the ^**Tlr*^^ fkom the 



I 
I 
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directrix; Art. 60G. The directrix bein^ given m position, the Initial and tinal 
points A. B of the courpe raay be so far apart that no euch parabola oan be drawn. 
In this OHB the brachiatoubroDe ia found bj coudDcting the partlalo along the 
verCical stralfjht line AC in accordance witli the given law of velocity, theiioe witb 
an iudnite velocity along the dlreetrix VU, and Snail; along the vertical line DB 
toB. 

The further diBCUBsion ol these poiuts ia a port ot the Calonlas of Variatiani. 
Soma remarka on the dynainioe of the problem may hv found In the aathor's 
Rigid D^nomia, vol. ii. ohap. i. 

eso. Ex. 1. Prove that the same path ia a braebiBtoobtwte for i>*=/(z, y, i) 
andapathol least action tor v''=^//(z,y, i); Art. S99. 

The brachiatochrone i« deduced from the ealcnlns of variationB b; making 
jrb/v a minimum; the path of least action by making Jir'tlf a minimum. These 
ronst give the same curve if v'=k^lv ; (Jellett and Tait). 

£x. 2. Prove that. If a path be deactibed by a particle P with snch a ivork 
fnnction that i*=y(r, e, #), the inverse path can be described by a particle n with 

a velocity u'. BOch that r*^ = -^ / ( — ,6, ip\ , where rp = A'; Art. 628. 

To find the first path we make jod* a minimum. Since da'jda — pjr, the aeoond 
path ia found by miLklug ^v'diplr a minimum. These ate the same integrals. 
This mode of proof applies equally wbetber the particle is free or constrained to 
move on a anrfacs. 

■Bl. Ex. 1. Prove that In an elliptic orbit deacribed about the focus 5, the 
time is measured by the area described about the focus S and the action by the 
tine deaoribed about the empty focus H. 

If ji, y' be the perpeudlculars on the tangent from S and S, we know that 

pp' — l'', Since v = lijp, the action fvdi becomes jp'dt .hib'; the area described 

about H being ^ jp'de, the result follows at once. [Tait. DyitamUi of a pitrticU.l 

Ex. 2. In an ellipse described about the oentre C. perpendlcalais PM, PN aie 

drawn from P on the major aud minor aies CA. CB, and A, B represent the 

alliplic ufiaa PMA, PNCA respectively. Prove that (be action from >! to P la 

(<,=A+b'B)^^l„b. 

Ex. 3. Prove that the action in describing an arc ot a central orbit ia 

When the central foroe is F = >i/r"and the initial velocity ia 

an — - 9, where 6 it 



/^(-S)"- 



that from infinity, prove also that the action 
measured from the maximum or minimnm radiua 



ector ; Art. 360. 

Ex. 4. A hear; particle describes a parabola. Prove that the action from any 
point A to another Ii is k timra the sectorial ai'ca ASB, where 5 is the locus, 
it* = 16p/( and I ia the semi-latus rectum. 

Prove also that, if the chord .iJI paaa through the focus, the action along the 
parabolic path is greater than that along the course AC, CD, DB where AC, DD 
are perpendiculars on the diroctrii. Arts. 159, G49. 

B. B. 26 
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04S. Ei. 1. When a hear; particle ia projected from a point A with a giveD 

velocity to paes through a point B, there are in general two possible parnbotic 
paths. Prove that the action is a minimuin along that parabola in which Ihe arc 
JB is less than the arc AC where C is the other extremity ol the chord drawn 
from A through the (oeue. 

The action is ■ minimum when II is riot beyood the interseation with (he 
neighbouring parabola drawn from A -. Art. 648. Sinoe the chord of interseotiun 
altimatcl; passes through the focus of either of these neighbouring parabolas. Art. 
169, the result given follows at once. 

F.x. 2. When the force is central and varies according to the Newtonian b 
there are in general two elliptic paths which a particle cootd take when projea 
from A with a given velocity to pass through B. Prove that the action is 
minitnam along that ellipee in which the arc i£ is less than AC, where C te i 
other extremity of the chord drawn from A through the empty [ocns: Art, 339. 

■BS. Ex, A faTtUll deicribei a circular orbit about a centre of fitn 
repretented by F=;ilf^, liluated in the centre 0. It ii required lo JInd the ehm 
in the action \chtn the particle it conducted mith the tame energy /ram a 
A to another B on Ihe dreU by lomt neighhouring path lying in the plane of it 
eircU. 

Let a be the radius, then taking the normal resolnlion, the veloe 
"o^v'W"""')' f !■* principle of energy for the varied path gives 



Also C = - — I „_, ■ since the energy Cis the same for both paths. 

Let the equation of the varied path be r = a (1 + p) where p U som 
of 8. Substituting we find 

'> = v,{l-p + i{n-l)^+...) 

Here p is equivalent to the Sr of the Calaului of Tariations. 

Bince {d>)'=r'(ilaj' + {dr]\ we find by the same sabstitation 

de \^ '^^2\ds) ^■■'\ 

The action therefore when $ increases from to is 

/,^=».{..!/j(t;)--,v(«...] mi 

where p'^S-nas in Art. B67, and the limits are 9 = to 0. By mlttiniUng fi 
Ihe value correiponding to any tuiumed variation of the path, the change Ai i 
aetian followi imnudtatsly. 

It the particle starting from A were to describe a neighbouring tree path w 
the same energy, we know by Art. 367 that the first intersection of the a 
with the circle is at a point given by B = rlp nearly. 

We may easily deduce from the expressioo (3) that the aclioii from A I 
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rvt mittlnmrn i/ the angle 
n artifice due to LagrtkUge* 



[ where X ie k 
■ide or (3) ii 







arbltroiy (QnDtioa of 0, we nUij viite the integr&l on the right-hftod 
the rorm 

), BiDoe both pttha begi 



^/(S-)' 



Sines this iulegial ia eBBsatially positive it foUovB tiom (3) that the motion along 
erery varied path from A to II h greater than that along the drele. 

This aigumcDt recjuiree tliat X should not be inflnile within the limila of 
integration. By taking pa^Jir — c where f Lia quantity as giaall a 
values of X given by (5) can be made finite from # = to ff = ir/p-r' where «" ia a 
quantity as aniaU as we please. The arynnunt Ihertfure retiuira that the paint B 
thiiuld not make the anglt AOB^-irlp. 

H'htH Vie anglf AOB U greater than w/y ve can proce thai the action along 
tome varied curvti extending /rota A to B it Uti,and atoitg otheri it greater, (Ann CAnt 
111 the circle. 

To prove this 1st ne oonduot the partiole from Alo B along the varied path 
whose equation ia |>=L8in gS. Let be the angle AOB, theD si 
eaoh end, 9 ie arbitrary except that .q^ is a multiple of *. Since p^>ir one valae 
at least of g is less than p and the alhera are greater than p. Substituting in (3). 
we find that the integral is 



■m- 



iV[ ''s 



L'H 



fe"-r").. 



.17), 



the lirolls being e = lo 8 = ^. The smaller valoes of g make I negative, while the 
greater valnee (which correspond to Che more eircnitons routes) make I positive. 
The conclusion ia that vshm the angle AOB ^ rip, the action alon^ the circle ii not 
a true minimum, 

•S«. Ex. A particle mova in a plane loith a vehcitg v = <t>ix. y) beginning 
at a git-en point A and ending at B. The path taien being that of minimum action, 
it ii required to find in Cartetian coordiiuila the tqnation of the path and the change 
of action icAnt the path it naried in un arbitrary manner. 

Let the elementary action 0(I» = *J(l + y'')itr he repreflentod by /(x, y, p)dx, 
where p haa been written tor y' = di/ldx. Then writing g + iy, p + Sp for y and p, 

• Lagrange Thtorie dei fonctiont Analytiqaei 1737. He refurs to Legendre, 
ilemoirt of the .icademg of Sciencet 1786, and adds that it must be shown that > 
doea not become infinite between the limits of integration, tjot being able to 
settle this question, he jnel missed Jacobi'a discovery. See also Todhunter's 
niilory of the Calcului of Variatloni, page 4. 
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(bol soc nByioc X) the wlMle iaoMM <tf Mtk» OB tiie nuMd CBw k by li^^ 



wlMt* sofizM M luaftl nptcMBt fMitial diflcRDlMl eocfidcBt^ TiUfgiiiiiig the 
•eeood tcnn bj puts, m in Art. 591, ve hftfc 

wlicr* the put ootMk the integral, bong iaiktn bK w cMi fixed limitB,» aero, and 

flfieeoto denote total dii leie nt ie t ion with npvd to x. Tbe patib of mhiimiiiB 

Mtioo ie Umad bj eqoaliiig the coeflfairnt of % to aoo^ Ait. Ml. This path is 

therefore given by 

A-//=0 (1). 

ftod the duw^e of action in anj varied path bj 

w =i/uw (%y»+%,%*+/,p (iipndx (1). 

To find the patfi in Cartesian eoordinates we integrate the equation (1). This 
can onlj be eflected when the form of the fonetion ^ is giren. The integration 
presento onlj thoae difltoilties wiuth are ditrnwe^l in treatises on differential 
eqoations. We now proceed to find the diangs in the action gifcn by (S). 

To determine the sign of BA, we write (9) in the form 

a^=[X(ay)«]+l/[(/^-2X')(ay)«+2(/,^-2X)«y^+/,^(^n'«« P). 

where the term outside the integral is zero, profided X does not beoome infimte 
between the limite of integration. 

Let y=F{x, fj, e^ be the integral of (1), then changing the constante into C|+a, 

e^-^P where a, ^ are indefinitely nnallv 

. • w dl'' dF _ ... 

y + „=l.+ _.+_^ (4). 

is alfK> a Bolation of (1). We choose the oonstanto c^, c, so that the eorre y=F 
psHses through the limiting pointe A and B. Biaking the varied eorre (4) also 
pass through A, we have an equation to find ^/a. Hence 



/dF dF B\ 



is the equation of a neighbouring path of minimum action beginning at A and 
making a small arbitrary angle with the path AB, the magnitude of the angle 
depending on that of a. If C is the Jint paint of inUnecHon of these two paths^ 
then u is not zero between A and C, 

Differentiating (1) we see that dy=u satisfies the equation 

/w«y +/fi»«P - ^ (/«p«y +/«>%>) =0; 

•••(/«^-^/«>)t*=^(/ppu') (6). 

Beturning to the integral (8) let us choose X bo that 

(/^-.2X)u=-/^t«' (7). 

Substituting in (6) we find 

(/yr-^/»)«=-^(/„-2X)u 



rABT. 654.] TERMS OF THE SECOND OllDER 

I the last term bping obtnined b; HabBtitutiiig tor u' from (7). TMb becomeB 



le quantity uoder the integral b 



a (3) is theretoTe a perfect squaie. Bemem- 



U\sp-^iy\ 'i^- 



a valae of X is by (7) 



2\ = 



1+p' 



J •Jii+f)' 



...(10). 



Hence in order that both A and Uie BObject of int^ratioii in (9) ma; be finite 
il it ntceneanj thai H ihoulil not vanish helvetn the liiaiti of integratiim. The 
seoond limiting point B must therefore not be bejond C. It il supposed that v 
and dvldg are finite between the samo limits. See Art. 643, 

Suppoaing this condition to be satisfied, ever; term of the tategrol (9) ii 
poeilive if f^p is pontive from A to li, Bince ^^ = i' (I + p')~^. and the velocit; r 
is sopposed to keep one sign throughout the motion, thia ooudition also is satisfied. 
The change of action cauif.d by a variation of path ii t)iere/ure iiliciiyt poiitice and 

. Ut amount ia deUmiiutd by (2) oc (9). 

I Ibis iDvestigatioD can be applied to braabistochrooeB and may also be extended 
to an; cases in which the subject of integration, viz. /(Xi y, p), is a function only 
of th? coordinates y, x, and the first differential coefficient. In order that Ibe 
course AB given by (1) should be a true miuimum, no vartntion muet exist which 
can make iA negative. The conditions for this are (I) the point B must not be 
beyond f, as eiplained in Arts. 59-1, 648, (2) the differential coefficient <P//iip' 
must be positive throughout the whole course AB. 

I U cPfldp^ were negative for any portion FQ of the oourse given by (I), let db 
Tsry the remaining portions AF, <)B so that 5j/ is as nearl; equal to u as we 
please, the portion PQ being varied in some other manner. In this variation such 
prominence is given to the negative elements of the integral (0) that iA is made 
negative. It is also evident from (7) that X is finite if cPfjdjfi, iPfjdpdy are finite. 



A SWARM OF PARTICLES. 
Note on Art. 414. 



The argament will be made more complete if we suppose that the boundary of 
the swarm is an ellipsoid instead of a sphere. Owing to the manner in which the 
forces of attraction depend on the shape of the swarm, the results for an ellipsoid 
are not altogether the same as those for a sphere. 

Taking the same axes as before, the coordinates of the projection of any particle 
P on the plane of motion of the centre are r+|, 17, while ^ is the distance of P 
from that plane. Treating the ellipsoid as homogeneous and of density D, the 
component attractions of the swarm at any internal point are A^, Brf, C^, where 
A, B, C are functions of the ratios of the axes of the bounding ellipsoid and their 
sum is 4irD. 

The equations (1) of Art. 414 are slightly modified by having their last terms 
replaced by - A^, - Bij; and instead of (8) we have 



g-2„J+(^-8«»)t=0 



(I)- 



The equation for ^ is evidently 

g=-^f-Cf=-(n«+C)f (U). 

Putting ( = acos(|>t + a), ij=hBin{pt-\-a)t and ^=cBin{qt+y) we find by pro- 
ceeding as in Art. 414, 

{l>«-(/l-3n«)Hjp'-B}-4i>V=0, q^=n^ + C (HI). 

The condition for stability is therefore A > Sn^. 

In an ellipsoid ^ > P if the axis in the direction of | is less than that in the 
direction of ri. It follows that if the axis of | is the least axis, A is greater for 
an ellipsoid than for a sphere. The swarm is therefore more stable for an ellip- 
soidal than for a spherical swarm provided the least axis of the ellipsoid is 
placed along the radius vector from the sun. 

Let us suppose that all the particles are describing the same principal oscillation. 

The projections of their paths on the plane ^rj are therefore given by (=aco8tf, 

t; = 6 sin 6, where =pt + a. These paths are coaxial ellipses described in the same 

periodic time 2ir/p, the semi-axes of any ellipse being a, 6. By substituting these 

a p' — B 
values of |, 17 in the second of equations (I), we find ^ =^—n — > ^^ follows that all 

the ellipses are similar to each other. There will therefore be no collisions between 
the particles. 



ELLIPSOIDAL SWAHM. 

Tba ralio of the axel of the ellipses U oot altogether arbitTar;. Bj ming (III) 
■e&ad 



©■^ 



■. p»(u»-6')-^a» + B6«=-8oV. 



where J, B and tberetorep* are known tanetiona of the ratios of the aiea of the 

ellipsoid. We may dcdaoe from the valueB of A, B given in the theory of Atlrao- 
tioDB that All* IB IcsB oc greater lliaD tlb'> according as a* u greater ot lew than A*. 
It then follonB ftara this eqnation that in both the principal oscillaCioiiB the aiii 
of the eliipBoid in the direction of the Tadins vector from the aun is lesB than the 
axis of the ellipBoid in the direction of motion of the centre. 

If P, <i. It be any three psrtioles deBcribing Bimilar co-aiial ellipaeB in the same 
time with an sooeteration tending to their common centre, it JB not difflonlt to 
proTe that the area of the triangle PQR in conetant throuRbout the motion. Let 
QB apply this theorem to the motion of the projections of the particlsB on the 
plane of (ij. Joining adjacent triads of partiolea, we divide the whole &rea into 
elementary Irianglee. If the nwacm iB homogeneoUB, the areaB of theBe triangle* 
are initiallj equal and we see that tfaey will remain equal thronghont ths 
motion. The Bwarm will therefore rnnaju horoogeneooa. 

Consider neit the motions of the partioles perpendicniar to the plane of {q. 
These are harmonto oscillations and are all described in the oame time Sr/g. 
The amplitude of each oecillHlion is the ordinate of the ellipaoid correBponding 
to tlie ellipse dexoribed by the projection and this is constant for the same partiols. 
The distance between two adjaeent paTticles moving in the same ordinate in the 
some direction is increasing or decreatiing acoording ofl they are approaching or 
receding from the plane of {ij. As there are as many particles approaohing aa 
receding, the uniformity ot the density is not affected by this motion. 

When both the principal oscillatians arc being described Himnltaneously the 
state of the motion becomen mote aDmpticat*>d. The outer bonndary is not strictly 
ellipsoidal, being dependent on both the states of motion. Since also the rotations 
in the principal oseillations ore in opposite directioos, we con no longer negleet 
the colliaions between the pirtlales. 

To take account of the collisions we must have recourte to a statistical thi 
analogous to the kinetio theory of gases. Bat this would lead us too far from Ifatit 
methods of this treatise. 

For an example ot the application ot the kinetio theory' the reader 
to a memoir by Q. H. Darwin. On the taerhanical coaditiom of a •marm of meteoritti, 
i£c., Phil. TranM. 188B. He scpposes a numlier of meteorites to be (oiling togetbaE' 
from a condition of wide dispersion and (o have not yet coalesoed into a systei 
a sun and planets. No account is taken of the rotation ot the Byetem. 

Callandreeu has discussed (he case in which a comet, regarded as a spherioftl 
swarm ot particles, is heterogeneous, tbe deusity being a function of the distanoa 
from the centre. The eCfect of a passage near Jupiter has also been taken into 
account. See his Etudt nir In tkiorit dei comitf* pfrioiiqui: He conslderB it 
probable that the periodic comets are undergoing a grodnal disintegration and he 
points ont that occordiuK to this hypothesis a few comets eaplnred by the action 
of Jupiter conld by repeated anbdivisions produce all thoae known to 
The Obiervatory. Feb. 1808. 
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LAGRANGE'S EQUATIONS. 
Note on Art. 524. 

This rule may be pat into another form. We know that ifL = T+l^+(7bethe 
Lagrangian fonction and 0^ 0, &c. the ooordinates, the eqoations of motion are 

d dL_dL d dL _dL ,. 

dtWle* dkdi'^d^' *® ^ ^* 

We now see that we may nee the same equations, if we substitnte 

L=5+itf(l7+C) (2). 

where M is any arbitrary ftmction of the coordinates $^ 0, &^ which we may find 
suitable when solving the equations. 

The expression for T, differs from T only in the fact that the differential co- 
efficients are taken with regard to a different independent Tariable, which has been 
represented by r. Thus 

When the equations have been tolved the pathi of the particles are found by 
eliminating r without enquiry into its meaning. 

The equation of energy is supposed to be T-U=C; the constant C is therefore 

known when the initial values of O^ 0, &o,t d\ ^\ do. are given. 

We notice that one solution must be analogous to that given by the principle 

T 
of vis viva. We therefore have ~ = M(U-\'C). Since this must agree with the 

equation r=l7+C, it inunediately foUows that ^=^ii(^^y» T^=M*T. The 

relation between r and t is therefore Mdr^^dU 

When the paths of the particles are alone required^ we may eliminate the time 
from the Lagrangian equations by using a new function instead of the lagrangian 
function. 

In this method we choose some one coordinate ^ to be the independent variable 
and regard the others 0, ^, &q. as unknown functions of whose forms are to be 
determined by the altered equations of motion. Let 

where accents denote differential coefficients with regard to the time. Let also 

r'=i^„ + ii„^ + jila^*+il«0i^i + (6), 

where the suffixes of 0, ^, &c here denote differentiations with regard to the new 
independent variable 0, 

■ ^I.-^Te.. ^^^Htn (6) 



LAGRANGE'S EQUATIONS. 



The equation ot energy gives 



<^^r 



The LagiftneiaD equation -r -r— , **-;— = •;- beoomea 
a( o^ a^ dip 

(V+_C\i d_ l( U+C \^dr\ _dT U+C dU 

\ i" ) de t\ r ) d<h\'d<i, r '^d>t>- 

vhere all the difierential coeffleienta are partial eicapt tbe djd$. 
g that Uis not a fonation of #^. this becomes 

--{(u+c}rit=^l(t7+c)r|» 



(8}. 



■re (he Lagrangia 
It have the eq\tBtiimi 

de df, d^ 



/unctioii mil 
(0). 



dB cf^i ' 
If thtn io« ue Q={(tr+C)r|t d 
I nvord (M fic ifuJcjwndfnt cnru ~ 

I jVam tsUch (h« ^Ib nutr Jii! found. 

This TBBDlt foUovB easily fram the theorem of Art. GUI bj putting dT = dS, and 
■ m have here reprodaced bo mnch of that article as is required for onr preaent 
Bparpoee. It dT = de, ve have Mde = dt and therefore by (7) of thia note 

lf=( ,,--a) - Subatituting in (2) the Lagrangian function becomes 

We notice that however the eipresslona for the via viva and tbe work function 
ma; be different in different problems, yet to long iis the product [U + C)T' retnain* 
unchanged, thr path$ are delermlnrd by the 4anie relationi betiteen the eooTdinaiet 

e, 0. itc. 

Since in the Lagrangian equations, the letters S, #, &c. represent aThitrory 
fanctiona at the qaantitiea ur coordinates which determine the position of the 
ayetem, it ie evident that we have here taken aa the independent variable any 
arbitrary fnnction of tbe coordinates. 

tlf tame one eoorditutte. nay <p. it abieitt frata the prodwH ( [f + C) T' (though T 
eoDlainn the differential coelGcieats of #), tee lee that one aofution of the eqaationt 
«f motion in 

HA«n a (I an arbitrary eonilunl. If C is arbitrary, the prodaot Q cannot be 
ind«pendent of ^ unless T and U are leparately independent of ^. Bat when C 
i% given by tbe initial conditions this limitation is not neoesaary. It we BUbstitute 
for dT'ldi/i, and T the volnoa given by (6) and (7) this integral becomes dTjd^' =2a, 
which is the name as that obtained in Art. S21. 

We may deduce this extension directly from the Lagrangian equations. Suppose 

r=J/|iA„fl'' + Ao.!, p + c = ^/(ff, it, &c.), 

where if is a lauotion of e, ^, itc. while A,,, &c. are not fnnotioat of ^. In this 
'^eaw the prodnet T{U + C) ia not a tunutioa of ^. The Lagrangian equation 



.. (10). 
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If 

of gnmtf. W€ kavc r==i/y^«f^ T^-fy. Sian d» fi iifcgf of 




in ids l>rnaf jar r«sfjfrwti0a in iqmttmm ^ffrrmidU* dt la 
Bf aa afpficntiott of d» pni 




^ . .^. ^^.-^ 









wbcre r=:r(r^C) aad ^=ir-rOA. Has spaeal roalt foflovs from thms 
giTcn at tbe l»giiin i n < r of tfak note bj pczttiiig 1/ Jf = T-f- C. ICi oipartflKr lUa ia 
f Af /act tJkat «y f &u cikaaf^ (Jbr Hotiaa u muIc to difpntf oa thmi •f a lyrtai aMrcBf 
mmdjfr mo fono. 

The etfmhiatifm of the tiiiia from Tafiiiiiii'i ujiwImbiii isaibognaBbyDuboox 
io his Lvprna mr Im tkforU y^mfrmU da mafmea^ Art. 571, 1869. Ha ijnaiaaii his 
reaolu in tha same fonn as Pamler^. 

Wt matf eiUaim am eztemtiam cf the theorem (9). In soth piohifmi aa ihoaa 
discmstd in Ait. 255 tha La^imngian fanetioo takes the fonn 

L-L^^L^-'-l^ ill), 

where L. Is a homogeneoos fonetion of #^, ^\ Sot. of the order a, the eoeffidenta 
being fdnetions of #, ^ ^ke. hot not of f . We then find as in Ait. 513, Ex. 3^ that 
the eqaation of energy becomes 

I^'I^^C fU). 

Proeeeding as in Art. 534, we diange dt into dr and write 

x=^+in+jr(i^+c) (14). 

We maj now ose this as the Lagnmgian fonetion. 
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BuiiLToN, Lhw of force in a conic, 4B3. Hodograph, SB4. 
Babhohic oiwilutiok. Detinition, frequency, amplitnde, te., 119. 
Haux. Heavy particle on, fixed, 037, ninvinx. B34. 
HftucoitiB. Motion M, Idouville's solution, 583, Ex. 4, another problem, S43. 

If. Algol, tos. 
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solviiig dynamical pcoblems, MA, Ml. Criterioii ol max-min in Ae ealenlni 

of Tamtiona, B»t, MS. 
JaLLEtT. On biachiatocbrones, SSI, note. C50, Ex. 1. 
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Time in kq arc, aoi. Ex. 2, 3. Centie of force ia the code. 330. 
Two centres of force, presaure. 190, Bi. II ; free, 887, Ex. 4. The peilal b 
central orbit, HS, Ex. 2. A brechiBtoabroiie, ew, Ex. 6. 
Levkbhieb. True aod mean snoiualiea, S4T. 
LiuiTiNO VELOCITY. Expluiocd, 111. TheorBms, US, 116, Ao. 
LiNEtB ignAiioNS. Theory, US. Elementairy Ba-aee, 132. See OsaUtatiaDB. 
LiouviLLE. The line arranj^emetit of three sttractiiig partioleB,4oe, note. Solution 
of LagraiiKe's equation, 023. A particle on an ellipBoid, BflS, note. Two 
ceatrea of force, NO. note. Solation by Jacobi's method of a cIbbh of 
- problems. MS. 

1. liLOiD mn Hadcoce. Treatise on Artillei;, So., U9, note. 

UiOHiFiciTioN. Beotilinear motion, 199. In (wo dimensione, Soa. Central otbiti, 

8SB. 
Miss. Units, 63. Problems on budiea without maas, 26T. Of a planet. i6S. 
MtxwELi.. Laws of motion quoted, 61. 
Mean dibtance. Of a planet. Moan value of t", 341. 
MUiLEB. Comparison of standards. 63. 

MoHBHTCM, Linear, 54, T9. Angular. T9, 492. ConaervatioD o/ linear and 
angular. 93. Equation of momenta in two dimensions, 369, in central 
forces, 306, in three dimeoaiODB, 493. 
L UoTiNo AXEB. In two dimenaiooB, 323, Geometrioai relations between relative 
I and actual path, 319. Oblique axes, 332. In three dimenaiona, 496, deduoed 

from Lagrange's equalione, 612, Ex. 2. Moving enrvea, 197, Moving 
eentral orbits, 369. 
UuiBHEAC. On the laws of notion, referred to, Bl, note. 
Uatevsei. The law of reaistaoce, ITl. 

Nbwioh. Laws of motion, 61. Coustant of gravity, 6T. Law of elastidty. 33. 
Tno attracting spheres, 134, Ex. 3. Central foreea, a cirale, 318; a conic 
about any ceotre, 460, a moving orbit, 36S. 
Niten. Motion of projeotilea. 169, note. 

Obbits. Berband on olosed orbits, 438. Orbits near the origin, 437, at a great 
distance, 438. ClasaiScation of orbits for F—iiu', 436. A centra] orbit is a 
brachistoflhrooe. 606. 
Obtbooonal. CooBDiNATEH. Examples and Lome's generalization, 336. 
OBCIU.ATIONH. t<mall rectilinear, 137. Problems, 138. Small curvilinear. 199, 
&nite, 300. One degree of freedom, 383, (wo, 38T. I'rincipal oscillationH, 
393. Of suspended particles, 300. About a steady motion, 304. Inanf- 
Gciency of a first approximation, 302. Of a series of n particles, 300. Use 
of Lagrange's equations, 313. 
Faimlkvs. Particle on an ellipsoid. S68. note. Elimination of time from Lagrange's 

equations, page 409. 
Paballel roncKS. Constant, aee Projeetile. Variable a conic described, 333, 462. 
PABALLBLOdBAU LAiv. Telooity, 4, acceleration, 36, angular velocity, 43. Vectors. 

I Path. Laplace's differential equation. 368. Solution in some cases, 269, ice. 

Central forces, 809. 
I FaMnDl.tlK. Change of place, 307, Ac. See Circle and Conical Pendulum. Rotation 

of the earth, 691. 634. itc. 
[ Point to roun. Path under gravity. IBB. Under a central toroe, 880, 889. 

A braahistocbrone, E91. Least aotinn, 646. 
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mctM, n^Mtirt to tho meridMUi plane, 4tt, to a BKmng enne, tHL 

BtffvcasvTATiTE TAtmcLE, Defined, Stt. 

Bnmrnyo MsurM, Beetilinear motion, U^ partide, lit. HaaTjr paiticie on a 
cbord, ItT, (UUs freeij, lit, J^e. Carrilinear motion of a h e a fy paitirie, 
lit— ltt« Law of xeaietanoe, ITl. Bgeittance m the eolar eyiffwi, ttt. 

Bossan, B. A. Intetnl eakoloe relnnd to, lit. 

W. B, W. Motkm on an ellipeoid, ttt, tn. 

Boon, On btaehietoehronee, ttl, note, tlS, Ex. 3. 

BoucHi, Conrergenee in Keplcr'f problem, 4tt. 

Salmov, Solid geometrj referred to, 0T7, tit. 

Bamo. Heavj partide on a eirele, 217. 

HcifiAPAaisLU. Disintegration of comets, 414, note. 

Hecohi; AFpaoxiMATioifs. Bectilinear motioo, 141, eurilinear, ttt, ttt, 108. 

Central orbits, 8t7, 43t. Corneal Pendnlom, ttt, ttt. 
Hkkbkt. Lemniscate, 201, Ex. 2, Two centres of force, ttt, note. 
BiMiLAB. Configurations, 2iUt £z. 9, 10. Line arrangement of three partioles, 40t, 

d;c. Triangle arrangement, 407. 
BiKouLAB pourrs. Of infinite force, 4tt. Arrival at the centre of force, ttt. 

Special cases, 470, 472. 
Blknskb. Acceleration for moving axes, tOO. 
Bfhkbxs. Impacts of smooth spheres, 8S, d». Energy lost, 90. Impulses of 

spheres inside moving vessels, tied by strings, Ac., examples, 94. Motion of 

a point on a sphere, 042, Ac, Ott, d;c. 
Btabiuty. Energy test, 29t. Of oscillations, 287. When the law of force is the 

inverse xtb, 29t. Of the moon's orbit, 417, 418. Of central orbits, 489, 444. 
Btoxks. Besistance to comets, 88t. On the figure of the earth, tl9, Ex. 5. 
Htonk. Longitude is elliptic motion, 47t. 
Hthino of pabtiolbs. ft heavy suspended particles, 80t. Initial tensions, &o., 2T9. 

Train and engine, 100, Ex. 6, 80t, Ex. 8. Pulleys, 78, Ex. 10. String passes 

over a surface, 048. 
SurnciBNOY. Of the equations of motion, 248. Insufficiency of a first approxi- 

mstion, 802. 
SupBBFOBiTxoN. Of motions. Theory, 271—270. 
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SuBTAce. Small osciUatioDS ot n heaV7 particle abont loweBt point, 301. About 

Rteodf motian, M3. Motion on »dj Burfnce, 53S, itc. Cjitnderi, 5M, 

String. 540. Developable, St9. Of revolntion. S41, the zonea. UO, in. 

Paraboloid, tM. Spbeie. MS, BOS. EllipBoid, 56S. 
SwABx. Btability of a gpherical swarm, 411. EUipaoidal Bwarm, page 40S. 
Stlvesteb. Motion in a circle 321. with two eenlrea ot (orce, 194. 
Tut. BetatioD ot bracbistocbTooea to free paths, 691. SBO. Brachistochtoiie 

when the velocity vaiiee at the distance rrom the aiia o{ Z. 619, Ei. 4. 

Least action in elliptic orbits. 6E1. 
TiUTocHBONE. Linear eqoaiion, 119. EsimpleB ot tantochronons curve*, 311. 
Tbbii£ ATnucTivG FAKT:cLEB. Initial radiuB ot currature, 1S4, Ex. 6. Triangle 

arrangement, 40T. Stitbilitj. 408. Line arrangement, 409. Unstable, 419. 

Motion trom refit in either arrangement, US, 3B4, Ex. 6. 
Tub. In an arc, 199. aoo. In a central orbit, ellipse. Ma, hyperbola, MS, 

parabola, 349. Ellipse ot small eccentricity, 346. Euler'a and Lambert'i 

theorems, 360, Ssa. Ambiguities in sign, 380, 363. 
TissERAND. Comet in a reaiating medium, 3H, &c. Disintegration, 414. Criterion 

ot the identity ol a comet. 416, Proot ot a theorem ot Laplace, 4BT, Ex. 4. 
TiaeoT. The conical pendulum, 666. note. 

Thomson add Tut. Laws of motion, 61. Orthogonal enrfaeea of trajectories, 638. 
ToDiniKTEB. Error in a Newtonian problem, 1S4, Ex. 3. On braohistochroneB, 604. 
Towi(HKN]>. Memoir on brachistochroneB, 691, note. 
Tbahsoh. On hyper-ocoeleratiou, S33. 

Two ATTBACTDia PARTICLES. Orbit and lime, 399. Mass o( a planet, 403. 
Two CE.VTiiES or FOHCE. A circle is a posBible orbit F=nu'', 194. Ellipse described 

F=iiu', two dimensionB, 366, three, 639. f'=iiu\ lemniscate, 6ST, Ex. 4. 

Lionville's general solution, DBS, &e. In three dimensions, BBS. 
Unifobm. Velocity and acceleration, a, IB, 4c. Aognlar velocity, 41. Defini- 
tion, 63. 
Units, Space and time, 46. Mass, 63. Force, 64. Work. Tl. HorBe-power, 73. 
Tblocitt. Components, 11. Moment oi, 6 — 9. In a central orbit from infinity 

and to the origin, 313. 
V11J.ABCEAD. Law ot gravitation, 390. note. Force in a conic, 460, note. 
Via Vita. See Energy, Defined, 69. Constrained particle, 184. Principle for a 

Aied field, 346, rotating field. 366. Via Viva ot a rit(id body, 363- CorioliB 

on relative vis viva, 36T. Deduced from Lagrange's equations, 613, Ex. 3. 
WoBE. Defined, 70. Bate ot doing work, 72. Work tunction, 18S. Central 

force, 186. Elastic string, 187. Effective rorceB,607. 
WoBUH. Experiments on Poucnult's pendulnm, 637. 
WirnoFF. Memoir on dynamical stability, 408, note, 
TouNo. Rnle tor the attraction ot table land, aOB. 
Zknoeh. Mean and true anomalies, 347, Ex. 3. 



nUXTBD BT J. AMD C. F. CL4T, 

AT THB imn 



qn 








MEYER hMoLivlENT 



STANFORD UNIVERSITY LIBRARIES 

CECIL H, GREEN LIBRARY 

STANFORD, CALIFORNIA 94305-6004 

(415) 723-1493 



All books may be recalled after 7 day: 
DATE DUE 





